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Where we stand

From the last lecture

Differential forms Ω𝑘(𝑀), the
pullback, the exterior derivative with
𝑑2 = 0.
Partitions of unity on every manifold.

For oriented 𝑀: the integral
∫
𝑀 𝜔 of

compactly supported top forms.

Stokes:
∫
𝑀 𝑑𝜔 =

∫
𝜕𝑀 𝜔.

Open questions

(a) Stokes: exact top forms integrate to 0.
Is every top form with

∫
= 0 exact?

(b) Is a volume form determined, up to
diffeomorphism, by its total volume?

(c) Which closed forms are exact? How
large is 𝐻𝑘(𝑀), and how do we
compute it?
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Why it is hard: local primitives do not glue

On a disc every closed form
has a primitive (we will prove
it).

On an annulus, 𝑑𝜃 has a
primitive on every sector; the
primitives agree on overlaps
up to constants.

Going round once, the
constants add up to 2𝜋: there
is no global primitive.

Exactness is a global question; it is
decided by how local pieces fit together.
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The tools of this lecture

Cartan’s formula
flows change forms

by exact terms

top degree∫
= 0 ⇐⇒ exact

degree formula,
Gauss–Bonnet

Moser’s theorem
volume forms

homotopy
invariance,

Poincaré lemma

Mayer–Vietoris
spheres, torus

compact
supportsPoincaré duality
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1 Lie derivatives and Cartan’s
formula



Flows and isotopies

A vector field 𝑋 on 𝑀 (compactly supported, or 𝑀 compact) has a flow 𝜑𝑡 : 𝑑
𝑑𝑡 𝜑𝑡 = 𝑋 ◦ 𝜑𝑡 ,

𝜑0 = id, 𝜑𝑠+𝑡 = 𝜑𝑠 ◦ 𝜑𝑡 .

A smooth family 𝑋𝑡 generates an isotopy 𝜓𝑡 : 𝑑
𝑑𝑡𝜓𝑡 = 𝑋𝑡 ◦ 𝜓𝑡 , 𝜓0 = id; each 𝜓𝑡 is a

diffeomorphism.

Conversely every isotopy starting at id is generated this way, by 𝑋𝑡 =
( 𝑑
𝑑𝑡𝜓𝑡

) ◦ 𝜓−1
𝑡 .
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The interior product

Definition 1.1 (Interior product)

For 𝑋 ∈ Vect(𝑀) and 𝜔 ∈ Ω𝑘(𝑀) let (𝜄𝑋𝜔)(𝑣2 , . . . , 𝑣𝑘) = 𝜔(𝑋, 𝑣2 , . . . , 𝑣𝑘); 𝜄𝑋 𝑓 = 0.

Lemma 1.2 (Rules for 𝜄𝑋 )

𝜄𝑋 𝜄𝑋 = 0 and 𝜄𝑋 (𝜔 ∧ 𝜏) = 𝜄𝑋𝜔 ∧ 𝜏 + (−1)𝑘𝜔 ∧ 𝜄𝑋𝜏 for 𝜔 ∈ Ω𝑘 .

Proof The first is skew-symmetry. Both sides of the second are bilinear and pointwise, so take
𝜔 = 𝑑𝑥𝐼 , 𝜏 = 𝑑𝑥𝐽 ; then it is the expansion of the determinant 𝑑𝑥𝐼 ∧ 𝑑𝑥𝐽 (𝑋, . . . ) along its first
column.
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The Lie derivative

Definition 1.3 (Lie derivative)

𝐿𝑋𝜔 =
𝑑
𝑑𝑡

���
𝑡=0

𝜑∗
𝑡𝜔 for the flow 𝜑𝑡 of 𝑋. For functions, 𝐿𝑋 𝑓 = 𝑑𝑓 (𝑋).

Example 1.4 (Area in the plane)

For 𝜔 = 𝑑𝑥 ∧ 𝑑𝑦 and 𝑋 = (𝑎, 𝑏): 𝐿𝑋𝜔 = (𝜕𝑥 𝑎 + 𝜕𝑦𝑏) 𝑑𝑥 ∧ 𝑑𝑦 = (div𝑋)𝜔.
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Rules for the Lie derivative

Lemma 1.5 (Rules for 𝐿𝑋 )

𝑑
𝑑𝑡

𝜑∗
𝑡𝜔 = 𝜑∗

𝑡𝐿𝑋𝜔, 𝐿𝑋 (𝜔 ∧ 𝜏) = 𝐿𝑋𝜔 ∧ 𝜏 + 𝜔 ∧ 𝐿𝑋𝜏, 𝐿𝑋𝑑 = 𝑑𝐿𝑋 .

