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Restoring images with diffusion ETHziirich

Reference

12SB output

Input

Deblurring

Outputs of 12SB on ImageNet 256x256: super-resolution, deblurring, JPEG restoration, inpainting. Liu, Vahdat,
Huang, Theodorou, Nie, Anandkumar, ICML 2023, Figure 1.

2/66

Johannes Herter s 12SB: Image-to-Image Schrodinger Bridge  ETH Ziirich



Start from noise, or start from the image?

Prior Image-to-Image Diffusion Models

t=1 t=075 t=0

T} 3 S

Lfeed degraded image via conditioning or inverse guidance

Clean
image

Degraded —'[ Image-to-Image Schrodinger Bridge

Figure 3 of the paper.
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ETH:urich

® Diffusion models generate from
white noise, which carries no
information about the image.

® In restoration, the degraded image
is already close to the answer.

® 128B: learn a diffusion bridge
directly from degraded to clean
images.

Plan  Diffusion  models —
Schrodinger bridges — a tractable
bridge that trains exactly like a
diffusion model.
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ETH:zurich

1 Diffusion models



Diffusion turns data into noise ETHziirich

forward diffusion: the density of X, as a landscape t=1.00

The density of the ETH logo, xg ~ po, smoothed by noise until only a Gaussian hill is left. Generation means
running this film backwards.
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A Markov chain

® Forward: xg ~ po, then x¢41 ~ prpq) (- | 1), a kernel
we choose: add Gaussian noise. v/

T-1
p(x0.1) = Po(x0) | | PrasyeGeran | x0)
t=0
® Backward: the same law, factorised the other way,
T-1
p(xo.:1) = pr(xr) n Pt (xe | xXe+1)
t=0
® Ancestral sampling: x7 ~ pr, then x¢ ~ pypp1(- | xe41),

t=T-1,...,0.

® But the backward kernel depends on the unknown
data. X
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. \ /
add noise [/ ~— .
- remove noise
v TN
X

(xes1)

[Sohl-Dickstein et al. 2015; Ho et al. 2020]
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What the backward kernel needs ETHzirich

® Choose a discretised Ornstein-Uhlenbeck step, Gaussian and stationary: v/
Prane(xeet | x0) = N (x5 axe, (1-a?)i)
® Bayes’ rule turns it around:
Priee1 (Xt | Xe41) = proae(Xee1 | ) exp [log pr(x) — log pre1(xe41)]

® For small steps (@« — 1), a first-order Taylor expansion of the exponent gives a Gaussian again:

Pt (e | xee1) = N(xt; 2= a)xpe1 + (1 - a?) Viegprea (x41), (1- 012)1)

The only unknown The shape is Gaussian, the variance is known and most of the mean is known.
One vector field is missing: the score Vlogp;. Learn it, and everything else is analytic. Deriva-
tion: Al.
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One backward step ETHz(irich

one reverse step: where can x, have come from?

grey: the data density p;

dashed: the noise kernel read

backwards, p(zes1 | 20)

petrol: the true reverse step,

plae | we) < pl@ess | @) pela)

blue: Gaussian shifted by

(1= 0*)Vlogpps (wr41)

-~ red arrow: the only unknouwn

part of the step

Vlogpesi, the score

The true backward step is the noise kernel tilted towards higher density. The tilt is the score.

Johannes Herter  12SB: Image-to-Image Schrédinger Bridge s ETH Ziirich 8/66



Estimating the score by regression ETH:urich

® The marginal score Vlog pt(x¢) is unknown. X The conditional score given x is Gaussian: v/

Xt — atXQ
Viogpyo(xt | x0) = ————, ar=a', of =1-a*

t
® The marginal score is the conditional expectation of the conditional one, so it solves a
regression problem:

st = argfnin Ep(),[”S(xt) = Vlogpyo(xt | xo)“2
® One network sg(t, x¢) ~ Vlog ps(x¢) for all times:
0% = argénin Et~1 Epo(xo) Bpyo(xilxo) IS0 (¢, Xt) = Viog pyjo(xt | xo)|I?
® Sample with x7 ~ N(0, I) and the recursion
xp=(2-a)xp1 + (1 —a?) sgu(t +1,x041) + Vi-a2z, zt+1 ~ N(O, 1)

