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Two geometries that compute the same numbers

A-side (symplectic) B-side (complex)

A manifold with a closed non-degenerate 2- A complex manifold or algebraic variety. In-

form w. Invariants: counts of holomorphic variants: periods, Hodge structures, coherent

curves, Lagrangian submanifolds, Floer co- sheaves. Depends on the complex structure,

homology. Depends on w, not on the com- not on w.

plex structure.

Mirror symmetry pairs Calabi—Yau manifolds X, X so that the A-side of X is the B-side of X and vice
versa. The first evidence was numerical:

Candelas—de la Ossa—Green—Parkes 1991. The number of rational curves of degree d on the quintic
threefold (2875 lines, 609250 conics, ...) is read off from the periods of the mirror quintic: an
A-side count computed by B-side integrals.
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The quintic, seen through a slice i

The quintic {}] z? =0} c CP* is a Calabi-Yau threefold. A slice we can see: the Fermat curve
C= {z“;’ + zg’ = 1} ¢ C?, a Riemann surface of genus 6.

brunch points 5 = 1 et i, @00 00

Left (after Hanson): 25 patches z1 = e2mik1/5 cosh(w)?/®, 2o = e2k2/5(—j sinh w)?/, projected R* — R3. Right:
(z1,z2) > z1 is 5-sheeted, branched over z; = 1; the lit patch is one sheet.
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The first symptom: Hodge numbers trade places

For a Calabi-Yau threefold, 11! counts Kihler

i ) 5 X (mirror)
deformations (A-side), h2! counts complex 1
deformations (B-side). A mirror pair satisfies
0 0
nI(X) = B3PAX),
0 101 0

so h11(X) = h21(X). Together with Hodge 7
symmetry hP/7 = h77, the mirror diamond is ! ! ! !
the original one turned by a quarter.

0 101 0
The quintic. Kl =1,Kh21 = 101: oneKéh- 0 0
ler class, 101 complex moduli. Its mirror o . .
has h11 =101, n21 = 1. ’ 1
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Kontsevich’s question, and the plan

Numbers match because categories match. Kontsevich (ICM 1994) proposed that mirror symmetry is
an equivalence of triangulated categories, one built from Lagrangians, the other from sheaves.

Johannes Herter

Lecture I. Build both categories from scratch.
The A-side: Floer cohomology and the
Fukaya category. The B-side: coherent
sheaves. Check the conjecture on the ellip-
tic curve, triangle by triangle. Then explain
why mirrors exist: torus fibrations and tropi-
cal geometry.

Homological Mirror Symmetry I ¢ Harvard University

Lecture II. Leave the Calabi—Yau world: Fano
manifolds and their Landau-Ginzburg mir-
rors, matrix factorizations, Knorrer period-
icity, hypersurfaces and pairs of pants, and
the Fukaya category of a singular hypersur-
face [Jeffs 2023].
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1 The A-side: Lagrangians and
Floer theory
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Symplectic manifolds and Lagrangians

Definition

A symplectic manifold (M?", w): do = 0 and
w" # 0. A submanifold L" c M is Lagrangian if T
(/.)l L= 0.

Darboux: locally w = 3, dx; A dy;; all invariants are
global. On a surface every curve is Lagrangian. On
the torus T2 = R?/Z? with w = dx A dy, the line of / r 4 Lo

slope (a, b) through a point closes up to a circle

L(a,h)' /

Count

#(L(u,b) N L(c,d)) = |ad = bC|‘
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Floer cohomology: intersections, corrected

For transverse Lg, L1 let
CF(Lg,L1) = @pELoﬂLl Ap (A the Novikov field),

and
ulp) = Z D, =T9Wyg,

q  [uleM(p,q) Lo

HF(Lo, L) =0

counting rigid holomorphlc strips
1 :Rx[0,1] - M from p to g with boundary on

Loand L1.
Ly
Floer 1988 . 1
p and g bound one strip, so i p = +q: they cancel
If w vanishes on 7o(M, L;), then ‘ul ° ‘ul =0 in cohomology, and they disappear together under
and HF(Lg, L) is invariant under Hamilto- the isotopy.

nian isotopy.
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Floer theory near L is Morse theory

LN ¢(L) = Crit(f)

Weinstein neighbourhood graph(df) = ¢(L)
A neighbourhood of a Lagrangian L is
symplectomorphic to a neighbourhood of L (zero section)

the zero section in T*L.