Proof 𝜑∗
𝑡+𝑠 = 𝜑∗

𝑡𝜑
∗
𝑠 , so 𝑑

𝑑𝑡 𝜑
∗
𝑡𝜔 = 𝜑∗

𝑡
𝑑
𝑑𝑠 |0𝜑∗

𝑠𝜔. The product rule follows from 𝜑∗
𝑡 (𝜔∧𝜏) = 𝜑∗

𝑡𝜔∧𝜑∗
𝑡𝜏,

and 𝐿𝑋𝑑 = 𝑑𝐿𝑋 from 𝜑∗
𝑡𝑑 = 𝑑𝜑∗

𝑡 (differentiate in 𝑡; 𝑑 commutes with 𝑑
𝑑𝑡 in coordinates).
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Dragging an area form

The tiles of 𝑑𝑥 ∧ 𝑑𝑦 carried by two flows: with a source their areas grow like 𝑒 𝑡 div𝑋 ; under a rotation they only
turn. 𝐿𝑋𝜔 = (div𝑋)𝜔.
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Cartan’s formula

Theorem 1.6 (Cartan)

For every vector field 𝑋: 𝐿𝑋 = 𝑑 𝜄𝑋 + 𝜄𝑋 𝑑 on Ω∗(𝑀).

Same rules. Both 𝐿𝑋 and 𝑃 = 𝑑𝜄𝑋 + 𝜄𝑋 𝑑 are local, linear, commute with 𝑑 (𝑑𝑃 = 𝑑𝜄𝑋 𝑑 =
𝑃𝑑 by 𝑑2 = 0), and are derivations: 𝑃(𝜔 ∧ 𝜏) = 𝑃𝜔 ∧ 𝜏 + 𝜔 ∧ 𝑃𝜏, because the antideriva-
tions 𝑑 and 𝜄𝑋 of degrees +1 and −1 produce cross terms (−1)𝑘 𝑑𝜔 ∧ 𝜄𝑋𝜏 etc. that can-
cel in pairs.

1

Same on functions. 𝑃 𝑓 = 𝜄𝑋 𝑑𝑓 = 𝑑𝑓 (𝑋) = 𝐿𝑋 𝑓 .
2

Same everywhere. Locally 𝜔 =
∑
𝑓𝐼 𝑑𝑥 𝑖1 ∧ · · · ∧ 𝑑𝑥 𝑖𝑘 with 𝑑𝑥 𝑖 = 𝑑(𝑥 𝑖 ). An opera-

tor that is a derivation and commutes with 𝑑 is determined by its values on functions:
𝑄( 𝑓 𝑑𝑥 𝑖1 ∧ . . . ) = 𝑄 𝑓 𝑑𝑥 𝑖1 ∧ · · · +∑

𝑓 · · · ∧ 𝑑𝑄𝑥 𝑖 𝑗 ∧ . . . .

3

tiles dragged by a flow
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Two consequences

Corollary 1.7 (𝑑 of a 1-form, invariantly)

𝑑𝛼(𝑋,𝑌) = 𝑋
(
𝛼(𝑌)) − 𝑌 (𝛼(𝑋)) − 𝛼([𝑋,𝑌]).

Proof By Cartan, (𝐿𝑋𝛼)(𝑌) = 𝑑(𝛼(𝑋))(𝑌)+ 𝑑𝛼(𝑋,𝑌). By the product rule for 𝐿𝑋 applied to 𝛼(𝑌) =
𝜄𝑌𝛼: 𝑋(𝛼(𝑌)) = (𝐿𝑋𝛼)(𝑌) + 𝛼(𝐿𝑋𝑌) with 𝐿𝑋𝑌 = [𝑋,𝑌]. Combine the two.

Corollary 1.8 (Closed forms along flows)

If 𝑑𝜔 = 0, then 𝐿𝑋𝜔 = 𝑑(𝜄𝑋𝜔) is exact; hence 𝜑∗
𝑡𝜔 − 𝜔 = 𝑑

∫ 𝑡
0 𝜑∗

𝑠 𝜄𝑋𝜔 𝑑𝑠.

Proof Cartan with 𝑑𝜔 = 0, then integrate 𝑑
𝑑𝑠 𝜑

∗
𝑠𝜔 = 𝜑∗

𝑠𝐿𝑋𝜔 = 𝑑(𝜑∗
𝑠 𝜄𝑋𝜔) from 0 to 𝑡.
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The homotopy formula

Theorem 1.9 (Homotopy formula)

Let 𝐹 : [0, 1] ×𝑀 → 𝑁 be smooth and 𝑓𝑡 = 𝐹(𝑡 , ·). There is a linear ℎ : Ω𝑘(𝑁) → Ω𝑘−1(𝑀) with

𝑓 ∗1𝜔 − 𝑓 ∗0𝜔 = 𝑑 ℎ𝜔 + ℎ 𝑑𝜔.

Proof Write 𝐹∗𝜔 = 𝛼𝑡 + 𝑑𝑡 ∧ 𝛽𝑡 with 𝛼𝑡 , 𝛽𝑡 containing no 𝑑𝑡; then 𝛼𝑡 = 𝑓 ∗𝑡 𝜔 and

𝑑(𝐹∗𝜔) = 𝑑𝑀𝛼𝑡 + 𝑑𝑡 ∧ (
𝜕𝑡𝛼𝑡 − 𝑑𝑀𝛽𝑡

)
.