[Song and Ermon 2019; Vincent 2011]
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Averaging conditional scores ETHziirich

denoising score matching: regress —e/oy on X, = 0, X + o€

dots: one noisy sample cach,

target —e/oy (very noisy)
blue: average target at cach «

dashed: the true score

E[~¢/oy | X, = a] = Vlogp(x,t)

samples: 1600

2 0 2

Eq. (3). | (X, t;0)—0tViog p(Xe, t | Xo)”: every sample brings its own known target; their average
at each X; is the true score. Proof: A3.
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Analytic and learned

Analytic v/

® the forward kernel p;,1); and py|g

B the regression target
Vlog pyjo(xt | x0)

® the Gaussian form and variance of
every backward step

B drawing x; given x(, without
simulating anything
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Learned

® one network sg(t, x) = Vlogp:(x)

The same split carries over to I?SB: a Gaussian bridge
in closed form, and a single learned score.
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From discrete to continuous time ETH:urich

forward: add noise, dX; = fi(X;)dt + /B; dW;

t=1.00

0

0 1
a: signal

o0 noise

Xo = arXo +ore

att=1: X; = N(0,1)

Eq. (1), forward. dX; = f¢(X;) dt + /B¢ AW, Xo ~ pr. With B; € Rand f; linear, X1 ~ N(0,I) and,
given X, every X; is Gaussian. [Song et al. 2021]
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Running it backwards ETHziirich

backward: dX; = [f; — 3V 1ogp(X;.t)] dt + /B, dW,

t=0.00 arrows: the score

Vlogp(-,1), the direction

n which density grows

red: samples started

from N(0,1) at t=1

Anderson (1982): this

SDE has the same

marginals, run backward

Eq. (2), backward (Anderson 1982). dX; = [f; — f+ Viog p(X;,t)]dt + \/ﬁ_tth, X1 ~ N(0,I): the
recursion in continuous time; sample with sg and Euler-Maruyama. A2.
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Sampling as repeated posterior sampling

® Every parameterisation predicts the clean
image: since X; = a;X( + b€,

XE = (Xt — b (X, £50)) /ay.

® DDPM then samples the next state as if X
were the truth.

Eq. 4): DDPM

XTl ~ P(Xn | XS/X‘VZ+1)/ XN ~ N(O/I)
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In words Guess the clean image, then
take a small, exactly Gaussian step to-
wards it. Repeat. I°SB keeps this sam-
pler and only changes where it starts.
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Practical limitations ETHzirich

too few steps: Euler Maruyama with N steps from N(0,1)

T=015 T=03 T=05 T=10

= Too few steps: a poor approximation of the ® Long sampling times. For restoration, why
backward process. start from noise at all, when the degraded

i i ?
® A forward process that has not mixed: image is already close?

p1 # N(0,1I), so the backward process starts in the [De Bortoli et al. 2021]
wrong place.
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) Schrédinger bridges



From generation to interpolation

forward: dX; = f; dt + +/Br dW;

pa N(O,I)

data noise

backward: dX; = [f; — B¢ Vlog p(X¢, t)]dt + \/[deWg

...what if we want to interpolate between two complicated distributions?

forward: dX; = [f; + ¢ ViegW(X;, t)]dt + \FdW[
PAa P8
clean . degraded
backward: dX; = [f; — B+ Vlog\If X¢, t)]dt + \Fde

ETH:urich

Bt €R, f; linear
= X1 ~ N(0,])

drift nonlinear
int and X;
= X1 ~ P8

Two new drifts The forward drift VlogW steers the process into pg; the backward drift V log W

is no longer a known score.
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A linear drift cannot reach pg ETH:zirich

linear drift (as in diffusion models)

nonlinear drift (Schridinger bridge)

1
dX, = fu(X,)dt + /G, dW, AX; = [fe + BV Iog W( Xy, t)] dt + /5y dW,
reached at t=1: # ps: does not work

reached at t
start:

=5
pa at t=0; dashed green: the target pg at t=1

Left: the process forgets p# and ends at a Gaussian. Right: the extra drift §;Vlog W lands on pg.
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Schridinger’s question (1931)

pis observed

Schrodinger (1931): what is the most likely evolution between the two?

/ .
[/ Jree diffusion
predicts this

/
/
/
!

t=1

to free diffusion (in KL) that matches both observations
19/66

t=0

petrol: the bridge, the path measure clo
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The Schrédinger bridge problem ETHzirich

Dynamic Schrédinger bridge In words Among all ways to move
min KL(Q|| P) pa into pg, take the one that dis-
Q: Qo=pa, Qu=psz turbs the reference diffusion least:

Reference P: the path measure of the forward SDE the minimum-energy steering.