A small Hamiltonian push-off of L is
graph(df), f Morse: L N ¢(L) = Crit(f), and
the strips are gradient lines of f [Floer 1988].

Consequence CF(L, ¢L) is the Morse complex of f.

For exact L: HF(L,L) = H*(L); otherwise
disks correct it.
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Why u' o u! = 0: count the ends

Proof idea. The coefficient of r in u! ! (p) counts broken strips p — g — r. These are exactly the
boundary points of the compactified 1-dimensional moduli space M(p, 1) (Gromov compactness:
energy is bounded by w(u), and with no disks or spheres to bubble off, the only degeneration is
breaking). A compact 1-manifold has an even number of boundary points, counted with signs

they cancel: ptu! = 0.

Invariance. A Hamiltonian isotopy ¢
gives a continuation map CF(Lg,L1) —
CF(Lo, ¢1L1) counting strips with moving
boundary; the same boundary argument
shows it is a chain map with a homotopy
inverse.
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Corollary (Arnold-Givental type)

If ¢ is Hamiltonian and L th ¢(L) for an ex-
act L, then #(L N ¢(L)) > dimHF(L,L) =
dim H*(L).
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Moduli spaces of disks, and what can go wrong

Moduli space
M(p, q; B): strips from p to g in class f, mod-

ulo R; for generic | a manifold of dimension
w(B) — 1 (u: Maslov index).

Gromov compactness

Bounded energy: limits exist up to breaking,
disk bubbles and sphere bubbles.

Bubbling is why Floer needs w|,(,1) = 0
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strip + disk bubble

m Lo
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Gradings: the Maslov index

A loop of Lagrangian planes A(6) c C" has a
winding number: write A = UR" with U unitary;
det 2U € S! is well defined, and

e’Rc C e e st

u(A) = deg (6 + det 2U(0)).

For the line ¢!R c C, 0 € [0, nt]: pu=1
Graded Lagrangians

If 2¢1(M) = 0, a choice of grading on L (a lift 0 = 1.007 Maslov index = 1
of the phase det? to R) giveseachp € LoNLy

an integer degree, and ! has degree 1: CF

becomes Z-graded.

On the B-side this is the cohomological degree of Ext'.
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Polygons and the Ao relations

Disks with k + 1 boundary punctures and boundary on
Lg,..., Ly define

u*: CF(Lg_y, L) ® -+~ ® CF(Lo, L1) = CF(Lo, L).

i is associative only up to homotopy; the ends of

1-dimensional moduli spaces of disks give
Sitjri=k a1 (1d® @ W @1d®) = 0.
The Fukaya category 7 (M)

Objects: graded spin Lagrangians. Morphisms:
CF. Composition: the pk.
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1 (12 (a.b), )

The disks with four punctures form an
interval; its two ends are the two bracketings.
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) The B-side: coherent sheaves



HARVARD

The derived category of coherent sheaves

E, = C/(Z+77)

DYCoh(X)

Objects: complexes of coherent sheaves (vec-
tor bundles, structure sheaves of subvarieties,

skyscrapers). Morphisms: Ext!(E, F); for
bundles Ext'(E, F) = H(X,EY ® F). j

On E; = C/(Z + tZ), Riemann—-Roch and Serre
duality give, for deg L > 0, I(z) = X, erin’rimin:

dim H® (£)=deg L, H! (£)=0. [9(2)] e~mIm2)?/Im 7 jg doubly periodic: its level sets
around the single zero in each fundamental domain.
The degree-one bundle has one section up to
scale: the theta function, with its zero at %
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Computing Ext: three examples on a curve §

A skyscraper with itself. On a curve, Op has the
resolution 0 — O(-p) 50— Oy — 0.
Applying Hom(—, Op): both maps vanish at
p,so BExt® = C, Ext! = C:

Ext’(Op, 0p) = C@C[-1] = A'Tj.