Put ℎ𝜔 =
∫ 1
0 𝛽𝑡 𝑑𝑡. Since 𝐹∗𝑑𝜔 = 𝑑(𝐹∗𝜔), the 𝑑𝑡-component of 𝐹∗𝑑𝜔 is 𝜕𝑡𝛼𝑡 − 𝑑𝑀𝛽𝑡 , hence

ℎ 𝑑𝜔 =
∫ 1

0

(
𝜕𝑡𝛼𝑡 − 𝑑𝑀𝛽𝑡

)
𝑑𝑡 = 𝛼1 − 𝛼0 − 𝑑 ℎ𝜔 = 𝑓 ∗1𝜔 − 𝑓 ∗0𝜔 − 𝑑 ℎ𝜔.

Johannes Herter • Volume and de Rham Cohomology • ETH Zürich 14/ 76



The swept ribbon

For a 1-form the homotopy formula is Stokes on the ribbon swept by the loops:
∫
𝛾𝑡

𝛼 − ∫
𝛾0

𝛼 =
∫
ribbon 𝑑𝛼.
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Isotopies with time-dependent fields

Theorem 1.10 (Time-dependent Lie derivative)

Let 𝜓𝑡 be generated by 𝑋𝑡 and 𝜔𝑡 a smooth family of forms. Then

𝑑
𝑑𝑡

𝜓∗
𝑡𝜔𝑡 = 𝜓∗

𝑡

(
𝐿𝑋𝑡𝜔𝑡 +

𝜕𝜔𝑡
𝜕𝑡

)
.

Proof The 𝜕𝑡𝜔𝑡 term is the product rule. For a fixed form, 𝐷𝑡 = 𝑑
𝑑𝑡 ◦ 𝜓∗

𝑡 and 𝜓∗
𝑡 ◦ 𝐿𝑋𝑡 are both

𝜓∗
𝑡 -derivations commuting with 𝑑, and on functions both give 𝑑𝑓 (𝑋𝑡 ) ◦𝜓𝑡 by the chain rule. The

argument of Cartan’s proof, step 3, shows they agree.
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Primitives along isotopies

Corollary 1.11 (Primitives along isotopies)

If 𝜔 is closed and the 𝑋𝑡 are compactly supported, then 𝜓∗
1𝜔 − 𝜔 = 𝑑

∫ 1
0 𝜓∗

𝑡 𝜄𝑋𝑡𝜔 𝑑𝑡, a primitive
with compact support whenever 𝜔 has one. In particular isotopic diffeomorphisms act equally
on cohomology.
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2 Top-degree forms and the degree



Top-degree forms with zero integral

Theorem 2.1 (Exactness in top degree)

Let 𝑀 be connected, oriented, without boundary, and 𝜔 ∈ Ω𝑚
𝑐 (𝑀). Then∫

𝑀
𝜔 = 0 ⇐⇒ 𝜔 = 𝑑𝜏 for some 𝜏 ∈ Ω𝑚−1

𝑐 (𝑀).

(⇐) is Stokes’ theorem.

(⇒) in two moves: first prove it for forms supported in one cube; then move every piece of 𝜔
into the same cube with a compactly supported isotopy, which changes it only by exact forms.
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The cube lemma

Lemma 2.2 (Cube lemma)

If 𝑓 ∈ 𝐶∞
𝑐
((0, 1)𝑚 ) and ∫

𝑓 = 0, then 𝑓 =
∑𝑚
𝑖=1 𝜕𝑖𝑢𝑖 with 𝑢𝑖 ∈ 𝐶∞

𝑐
((0, 1)𝑚 ) . Hence

𝑓 𝑑𝑥1 ∧ · · · ∧ 𝑑𝑥𝑚 = 𝑑
(∑

𝑖

(−1)𝑖−1𝑢𝑖 𝑑𝑥
1 ∧ · · · ∧ 𝑑𝑥 𝑖 ∧ · · · ∧ 𝑑𝑥𝑚

)
.

Proof Induction on 𝑚. For 𝑚 = 1, 𝑢(𝑡) = ∫ 𝑡
0 𝑓 vanishes near 0, and near 1 because

∫
𝑓 = 0. Step:

fix 𝑒 ∈ 𝐶∞
𝑐 ((0, 1)) with

∫
𝑒 = 1 and put 𝑔(𝑥′) = ∫ 1

0 𝑓 (𝑥′, 𝑡) 𝑑𝑡, so 𝑔 ∈ 𝐶∞
𝑐 ((0, 1)𝑚−1) with

∫
𝑔 = 0.