M.

Its static version (the joint law of (Xp, X1)) is
entropy-regularised optimal transport; as the
noise vanishes it becomes optimal transport
[Léonard 2013; Mikami 2004].

Eq. (21): as optimal control
1
minE/ Llu(Xy, t)]|% dt
u
0

subject to dX; = [f; + u]dt + \/ﬁ_tth, Xo ~ pa,
X1 ~pg.
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Entropic optimal transport ETH:urich

less noise: o = 0.012, the coupling sharpens to the optimal transport map

o

(2o, 21) = Wo(w0) Ko (o, x1) U1 (1)
2 4
/ solid: the marginals of 7, dashed: targets

marginal error 0.0007

lro—ml® _ pr(m)

v MiNrer(pa,ps)

entropic optimal transport: the
static Schradinger bridge; the same

IPF as for survey weights
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Solving the Schrédinger bridge problem ETHz(irich

The path measure of the forward and backward SDEs, Eq. (5),

dX; = [ft + Bt Vlog W(X;, t)]dt + \/Eth forward
dX; = [ft — Bt ViegW(Xy, )] dt + \/Edwt backward

solves the Schrodinger bridge problem if W and W solve the Schrédinger system, Eq. (6):

W(-,0)¥(,0)=pa

— Te_ 1 I = —V- 7 1 I T
OV = VWIS = G, oW ==V (PO +3BAY, g 1) = pg

Why this is hard Two linear PDEs, one forward in time and one backward. Each alone is easy; they
are coupled nonlinearly through their boundary values, so one must iterate (IPF / Sinkhorn
over path measures). Optimal control — (6): A4.

Johannes Herter o T2SB: Image-to-Image Schridinger Bridge ® ETH Zirich 22/66



Forward and backward ETHzirich

forward from pa backward from pg

AX; = [fi + 8V Iog W] dt + VB, dW, AX, = [fi — BV log W] dt + /F; AW,

both follow the same marginals q(-,t) (petrol); each reverses the other

Johannes Herter s 12SB: Image-to-Image Schrodinger Bridge  ETH Ziirich 23/66



Nelson’s duality ETHzirich

bridge density q(z,t) t=1.00

Eq.(7) and 8). W W = q,50 VlogW —Vlogg = —Vlog (V8 reversing the forward SDE with Ander-
son’s formula gives exactly the backward SDE. A5.
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Diffusion models are Schridinger bridges

m Set VW = 1: the forward drift vanishes and
W=y

® Then (5) is exactly the pair (1), (2), and
ViegW = Vliog p is the score.

® SB adds one nonlinear drift, VlogWVW, which
lets the process end anywhere, not only at a
Gaussian.
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Runtime (sec/itr) Memory (GB)

0
64 128 256 64 128 256
Image Resolution Image Resolution

But solving (6) needs iterative projections over
whole path measures: at 256x256, 6x slower and 3x
the memory of a diffusion model. Figure 2 of the

paper.
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From bridges to score matching ETHzirich

We want to learn the backward drift V log W(X;,t) of the nonlinear SDEs

dX; = [f + pr ViegW(Xs, )] dt + B dW;  Xo ~pa
dX¢ = [fi = pr ViegW(Xy, 1) |dt + \Jpr dW; X1 ~pg

® .. .but we cannot use score matching: it needs a conditional score in closed form, and here the
forward process is nonlinear and unknown. X
® . however (Theorem 3.1), Vlog W and VlogW are the score functions of linear SDEs:

dX; = fi dt ++/Br dW;, Xg ~ W(-,0) dX; = fy dt ++/Br dW;, X3 ~W(, 1)

A

So close If we could sample P(-,0), score matching on a linear SDE would learn sy ~ VlogW.
But the boundary densities are fixed only through the couplings in (6): intractable.
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Theorem 3.1: the drifts are scores ETHzirich

SB: bridge from pa to ps (nonlinear) linear SDE from W(-,0): density W(-t)
bbb bbb [
L L e O et bbb b
L N A Lol bbb
11 ] ! | A S S S B
1L i —— | | S S S R SR S
AR L L
G R B B B e A
{1 | | 1 } ‘ + + + 1 ! I il + .