Line bundles on E+. Exti(L,,, Ly) = Hi(Ly,):
dimension b—a in degree 0if b > a,in degree
1if b < a (Serre duality, K = O); forb = a,
H*(0) =CeC[-1].
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Serre duality is Calabi-Yau

Ext!(E,F) = Ext""/(F,E ® Kx)¥, and Kx =
Ox makes D?Coh(X) an n-Calabi-Yau cat-
egory. On the A-side: Poincaré duality
HFi(Lg, L) = HF""(Ly, Lg)".

Mirror check. Ext*(Op,0p) = C & C[-1] =
H*(SY) = HF*(L,L) for the mirror circle
Lo,1); and £L; — L, in degree 1 for b < a
is the A-side grading of an intersection of
slopes a > b.
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The A-side of C*: wrapping creates z*

C* = T*S1; the key object is the non-compact

fibre F = {0 = Op}.

Wrapped Floer cohomology

HW*(F,F) = li_n)leF*(F,qb;g,(F)), H =
r2 /2 rotating the ends.

Each wrap adds xi, x_g, all in degree 0.
Products

‘u2(xu, Xp) = X,4p (one triangle each), so
HW?*(E, F) = C[z,z~1] with x; = z¥.
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HW*(F,F) ?C[@ 274

-__________________4yf—————————'__ﬂvTTT

HP/_
/ =

HARVARD
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HMS f01’ C

Theorem (Abouzaid; Abouzaid-Seidel) A-side: T*S1 B-side: C*
fibre F Oc+
The fibre F generates the wrapped Fukaya S! + holonomy A skyscraper Oy
category, and HW(E, F) Clzt1]
1y = -
D™ W(T*SY) ~ Perf C[z*!] = DY Coh(CY). HE(F,5;)=C  Hom(0,0;)=C

) ) ) Used in Lecture II. The Dehn twist of the cylin-
Proof idea. A generator on each side ‘f"lth der acts on this algebra by multiplication by
the same endomorphism algebra +s;.1ff1ces: 1+z; inverting it is Auroux’s definition of the
End(F) = HW'(F,F) = C[z*7] and Fukaya category of the node.

End(O¢) = C[z*1], withno higher products
(uk =0, k > 3, by degree).
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Homological mirror symmetry

Conjecture (Kontsevich 1994)

Why this explains the numbers. Hochschild
homology recovers H*(X) and 5 H q(Q?{):
Hodge numbers match; deformations match
the moduli, giving the enumerative predic-
tions.
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For mirror Calabi—Yau manifolds there is an equivalence of triangulated categories
D"F(X) =~ DYCoh(X),

and symmetrically D™ % (X) ~ D?Coh(X) (D™: split-closed twisted complexes).

Proved for: elliptic curves [Polishchuk—Zaslow
1998], quartic surfaces [Seidel 2003], abelian
varieties, Calabi-Yau hypersurfaces in pro-
jective space [Sheridan 2015], and many non-
compact and Fano examples (Lecture II).
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4 The elliptic curve, worked out



The dictionary

The torus (T2, w;) with complexified area 7 is
mirror to Ex.

A-side: (T2, wq) B-side: E;
L1,4), slope d L, degree d
Lp,1) + flat connection skyscraper O;
Li,0) N L a) basis of HO(L,)

triangles, weighted by  products of thetas
area
Dehn twist along L(q,1) ®L1

First check: dimensions. #(L(1,0)y N L(1,4)) =
d = h9(Ly).
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LaayNLo: 4pts (4z,47): 4 zeros

deg L4 =4

L(1,4) meets Lo in d points; the section 8(dz, dt) of L
has d zeros (d =1,...,4).
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Triangles are theta functions
LifttoR%: Lo = {y =0}, L1 = {y = x}, and Lo Ly
has lifts {y = 2x + ¢ + k}, k € Z. Each k gives
one triangle at p = 0, of area /
Lo
Ay = e+ k)2 V4
Polishchuk-Zaslow 1998 /
12(p,0) = Tgez My, a theta /
function with characteristic c: exactly the
structure constant of H2(£1) ® H(£L1) —
HO(L5).
2 (p/q) = S fmim (k)4 g
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Full proof I w-iiw: the square of the theta function

HO(L?) in w = 2z). Then 0(z)? = Y—0,1 Ox(0) Ox(22).