Then ℎ = 𝑓 − 𝑔(𝑥′)𝑒(𝑥𝑚) integrates to 0 on every vertical line, so 𝑢𝑚(𝑥′, 𝑥𝑚) =
∫ 𝑥𝑚
0 ℎ(𝑥′, 𝑠) 𝑑𝑠

has compact support and 𝜕𝑚𝑢𝑚 = ℎ. By induction 𝑔 =
∑
𝑖<𝑚 𝜕𝑖𝑣𝑖 , so 𝑔 𝑒 =

∑
𝑖<𝑚 𝜕𝑖(𝑣𝑖 𝑒), and

𝑓 =
∑
𝑖<𝑚 𝜕𝑖(𝑣𝑖 𝑒) + 𝜕𝑚𝑢𝑚 .
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The cube lemma, seen

The column integrals 𝑔 are subtracted along a fixed bump 𝑒(𝑦); then every column has total 0, and its
antiderivative from the bottom is zero again at the top.
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Moving a point anywhere

Lemma 2.3 (Homogeneity)

If𝑀 is connected andwithout boundary, then for 𝑝, 𝑞 ∈ 𝑀 there is a compactly supported isotopy
𝜓𝑡 with 𝜓0 = id and 𝜓1(𝑝) = 𝑞.

Proof Write 𝑝 ∼ 𝑞 if such an isotopy exists: an equivalence relation (compose and reverse iso-
topies). Each class is open: in a chart ball around 𝑝 take 𝑋 = 𝜒 · (𝑞′ − 𝑝) with 𝜒 = 1 on the
segment [𝑝, 𝑞′] and compactly supported in the ball; its time-1 flow moves 𝑝 to 𝑞′. The comple-
ment of a class is a union of classes, also open. 𝑀 is connected, so there is one class.
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Sliding a bump

A compactly supported flow carries a bump form along a path; its integral does not change, and 𝜓∗
𝑡𝜔 − 𝜔 is exact

with a compactly supported primitive.
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Proof of exactness in top degree

Cut. Fix an oriented chart 𝑈0 � (0, 1)𝑚 and 𝑝0 ∈ 𝑈0. For each 𝑝 choose 𝜓𝑝 (ho-
mogeneity) with 𝜓𝑝 (𝑝0) = 𝑝 and let 𝑈𝑝 = 𝜓𝑝 (𝑈0). Finitely many 𝑈1 , . . . , 𝑈𝑛 cover
supp𝜔; a partition of unity for {𝑀 \ supp𝜔, 𝑈1 , . . . , 𝑈𝑛} gives 𝜔 =

∑
𝑖≥1 𝜌𝑖𝜔 with

supp 𝜌𝑖𝜔 ⊂ 𝑈𝑖 .

1

Move into the cube. 𝜓∗
𝑖 (𝜌𝑖𝜔) is supported in 𝑈0, and 𝜓∗

𝑖 (𝜌𝑖𝜔) − 𝜌𝑖𝜔 = 𝑑𝜏𝑖 with 𝜏𝑖
compactly supported (primitives along isotopies). Since 𝜓𝑖 preserves orientation, 𝜎 =∑
𝑖 𝜓

∗
𝑖 (𝜌𝑖𝜔) has

∫
𝜎 =

∫
𝜔 = 0.

2

Cube lemma. 𝜎 = 𝑑𝜏0 with 𝜏0 compactly supported in 𝑈0, so 𝜔 = 𝜎 − ∑
𝑖
(
𝜓∗
𝑖 (𝜌𝑖𝜔) −

𝜌𝑖𝜔
)
= 𝑑

(
𝜏0 −∑

𝑖 𝜏𝑖
)
.

3

a bump carried along
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Top cohomology

Corollary 2.4 (Integration is an isomorphism)

For 𝑀 compact, connected, oriented and without boundary,
∫
𝑀 : 𝐻𝑚(𝑀) → R is an isomor-

phism.

Proof Well defined by Stokes; onto, since a bump form in one chart has integral 1; injective by the
theorem.

Example 2.5 (Non-compact manifolds)

On𝑀 = R𝑚 the form 𝑓 𝑑𝑥 with 𝑓 > 0 compactly supported is exact as a form (every closed form
on R𝑚 is, Section 4), but not as a compactly supported form: compact support matters in the
theorem.
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The degree formula

Theorem 2.6 (Degree formula)

Let 𝑓 : 𝑀 → 𝑁 be smooth, 𝑀, 𝑁 compact, oriented, without boundary, of dimension 𝑚, 𝑁
connected. For all 𝜔 ∈ Ω𝑚(𝑁): ∫

𝑀
𝑓 ∗𝜔 = deg( 𝑓 )

∫
𝑁
𝜔.

Proof Let 𝑞 be a regular value with preimages 𝑝1 , . . . , 𝑝𝑛 and signs 𝜀𝑖 = sgn det 𝑑𝑓 (𝑝𝑖), deg 𝑓 =∑
𝜀𝑖 . By the inverse function theorem and compactness there is a neighbourhood 𝑉 of 𝑞 with

𝑓 −1(𝑉) = 𝑈1 ⊔ · · · ⊔ 𝑈𝑛 and 𝑓 : 𝑈𝑖 → 𝑉 a diffeomorphism of sign 𝜀𝑖 . For 𝜔 supported in
𝑉 :

∫
𝑀 𝑓 ∗𝜔 =

∑
𝑖 𝜀𝑖

∫
𝑉 𝜔. For general 𝜔 pick 𝜔′ supported in 𝑉 with the same integral; then

𝜔 − 𝜔′ = 𝑑𝜏 and
∫
𝑀 𝑓 ∗𝑑𝜏 =

∫
𝑀 𝑑( 𝑓 ∗𝜏) = 0.
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Counting with signs

A bump form near 𝑞 pulled back: three bumps under 𝑧 ↦→ 𝑧3; under a folded map of degree 1 two blue and one
purple, which merge and vanish as 𝑞 moves past the fold.