# ‘ 1 4 + + + il N M j N e
1 N . N B . . . v &

0 ! 0
arrows on both:  Vlog ¥(x, 1), the SB backward drift (left) is the score of the plain diffusion (right)

Theorem 3.1: the nonlinearity is absorbed into the starting density ¥(-,0)

Theorem 3.1, Eq. (9). Vlog W is the score of dX; = frdt + \/ﬁ_tth from Xg ~ W(-,0); Vlog ¥ that
of the same SDE run back from X; ~ W(-, 1). Proof: A6.
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Removing one coupling ETHzirich

® Look at what score matching does, Eq. (3):
. 2
0% = argmin Et By 2 (x0) Epf|o(x,|x0)||59(f,Xt) — Vlog pyjo(xt | xo)|
For each xq: the score between 6y, and a Gaussian, then the average over xg ~ p4.

® Soset pg := Ox,. By Corollary 3.2 this eliminates one of the couplings:

2 P8
\y('/ O) = (5,7(0 , \P(/ 1) = \il( 1)

® ¥ is now a known Gaussian, W(-, t) = N(xo, Utzl ) for f =0, and the conditional score

ViegW(X;, t | x0) = —% is an analytic regression target. v/
t

The trick The move that makes denoising score matching work: condition on the clean image,
regress on a closed-form target. Proof: A7.
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Corollary 3.2: a Dirac delta at one end ETHzirich

generation runs from t=11to t =0: cvery path ends at a £=0.00

Corollary 3.2, Eq. (10). If p# = 0,4, then Y(.,0) =6, and W(-, 1) = pB/‘i’(-, 1): the coupling at t = 0
is gone and W is a known Gaussian.
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The drift points at the clean image ETHzirich

Vlug‘i‘(,l./‘X«y:n):"ﬁi and N(a,0}1) the bridge density q(-,t) between pg and &,
NNV S
NNV |/ /s
SN\ S T
s °
o N~ ——
/TN N N N N e e e e
V2V AR U N NN NNy

t=0.040

With pg = 04, the backward driftis Vlog ¥ =—(x-a)/ O‘? everywhere: every degraded sample is pulled straight
towards a.
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The nonlinear drift is a score ETHzirich

ViegW(X;, t) =~ so(Xe,t)

nonlinear backward drift = score function of a
we want to learn linear SDE: learnable
dX; = [fi + pr ViogW(Xy, t) ] dt +A[Br dW; dX; = f dt +/Br dW;
dXy = [fi — Bt Vieg W(X;, 1) ]dt + /B dW; dX; = fi dt + /B AW,
Xo ~pa, X1 ~ps Xo ~ 6xo, X1 ~¥(-, 1)
Schrodinger bridge (nonlinear) linear SDE with a Dirac boundary

The model is an ordinary score network, trained with the ordinary score-matching machinery. Only the data it
sees change.
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From one image to a dataset of pairs

® Training data come in pairs:
p(Xo, X1) = pa(Xo) pg(X1 | Xo).

® One tractable bridge per clean
image X, ending in its own
degraded distribution pg(- | Xp).
® The endpoint is no longer

Gaussian, so the base drift is
unnecessary: f := 0.

Where I2SB sits A tractable class of
SB that trains with the computa-
tional framework of diffusion mod-
els.
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~ psC 1X0)

ETH:urich

transport between general
Xo ~ P, X1 ~ D3

Schrodinger Bridge

Tractable SB
Nox---A2SB ¢ SGM -

~-X; ~N(,1)

Figure 3 of the paper (Venn diagram).
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Proposition 3.3: a Gaussian bridge

Proposition 3.3: given a pair (Xo,X1), the SB posterior is Gaussian

5 52
= o Xo+ S Xa

Eq. (11). Given the pair, every intermediate state is Gaussian in closed form:

SDE. Proof: A8, A9.
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0 . 1
o7 = [1 Bdr

a7 = [} B.dr

dashed: (3, symmetric

band: £ 2V/%,

grey: exact bridge samples

training needs no simulation of any
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DDPM traces the bridge ETHz(irich

DDPM: X, ~ p(X, | Xo, Xps1), step 12 of 12
tn = 0.00

bronze: 6000 sa

composing the DDPM steps

petrol: q(X,, | Xo, Xn)

from Proposition 3.3

Xo Xy
(Xl Xo, X5) =TI, p(Xtl Xo, Xiir) dXigr

the

ep: DDPM r

X = X; traces the SB bridge

Run DDPM from Xy = X1 with the true Xp, and its marginals are exactly those of (11). With a predicted XS ~ Xo
the ordinary DDPM sampler follows the bridge. Induction: A9.
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Training ETH:urich

closed form, Eq. (11) v/
the only learned part

t~U[0,1] X £:6)
e(Xt, t;
X ~q(X¢ | Xo,X1) = N(ue, Zt) X - X
2 a? o?5? target 220
ur = WXO <F WXL Zp = Jt2+5t21 L ot