. . i ky2 : k
Claim. Let O(z) = Y, erim?v2mimz (the section of £) and Ox(w) = ¥, e™ 2O+ )" 2+ 5) J — 0 1 (a basis of

HARVARD

UNIVERSITY

-

Expand. Both factors converge absolutely for Im7 > 0,
50

2 _ mit(m$+ms)+2miz(my +mg)
0 = By mgez ™ T2 i,

v

Quadratic form. m% + m% = %(52 +d?), and
2 . . 2
t@r+r?=20+%)"  1@j+b2=2(j+%)"

Linear term: my +mg =s = 2(I + %)

New variables. Put s = my + mo, d = my — mz; then

d=2j+k.

s=d (mod 2). Let k =d mod 2 € {0,1} and s = 2] +k,

(5 17

Bijection. (m1,m2) — (I, ], k) is a bijection Z? — Z2 x
{0, 1} with inverse mq1 = [ + j + k, ma = | — j (check:
s=2l+k,d=2j+k).

v

Substitute. The exponent becomes
ni(20)(1 + £)% + 2mi(2z2) (1 + £)

+ mi@2o)(j + £)°.
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¥

Factorise. The sum over (I, j) splits for each k: for fixed
k the I-sum is 0y (2z) (step 5, first line) and the j-sum is
6x(0) (second line):

0(2)* = Tpeo,1 Ok(22) 0(0).  m
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Full proof 1I (1sie:: counting the triangles
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Setup. T2 = R?/Z? with complexified Kéhler form
B+iw, ng = 7. A holomorphic disk u contributes
e2mitArea(u) areq measured in units of T2. Take Lo =
{y=0}L,Li={y=x}La={y=2x+c},0<c<1
(slope = degree; the shift ¢ makes them transverse).

]

Lifts and intersections. Translating by (m1,m2) € z2,
the lifts of Lo are §,, = {y = 2x + ¢ + n} with

1 = mg—2my ranging over all of Z. In T?: LoNLy = {p},
LiNLy ={r} (x =—(n+c), one class), Lo N L2 = {q0,q1}
(x = =2 mod 1, g forn = k). Ranks 1,1,2 =
HO(L), kO (L), h0(L2).

v

Lift the triangle. A holomorphic triangle u : D — fi2
with corners p, r, gy lifts to R? (D is simply connected).
Fix the lift with corner p at the origin: its edges lie on
y =0,y =xand one {,.

One triangle per 1. The three lines bound the straight
triangle A, with vertices 0, (t,0), (2t,2t), t = -2, By
the open mapping theorem and the maximum principle
the image of u is A;, and by the Riemann mapping theo-
rem A, is the image of exactly one holomorphic triangle

up to reparametrisation.

—

(5 ¥

Area and sign. Signed area = §det(’, 2| =2 > 0
rea and sign. Signed area = 5 det|) o] =

for every n: all triangles have the same orientation, so all

L 2
count with sign +1, and Area(A,) = (%5£)°.

v

Sum. Write n = 2j + k; then A, ends at qi with area
G+ k—;C)Z, and
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it(i+ ke )2
£2(r,p) = Tko1 [Z,‘ez 2T ]W«
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Full proof I1I: the two sides agree
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Dictionary on generators. Send p — 0 € Hom(O, £),
7+ 0 € Hom(£L, £2) and qx — 0x(2z) € Hom(O, £3).
Both sides have ranks 1, 1,2 (step A2), so this is an iso-
morphism on morphism spaces.

v

0 0
B-side product (proof I, step 6): composing O — L —
L2 s multiplication,

0-0= Z 0(0) Ox(22).
k

A-side product (proof II, step 6), as ¢ — 0, where the
sums are continuous in c:

ni(27)(j+£)2
yz(r,p) =% [Z,‘e (20)(+5) ]lik
=2k Ok(0) gx-

N

v

Same coefficients. The structure constants agree term

by term: 0x(0) = 3; e2””(]+§)2, a sum over triangles
on one side and over lattice points of the theta series on
the other, related by the bijection of proof I, step 3 (n
2j+k). m

What the proof shows. One Gaussian sum, twice: triangle areas on the A-side, the diagonalised

form m%

[Polishchuk—Zaslow 1998].