Johannes Herter • Volume and de Rham Cohomology • ETH Zürich 27/ 76



Counting with signs

A bump form near 𝑞 pulled back: three bumps under 𝑧 ↦→ 𝑧3; under a folded map of degree 1 two blue and one
purple, which merge and vanish as 𝑞 moves past the fold.

Johannes Herter • Volume and de Rham Cohomology • ETH Zürich 27/ 76



The hairy ball theorem

Corollary 2.7 (Hairy ball)

For𝑚 even, every vector field on 𝑆𝑚 has
a zero.

Proof If 𝑣(𝑥) ≠ 0 everywhere, normalise
|𝑣 | = 1. Then 𝐹𝑡 (𝑥) = cos(𝜋𝑡) 𝑥 +
sin(𝜋𝑡) 𝑣(𝑥) is a homotopy in 𝑆𝑚 from
id to 𝑎 = − id, so deg 𝑎 = 1. But
𝑎∗𝜎 = (−1)𝑚+1𝜎 for 𝜎𝑥 = det[𝑥 ·], so
deg 𝑎 = (−1)𝑚+1 = −1 by the degree
formula.

Johannes Herter • Volume and de Rham Cohomology • ETH Zürich 28/ 76



The hairy ball theorem

Corollary 2.7 (Hairy ball)

For𝑚 even, every vector field on 𝑆𝑚 has
a zero.

Proof If 𝑣(𝑥) ≠ 0 everywhere, normalise
|𝑣 | = 1. Then 𝐹𝑡 (𝑥) = cos(𝜋𝑡) 𝑥 +
sin(𝜋𝑡) 𝑣(𝑥) is a homotopy in 𝑆𝑚 from
id to 𝑎 = − id, so deg 𝑎 = 1. But
𝑎∗𝜎 = (−1)𝑚+1𝜎 for 𝜎𝑥 = det[𝑥 ·], so
deg 𝑎 = (−1)𝑚+1 = −1 by the degree
formula.

Johannes Herter • Volume and de Rham Cohomology • ETH Zürich 28/ 76



3 Volume forms



The Riemannian volume form

Lemma 3.1 (Volume form of a metric)

Onan orientedRiemannianmanifold (𝑀, 𝑔) there is a unique𝑚-formdvol𝑔 with value 1 on every

positively oriented orthonormal basis. In oriented coordinates dvol𝑔 =
√

det(𝑔𝑖 𝑗) 𝑑𝑥1∧· · ·∧𝑑𝑥𝑚 .

Proof Two positive orthonormal bases differ by a matrix in 𝑆𝑂(𝑚), of determinant 1, so at each
point the condition fixes the form, and it exists. In coordinates write 𝜕𝑖 =

∑
𝑗 𝐴𝑗𝑖 𝑒 𝑗 for a positive

orthonormal frame (𝑒 𝑗); then 𝑔 = 𝐴T𝐴, and dvol𝑔(𝜕1 , . . . , 𝜕𝑚) = det𝐴 =
√

det 𝑔: smooth.

Example 3.2 (Surfaces)

For a parametrised surface with first fundamental form 𝐸, 𝐹, 𝐺: 𝑑𝐴 =
√
𝐸𝐺 − 𝐹2 𝑑𝑢 ∧ 𝑑𝑣.
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The area element

A small parameter square and its image on the torus: on the outer equator the image is large, on the inner one
small;

√
𝐸𝐺 − 𝐹2 = 𝑟(𝑅 + 𝑟 cos 𝑣).
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Hypersurfaces and the volume of spheres

Example 3.3 (Hypersurfaces)

For an oriented hypersurface 𝑀 ⊂ R𝑚+1 with unit normal 𝜈: (dvol𝑀 )𝑝(𝑣1 , . . . , 𝑣𝑚) =
det[𝜈(𝑝) 𝑣1 · · · 𝑣𝑚], i.e. dvol𝑀 = 𝜄𝜈(𝑑𝑥1 ∧ · · · ∧ 𝑑𝑥𝑚+1)|𝑀 .

Proof For a positive orthonormal basis 𝑣𝑖 of 𝑇𝑝𝑀, the basis (𝜈, 𝑣1 , . . . , 𝑣𝑚) ofR𝑚+1 is orthonormal
and positive, so the determinant is 1.