Xo~pa Xi1~ps(lXo)

gradient step on HE(X{, t;0) — X”%f(' HQ, Eq. (12); repeat

Algorithm 1. Identical to training a diffusion model, except that X; interpolates between a clean and a degraded
image instead of between a clean image and noise. A10.
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Training on the toy model ETHziirich

Algorithm 1 (training)
30t~ U([0,1)), Xo~pa, X1~ ps(-|Xo)

b Xi~ (X | Xo, Xu) by (11)

50 step on ||e(X,t;0) — X=Xo|| (12)

no SDE is simulated: every X, is drawn in closed form

Eq. (12). He(Xt ,t0)— th;rxo || with X; ~ q(X; | Xo, X1): each training pair brings its own Gaussian
bridge and its own closed-form target.

Johannes Herter o T2SB: Image-to-Image Schridinger Bridge ® ETH Ziirich 37/66



Generation ETH:urich

reference

t=2/3 t=1/3
X1 ~ pg / /

each arrow: Xg =Xn —0n €Xn, t0;0), Xn-1~pXn-1| XS,X,,) ‘

simulate dX; = —f; so(X¢,t) df + \/ﬂdef with DDPM steps, Eq. (4)

Algorithm 2. Start at the degraded image, not at noise: each intermediate is a less degraded image. Images:
Figure 7 of the paper (JPEG).
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Generation on the toy model ETHzirich

£ =0.000, step 100 of 100
Algorithm 2 (generation)

start: Xy ~ pg (the degraded

grid, not noise)

each step: predict X§

then Xp_q ~ p(Xn-1| X5, Xn)

bronze: the network’s

current guess X

blue: the bridge state X,

generation is a gradual, interpretable restoration of the degraded input

Toy model: clean data are the ETH letters, degraded data snap each point to a coarse grid. The network is
replaced by the exact minimiser of (12) over 6000 training pairs.
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Bridge paths in space-time ETHzirich

degraded, t=1

restored, t =0

Algorithm 2 on the toy model, time running downwards: from degraded points at t = 1 to the ETH letters at t = 0.
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Analytic and learned, again

Analytic /

® the bridge posterior q(X; | Xo, X1), Eq.
(11)
m W, t| Xg) = N(Xo, 0?1) and the target

Xi=Xo
ot

® every sampling step p(Xy-1 | X§, Xn)

ETH:urich

Learned

Q

one network e(X;,t;0)
ot VlegW(Xy,t) (up to sign)

Never needed the forward drift Vlog W, it-
erative fitting over path measures, or sim-
ulating an SDE during training

As for diffusion models: the Gaussian bridge replaces the noising kernel, and Vlog W replaces the score.
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Proposition 3.4: optimal transport ETH:urich

diffusion scaled by A= 0.000

. ¢ . Proposition 3.4: as [, — 0
% l e > ¥
. dX, = 2e(X, — Xo)dt
.

/7
D the OT-ODE; its solution is
k‘ *? Corollary 3.5: constant /3

e = (1 —1)Xp +1tX,

straight lines at constant speed

blue: clean Xo, bronze: degraded X, ; the paths straighten into the optimal transport displacement

Proposition 3.4, Corollary 3.5, Eq. (13). As f; — 0: dX; = f—;(Xt — Xp) dt, solved by p;; for constant
t
B, ur = (1 —t)Xp + tXy, the OT displacement. A11.
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Three diffusion models side by side ETHziirich

Model  p(Xo) p(X1) Vlog W Vilog W
(C)sGM Pa N(,I) 0 tractable

12SB Pa pg(- | Xo) intractable  tractable
SB  pa P8 intractable  intractable

Table 1 of the paper. I?SB needs paired data, but never needs the forward drift: only V log ¥ is learned.
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Image restoration on ImageNet

FID on ImageNet 256x256 (lower is better; Tables 2-5 of the paper; axis cut at 20)

4x super-resolution, Pool

DDRM [ s
DDNM [ oo
nepM [ s
ADM [0 51
cosi I 5o
eso [l 27

JPEG restoration, QF = 10

DDRM [

ncom I o0

Palette [ 5.4

cpsp [ s
se [ 3o

Inpainting, Frecform 20-30%

DDRM I 56

nepM T 55

DDNM [ 12

Palette I 1.1

cpsp [
1se [ 52

W 2s8 [ conditional diffusion (Palette, ADM)