Johannes Herter » Homological Mirror Symmetry I ¢ Harvard University

1 m% on the B-side. General c gives characteristic % ; higher (% match Massey products
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Proof idea, and what is left

Proof idea. Every holomorphic triangle with corners at fixed intersection points lifts to R? and is
a straight triangle, so the count is a sum over lattice translates k of one line; the area is quadratic
in k, which makes the weighted count a Gaussian sum. On the B-side, multiplying two theta
functions of degree one and expanding in the basis of degree-two theta functions gives the same
Gaussian sums (the classical addition formula).

Highur p}foducts. ‘u3 counts quadrﬂaterals What the L’XHH’ZIUZ(’, teaches. Slopes become de-
and matches Massey products on E;; with grees, intersections become sections, areas
them the comparison extends to an equiv- become exponents. The torus fibration T2 —
alence of derived categories [Polishchuk- S! by the circles L(p,1) is what organises it.

Zaslow; Fukaya; Abouzaid-Smith].
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5 Why mirrors exist: torus fibra-
tions



SYZ: mirror symmetry is T-duality
() = 8! 7:T? - St

Conjecture (Strominger-Yau—Zaslow 1996)

Mirror Calabi-Yau manifolds carry special
Lagrangian torus fibrations over the same
base, X — B «— X, whose regular fibres are
dual tori: T = HL(T; U(1)).

Where the dictionary comes from. A point of X
is a fibre T of X with a flat U(1) connection.

A section becomes a line bundle, a fibre a
skyscraper. For the elliptic curve the base is a circle and the

fibres are the circles L(g 1)-
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Toric geometry: the fibration you can see

(C*)" is fibred by tori over R": , ‘
n(CP?) = A 17 (pt): a point

Log: (C)" = R", zw (loglzil,...,logl|zal),

with fibre T". A toric variety compactifies this:

the moment map sends CP? onto a triangle; over ¢
the interior the fibre is T2, over an edge Sl overa
vertex a point. \
Towards Lecture II. The boundary of the poly-
tope is where the fibration degenerates; for The fibre over a point moving to an edge, then to a

Fano X it is recorded on the mirror by a func- vertex: T2 — S! — pt.
tion, the superpotential W.
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Amoebas and their tropical limit

The amoeba of H = {f = 0} c (C*)" is Log(H).
For the line 1 + x + y = 0: the points
(logr,log |1 + re'?]), with three tentacles. -

logt = 12.00

Mikhalkin, Rullgard

For f; = ant(ﬁ(“)z“, the rescaled amoe- /
bas Log;(H;) converge (Hausdorff) to the

tropical hypersurface: the corner locus of
maxa((@, x) - p(a)).

For 1 + x + y: the corner locus of max(0, x, y).

log || log [y|)
Log,(z,y) %
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Summary of Lecture I

A-side

Lagrangians, Floer cohomology from holo-
morphic strips, Ac products from polygons;
all identities come from counting the ends of
1-dimensional moduli spaces.

B-side

Coherent sheaves and their Ext groups; on
Ez, theta functions.
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HMS

D"F (X) =~ D?Coh(X); on the elliptic curve
every structure constant is a theta function,
because triangle areas are quadratic in lattice
translates.

Next time. Fano manifolds, Landau-
Ginzburg models and Lefschetz fibrations;
matrix factorizations; pairs of pants; and
what the Fukaya category of a singular
hypersurface should be.
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Thank you.

Johannes Herter

z1-plane

X branch point.

sheet kb, OO O @O
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