Example 3.4 (Volume of spheres)

vol(𝑆𝑚) = (𝑚 +1)vol(𝐵𝑚+1): on 𝑆𝑚 , dvol = 𝜄𝑥 𝑑𝑉 , and 𝑑(𝜄𝑥 𝑑𝑉) = 𝐿𝑥 𝑑𝑉 = (𝑚 +1) 𝑑𝑉 by Cartan,
so Stokes on 𝐵𝑚+1 gives the claim. Hence vol(𝑆1) = 2𝜋, vol(𝑆2) = 4𝜋, vol(𝑆3) = 2𝜋2.
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The Gauss map

Definition 3.5 (Gauss map, Gaussian curvature)

Let 𝑀 ⊂ R𝑚+1 be a compact hypersurface bounding a compact domain, with outer unit normal
𝜈 : 𝑀 → 𝑆𝑚 . Since 𝑇𝑝𝑀 = 𝜈(𝑝)⊥ = 𝑇𝜈(𝑝)𝑆𝑚 , the differential 𝑑𝜈(𝑝) is an endomorphism of 𝑇𝑝𝑀,
and 𝐾(𝑝) = det 𝑑𝜈(𝑝).

Lemma 3.6 (Curvature as an area ratio)

𝜈∗dvol𝑆𝑚 = 𝐾 dvol𝑀 .

Proof (𝜈∗dvol𝑆𝑚 )𝑝(𝑣1 , . . . , 𝑣𝑚) = det[𝜈(𝑝) 𝑑𝜈𝑣1 · · · 𝑑𝜈𝑣𝑚] = det 𝑑𝜈(𝑝) · det[𝜈(𝑝) 𝑣1 · · · 𝑣𝑚], since
𝑑𝜈(𝑝) maps 𝜈⊥ to itself and fixes the first column.
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Curvature of surfaces

Example 3.7 (Surfaces)

For 𝑚 = 2, 𝐾 = (𝐿𝑁 − 𝑀2)/(𝐸𝐺 − 𝐹2); a sphere of radius 𝑟 has 𝐾 = 1/𝑟2, a cylinder 𝐾 = 0, a
saddle 𝐾 < 0.
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The Gauss map, seen

A patch and its image under 𝜈. Where 𝐾 > 0 the image keeps its orientation, where 𝐾 < 0 (the waist) it is
reversed; the area ratio tends to |𝐾 |.
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Gauss–Bonnet

Theorem 3.8 (Gauss–Bonnet for hypersurfaces)

For 𝑚 even and 𝑀 ⊂ R𝑚+1 compact without boundary:
∫
𝑀
𝐾 dvol𝑀 = 1

2 vol(𝑆𝑚) 𝜒(𝑀).

Degree. By the lemma and the degree formula,
∫
𝑀 𝐾 dvol =

∫
𝑀 𝜈∗dvol𝑆𝑚 =

deg(𝜈) vol(𝑆𝑚 ).

1

A vector field. Choose 𝑎 ∈ 𝑆𝑚 with ±𝑎 regular values of 𝜈 and let 𝑋(𝑝) = 𝑎 −
⟨𝑎, 𝜈(𝑝)⟩𝜈(𝑝), the tangential part of 𝑎. 𝑋(𝑝) = 0 iff 𝜈(𝑝) = ±𝑎. Since 𝑑𝑋(𝑣) =
−⟨𝑎, 𝑑𝜈 𝑣⟩𝜈 − ⟨𝑎, 𝜈⟩𝑑𝜈 𝑣 and 𝑑𝜈 𝑣 ⊥ 𝜈, at such 𝑝: 𝑑𝑋(𝑝) = ∓𝑑𝜈(𝑝).

2

Indices. ind𝑝𝑋 = sgn det(∓𝑑𝜈(𝑝)) = sgn𝐾(𝑝) because 𝑚 is even.
3

Poincaré–Hopf. 𝜒(𝑀) = ∑
𝜈(𝑝)=𝑎 sgn𝐾 +∑

𝜈(𝑝)=−𝑎 sgn𝐾 = 2 deg 𝜈. Insert into step 1.
4

the Gauss map
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Total curvature counts holes

Example 3.9 (Surfaces in R3)∫
𝑀 𝐾 𝑑𝐴 = 2𝜋𝜒(𝑀) = 4𝜋(1 −
𝑔): 4𝜋 for the sphere, 0 for the
torus, −4𝜋 for genus 2.

On the torus the outer half is curved
positively, the inner half negatively, and
they cancel exactly.
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Volume forms with the same volume

Theorem 3.10 (Moser)

Let 𝑀 be compact, connected, oriented, without boundary, and 𝜔0 , 𝜔1 volume forms with∫
𝑀 𝜔0 =

∫
𝑀 𝜔1. Then there is a diffeomorphism 𝜓, isotopic to id, with 𝜓∗𝜔1 = 𝜔0.

Moser’s trick Join the forms by 𝜔𝑡 = (1 − 𝑡)𝜔0 + 𝑡𝜔1 and look for an isotopy with 𝜓∗
𝑡𝜔𝑡 = 𝜔0.

Differentiating turns this non-linear equation for𝜓𝑡 into a linear equation for its generating vector
field 𝑋𝑡 .
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Volume forms and vector fields

Lemma 3.11 (Volume forms and vector fields)

For a volume form 𝜔, 𝑋 ↦→ 𝜄𝑋𝜔 is an isomorphism Vect(𝑀) → Ω𝑚−1(𝑀).