4x super-resolution, Bicubic

DDRM [ s
DDNM I 56
neoM B 50
ApM EE s
cpsp [ 56
sn [ 25

Inpainting, Center 1281128

DDRM [ 2

nGoM I s

DDNM [ 6

Palette [ 6.1

cpsB I k05
se (I 1o

Deblurring, Uniform

DDRM I 00

DDNM [ 5.0

Palette I 1.1

cpsB I 55
st I 5o
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I inverse models, need the corruption operator

ETH:zurich

JPEG restoration, QF = 5

DDRM [ o2

nGDM I 56

Palette [N 53

cosi I s
vse (D 1o

Inpainting, Frecform 10-20%

DR 0

DDNM I 52

Palette [ 4.0

CDsB [ 5
ese ([l 2o

Deblurring, Gaussian

DDRM T o

DDNM [ 29

Palette [

s I 77
sp [ o0

| standard SB (CDSB)
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Generation is restoration ETH:urich

Reference

JPEG restoration (top) and 4x super-resolution (bottom): each intermediate image is a less degraded version of
the input. Figure 7 of the paper.
e 12
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Fewer steps ETHzirich

NFE=10 NFE=100

Reference

Inpaint (center) Inpaint (freeform 20-30%) Deblur (uniform)
~ 20 30
20
104 < — 10

2 10 100 500 2 10 100 500 2 10 100 500

)
o
L

K60 701 70 .
:(‘ 60 —e— Palette 5
S 55 65 50 —e— |25B 3

2 10 100 500 2 10 100 500 2 10 100 500
Number of function evaluation (NFE) in log-scale

1258 (Ours)

Figure 8 of the paper.

Figure 9 of the paper.

Starting from the degraded image, I2SB loses little as the number of network evaluations drops; on inpainting
2-10 suffice where Palette needs about 100.
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One network call ETH:irich

one network call: ?SB against inpainting GANs and Palette (Table 8 of the paper; V100 time per image)

Inpainting, Freeform 10-20% Inpainting, Freeform 20-30%

DeepFillv2 FID 6.7 DeepFillv2 FID 9.4
0.01's 0.01s
HiFill FID 7.5 HiFill FID 12.4
0.03 s 0.03s

[ [s ! &
Palette (1 step) :' ]\[\) o Palette (1 step) E [‘1: 19.8

5 0. Bl

ess (1 sep) [T _—— L
Ot 0.14s
starting from the degraded image, a single step of 2SB already beats GANs built for one-shot inpainting
48/ 66
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Noise or no noise

OT-ODE instead of the bridge: change in FID (left bars) and CA (right bars); green = better

+50.91

+6.0
+4.2 +4.1

N [] .

-14.1

JPEG QF=5

JPEG QF=10 Deblur uniform Deblur Gaussian Center mask Mask + noise

deterministic paths help where the inverse is nearly unique (deblurring) and hurt where much is lost (JPEG, empty masks)
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ETH:urich
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Where to draw the training states

FID-10k Score { Classifier Accuracy (%) T
750 - _ _ comuptimages | 0
501 50~//
251 251 _ __ _ £orrupt images |
0.0 0.5 1.0 00 05 1.0
mixing ratio mixing ratio

Figure 10 of the paper (JPEG, QF = 5).
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ETH:urich

® Mixing the training proposal
between the linear SDE (9a) and
the bridge posterior (11).

® Both metrics improve steadily
as the proposal approaches
(11): train where generation
actually goes.
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Beyond restoration ETHziirich

£=13 t=00(output) Reference t=1(nput) =213 0 (output) Reference

edges - shoes day  night

-+ Color
Gy might

E general image-to-image translation: FID (Tuble 7 of the paper)

edges < anabags

Edges — shoes, day — night: generation from t = 1tot = 0.
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5 Summary



Summary ETHzirich

® Diffusion models: everything is analytic except the score,

learned by regression on closed-form conditional scores. In practice Train like a diffu-

® Schrodinger bridges reach any pg with a nonlinear drift, at sion model, start from the de-

the price of two potentials coupled through their boundaries. graded image instead of noise,

® Theorem 3.1: the bridge drifts are scores of linear SDEs. sample with DDPM. More in-

= Corollary 3.2: a Dirac delta at the clean image removes one terpretable, and far fewer steps.
coupling: the score-matching trick.
® Proposition 3.3: the bridge between a pair is Gaussian, and Open question from the original talk:

DDPM follows it. what does this offer over bilinear

upsampling, CNNs, ResNets and GANs?
® Proposition 3.4: without noise, optimal transport.
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12SB: the bridge density q(-,t), from the degraded data at t =1 to the clean data at t =0
t=0.00

Thank you.

Johannes Herter
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6 Appendix



Al. The backward kernel by Taylor expansion ETHzirich

(xt) i fere g xTg .
Bayes: pyjes (X |x6+1) = praap (Xie1 |x0) _px) Tilt a Gaussian: N(x;m, vl)e* & o N(x;m +vg,vl), by
per1(xe1) completing the square.
¥ [
Small step: x; = X1 and p; = pi41, so to first order i el ~ Ny ML 4 1-a2 1-a2 I
log pi(xt) — log pra1(xe+1) ~ (xp — xp41)' g with g := D preen (o)  Nres =50+ 5558, 55-1).
Vlogpria(xer1)- v

]

The kernel in x;: N(xi11;ax:, (1 — a?)) o

N 2, 550).

2
To first order in 1 — a: %z2—a,1;—gzl—a2,sothe

kernel is N(x¢; (2 — @)xps1 + (1 — a?)g, (1 —a?)]). m
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A2. Reverse-time SDE ETH:urich

?Fokker—Planck of (1): dip = =V (fp) + $pAp. } Add and subtract 1BAp = V- (3ppVlogp):
¥ dsp =-V-((—f +pVlogp)p) + 1 pAp.
Rewrite the Laplacian with Ap = V- (pVlogp): ¥
op =-V-((f - %‘BV logp)p). Read off the SDE with this Fokker-Planck equation:
v dXs = (—f + pV1ogp)ds + /B dWs.
Reverse time, s = 1 — t: ¥
dsp=V-((f - 1pVlogp)p). Back in t, Eq. (2): dX; = [fi — BiVlogp(X;, )] dt +

VB dW;. m
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A3. Denoising score matching ETHzirich

Marginal p(x;) = fp(xf | x0) pa(x0) dxo, so Least squares is minimised by the conditional mean:
e*(xs,t) = J,]E[V logp(xt | Xo) | X¢ = x,].

Vp(xt) = / Vlogp(x: | x0) p(xt | x0)pa(xo) dxo.

2
7 Conclude: €* = 0;Vlogp(x;,t). With X; = a;Xo + oy€,
Divide by p(x;) and use Bayes, p(xo | x¢) = p(xt | the target is 0;Vlog p(X; | Xo) = —€. m
x0)pa(xo)/p(xe):

Vlegp(x) =E[Vlogp(x: | Xo) | X = x¢].
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A4. From control to the Schridinger system ETHz(irich

Value function of (21): J;V + min”{%|u|2 +VVT(f + Substitute. The |[VW|2/W? terms from |VV|? and AV
u)} + %,SAV =0. cancel exactly:
v W =-VUTf - LAY (6a), linear.
Minimise over u: u* = -VV, so 2
HV+VVTf—LVV|? + Lpav = 0. Define W := g/W, with g the density of the controlled
v SDE. Its Fokker-Planck equation and (6a) give, by the
It P =-v. (¥ L1BAY .
Hopf-Cole: V = —BlogV¥, so u* = pVlogV¥, the for- product rule, 9% V- (¥f) + gAY (6b)
ward drift of (5). 2

Boundaries: g(-,0) = p# and q(-,1) = pg are the cou-
pling conditions in (6). ®
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Ab. Nelson’s duality ETHz(irich

Marginal: g(x,t) = W(x, ) W(x,t) (definition of ¥ in Reverse the forward SDE (5a) with Anderson (A2), drift
) f+BViogVW, Eq. (8):
v dX; = [f + BV1og W — BV log q] dt + /B dW;.
Take Vlog, Eq. (7): ]
VlogW - Vlogq = -Vlog V. Substitute (7): the drift is f — BV log W, the backward
SDE (5b). Each SDE in (5) reverses the other. m
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A6. Theorem 3.1

ETH:urich

Fokker-Planck of an It process, Eq. (14)-(15): dX; =
fi dt + /Bt AW, has dip = =V- (fip) + i Ap.

Reverse time in (6), s = 1 — ¢, Eq. (16):
AW =V (Vf) + S AW.

) ]

Compare with (6b): the same equation. So W(-, t) is the
density of the linear SDE (9a) started at ¥, 0), up to a
constant.