Proof Pointwise, 𝑣 ↦→ 𝜄𝑣𝜔𝑝 is injective (if 𝑣 ≠ 0 and 𝜄𝑣𝜔𝑝 = 0, extend 𝑣 to a basis: 𝜔𝑝 = 0),
between spaces of dimension 𝑚; the inverse is smooth by Cramer’s rule in a chart.
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Proof of Moser’s theorem

Same orientation. The set where 𝜔0 , 𝜔1 have the same sign is open and closed, and
nonempty because the integrals agree; 𝑀 is connected. So every 𝜔𝑡 = (1 − 𝑡)𝜔0 + 𝑡𝜔1
is a volume form.

1

A primitive.
∫ (𝜔1 − 𝜔0) = 0, so 𝜔1 − 𝜔0 = 𝑑𝜏 (top cohomology).

2

The vector field. Define 𝑋𝑡 by 𝜄𝑋𝑡𝜔𝑡 = −𝜏; it depends smoothly on 𝑡 and its flow 𝜓𝑡
exists on [0, 1] (𝑀 compact).

3

Constant. 𝑑
𝑑𝑡𝜓

∗
𝑡𝜔𝑡 = 𝜓∗

𝑡

(
𝑑𝜄𝑋𝑡𝜔𝑡 + 𝜄𝑋𝑡 𝑑𝜔𝑡 + 𝜔1 − 𝜔0

)
= 𝜓∗

𝑡𝑑
(
𝜄𝑋𝑡𝜔𝑡 + 𝜏

)
= 0, so 𝜓∗

1𝜔1 =
𝜓∗

0𝜔0 = 𝜔0.

4

Moser’s flow
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Moser’s flow on the torus

On R2/Z2: 𝜏 = 𝜕𝑥𝜑 𝑑𝑦 − 𝜕𝑦𝜑 𝑑𝑥 with Δ𝜑 = 𝑓 − 1 (solved by Fourier series), and 𝑋𝑡 = −∇𝜑/((1 − 𝑡) + 𝑡 𝑓 ). Equal
squares become cells of equal 𝑓 -mass.
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Moser’s flow on the torus
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Archimedes’ hat box

Example 3.12 (Archimedes)

The horizontal radial projection of
𝑆2 minus the poles onto the cylin-
der 𝑆1 × (−1, 1) preserves area.

Proof Parametrise by (𝜃, 𝑧) ↦→
(√1 − 𝑧2 cos𝜃,

√
1 − 𝑧2 sin𝜃, 𝑧).

Then 𝐸 = 1 − 𝑧2, 𝐹 = 0, 𝐺 = 1
1−𝑧2 ,

so
√
𝐸𝐺 − 𝐹2 = 1 and 𝑑𝐴 = 𝑑𝜃∧ 𝑑𝑧:

the area form of the cylinder in the
same coordinates.
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4 De Rham cohomology and ho-
motopy



The de Rham ring

Definition 4.1 (Recall)

𝐻𝑘(𝑀) = ker 𝑑/im 𝑑 in degree 𝑘. A smooth 𝑓 : 𝑀 → 𝑁 induces 𝑓 ∗ : 𝐻𝑘(𝑁) → 𝐻𝑘(𝑀), [𝜔] ↦→
[ 𝑓 ∗𝜔].

Lemma 4.2 (Products)

[𝜔] ∪ [𝜏] = [𝜔 ∧ 𝜏] is well defined, making 𝐻∗(𝑀) a graded-commutative ring, and 𝑓 ∗ is a ring
homomorphism.

Proof 𝑑(𝜔 ∧ 𝜏) = 𝑑𝜔 ∧ 𝜏 ± 𝜔 ∧ 𝑑𝜏 = 0 for closed 𝜔, 𝜏; and 𝜔 ∧ 𝑑𝜂 = ±𝑑(𝜔 ∧ 𝜂) when 𝑑𝜔 = 0, so
changing a representative changes the product by an exact form. 𝑓 ∗ commutes with 𝑑 and ∧.
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Homotopy invariance

Theorem 4.3 (Homotopy invariance)

If 𝑓0 , 𝑓1 : 𝑀 → 𝑁 are smoothly homotopic, then 𝑓 ∗0 = 𝑓 ∗1 on 𝐻∗(𝑁).

Proof For closed 𝜔 the homotopy formula gives 𝑓 ∗1𝜔 − 𝑓 ∗0𝜔 = 𝑑 ℎ𝜔.
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Homotopy equivalence

Definition 4.4 (Homotopy equivalence)

𝑓 : 𝑀 → 𝑁 is a homotopy equivalence if there is 𝑔 : 𝑁 → 𝑀 with 𝑔 ◦ 𝑓 ≃ id𝑀 and 𝑓 ◦ 𝑔 ≃ id𝑁 ;
𝑀 is contractible if it is homotopy equivalent to a point.

Corollary 4.5 (Invariance)

Homotopy equivalent manifolds have isomorphic de Rham cohomology.