]

Read off: the density of dX; = —f; ds + /fs dWs from

W(-, 1), i.e. (9b) in £.

]

o 2

Constants vanish under Vlog: VlogW(., ) is the score
of (9a).

Conclude: both drifts are scores of linear SDEs, whose
boundary densities carry the nonlinearity. m
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A7. Corollary 3.2

ETH:urich

Candidate: W(-,0) = &,, so with f = 0, W(x,t) =
N(x;a, O'?I) solves (6b).

]

End t = 1: W(, 1) := pg/P(, 1) meets W = pg by
construction.

At x =a:

(6,0 = [ Nyia,o? )N(;’B(y;m = [pa=1.

¥

17

Backtot = 0,Eq. (17): W(x,0) =
[ N(y;x, 02) ¥y, 1) dy.

Endt = 0: W(-,00¥(-,0) = W(a,0)6, = 6, = pa-
Both couplings hold. ® (The paper argues via the HJB
equation for general f.)
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12

SGM: if pg = W(-, 1) ~ N(0,T), then W(-, 1) = 1, hence
W =1 and (5) is (1)-(2).
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AS8. Proposition 3.3: product of Gaussians ETHziirich

Condition Nelson’s duality on the pair: q(X; | Xo, X1) = Multiply:
W(X;,t|-)W(X¢,t|-), one factor from each end. 1(IX=Xgl?2 | IX-X112
v exp(~g| = —+== )
t t
With f = 0 both factors are Gaussian heat kernels, with a 12
variances accumulated from either side: U? = fot B, c'rtg = . 1 1 a?-ﬂ??
1 Complete the square: precision = + 5 = 5.2 Mean
; K
/r B. . Xo . Xy t t t ot
(28 +25):
t t
© :
62X0+52X1 0252
Eq. 11): = t5—+t—, % =—+t1LI m
@D e = =y B =
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A9. Proposition 3.3: induction

ETH:urich

One DDPM step (f = 0), with a? = ‘/‘":ln+1 B:

Xnl|Xo, X = .
P( nl 0/ n+1) N( a%ﬂv% ,(¥%+G,2l

2
Start: atn =N -1, %2\],1 = 51%71, so the step is q(Xn-1 |
Xo, XN).

2

Step, Eq. (18): show q(X,|Xo, Xn) =

/ P(Xn|Xo, Xn+1) 9(Xn+11Xo0, Xn) dXpr1.

. 02452 = g2 2 _ ;2 2 _
Two facts: 0;; +G;; = o7 forall n, and aj; =0/, | — 0 =
=2 _ =2
O = Oy
¥
Mean, Eq. (19): composing the two Gaussians gives coef-
52
. . 0
ficients % on Xo and % on Xy.
o [
1 1
¥
22 52 2 4 2.2
. a0 0 [ 040,
Variance, Eq. (20): —4-t 4 trlonel on — Zion . ox-
“n+1 T %n+1 1

actly (11). m
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A10. Training objective ETHzirich

Theorem 3.1 with f = 0: Vlog \i/(Xht | Xo) is the score Rescale by o; as in (3): target X';[XO (up to sign conven-
of dX; = \@dwr from O, i.e. of N(Xo, U,?I)- tion), now with X; drawn from the bridge posterior (11),
v not from (9a).

Xi—Xg v
a2 Prediction: X§ = X; — 0t €(Xt, t; 0), which feeds the
DDPM step of Algorithm 2. m

Gaussian score: V1ogW(X;,t | Xo) = —

Johannes Herter o T2SB: Image-to-Image Schridinger Bridge ® ETH Ziirich 65/ 66



All. Proposition 3.4, Corollary 3.5 ETHzirich

Scale f; — ABy: 02,57 scalg l;y A, so the weights in y; Constant p: 02 = Bt, so % _ % vl @y = Xz;XO'
_ o
are unchanged and X = A % — 0. v
a3
v =2 52
Weights: —[2 =1-t, —’2 =t,s0 u =(1-1)Xo +tX;.
Deterministic limit: X; = p(Xo, X1), and the noise 71 o1
\/ﬁTdW vanishes. ¥
¥ Check: iy = X1 — Xo = m-{Xo = v;(ut): straight lines at
Drift, Eq. (13): f;Vlog \i/(X,xlXo) becomes v;(X;|Xo) = constant speed, McCann'’s displacement. ®
%(Xt — Xp), independent of A.
[
t
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