Proof 𝑓 ∗𝑔∗ = (𝑔 ◦ 𝑓 )∗ = id and 𝑔∗ 𝑓 ∗ = id on cohomology.
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The Poincaré lemma

Corollary 4.6 (Poincaré lemma)

If 𝑀 is contractible, then 𝐻0(𝑀) = R and 𝐻𝑘(𝑀) = 0 for 𝑘 ≥ 1. In particular every closed form
on a star-shaped𝑈 ⊂ R𝑚 is exact.

ProofApoint has𝐻0 = R andnothing else. For star-shaped𝑈 (about 0), 𝐹(𝑡 , 𝑥) = 𝑡𝑥 is a homotopy
from the constant map to id.
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The explicit primitive

Example 4.7 (The explicit primitive)

The homotopy formula for 𝐹(𝑡 , 𝑥) = 𝑡𝑥 gives, for a closed 𝑘-form 𝜔, the primitive

(ℎ𝜔)𝑥(𝑣2 , . . . , 𝑣𝑘) =
∫ 1

0
𝑡𝑘−1 𝜔𝑡𝑥(𝑥, 𝑣2 , . . . , 𝑣𝑘) 𝑑𝑡; 𝑘 = 1 : 𝑓 (𝑥) =

∫ 1

0
𝜔𝑡𝑥(𝑥) 𝑑𝑡,

the line integral along the ray from 0 to 𝑥.
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Integrating along rays

On a disc the integrals along rays assemble into a potential 𝑓 with 𝑑𝑓 = 𝛼. On an annulus, for 𝑑𝜃, the same sweep
returns 2𝜋 higher.
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First computations

Example 4.8 (Punctured space)

𝐻𝑘(R𝑚 \ {0}) � 𝐻𝑘(𝑆𝑚−1): the inclusion 𝑆𝑚−1 ↩→ R𝑚 \ {0} and 𝑥 ↦→ 𝑥/|𝑥 | are homotopy inverse,
via 𝐹(𝑡 , 𝑥) = (1 − 𝑡)𝑥 + 𝑡𝑥/|𝑥 |.

Example 4.9 (Vector bundles, products)

𝐻∗(𝑀 × R𝑛) � 𝐻∗(𝑀), since 𝑀 × R𝑛 retracts onto 𝑀 × {0} by 𝐹(𝑡 , 𝑥, 𝑦) = (𝑥, 𝑡𝑦).

Remark 4.10 (Simply connected manifolds). If 𝑀 is simply connected then 𝐻1(𝑀) = 0: path-
independent line integrals of a closed 1-form give a primitive. (Stated, not proved here.)
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5 The Mayer–Vietoris sequence



Gluing cohomology

Idea Contractible pieces carry no cohomology. To compute 𝐻∗ of a manifold we glue it from
contractible pieces and keep track of the gluing. The bookkeeping is an exact sequence.

Definition 5.1 (Exactness)

A sequence of linear maps · · · → 𝑉𝑘−1
𝑓𝑘−1−−−→ 𝑉𝑘

𝑓𝑘−→ 𝑉𝑘+1 → · · · is exact if im 𝑓𝑘−1 = ker 𝑓𝑘 for all
𝑘. A short exact sequence of complexes is one that is exact in each degree, with maps commuting
with 𝑑.
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Long exact sequences

Lemma 5.2 (Zig-zag)

A short exact sequence of cochain complexes 0 → 𝐴∗ 𝑖−→ 𝐵∗
𝑗−→ 𝐶∗ → 0 gives a long exact sequence

· · · → 𝐻𝑘(𝐴) 𝑖∗−→ 𝐻𝑘(𝐵) 𝑗∗−→ 𝐻𝑘(𝐶) 𝛿−→ 𝐻𝑘+1(𝐴) 𝑖∗−→ 𝐻𝑘+1(𝐵) → · · ·
with 𝛿[𝑐] = [𝑎], where 𝑗(𝑏) = 𝑐 and 𝑖(𝑎) = 𝑑𝑏.

Proof: 𝛿 is well defined 𝑗 is onto, so 𝑏 exists; 𝑗(𝑑𝑏) = 𝑑𝑗(𝑏) = 𝑑𝑐 = 0, so 𝑑𝑏 = 𝑖(𝑎) for a unique 𝑎, and
𝑖(𝑑𝑎) = 𝑑 𝑑𝑏 = 0 gives 𝑑𝑎 = 0. Another lift 𝑏′ = 𝑏 + 𝑖(𝑥) changes 𝑎 to 𝑎 + 𝑑𝑥; replacing 𝑐 by 𝑐 + 𝑑𝑐′
with 𝑐′ = 𝑗(𝑏′′) changes 𝑏 by 𝑑𝑏′′ and 𝑎 not at all. So [𝑎] depends only on [𝑐].
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The zig-zag, seen
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Exactness of the long sequence

Proof: exactness, three places

At 𝐻𝑘(𝐵). 𝑗∗ 𝑖∗ = (𝑗𝑖)∗ = 0. If 𝑗∗[𝑏] = 0, i.e. 𝑗(𝑏) = 𝑑𝑐′ with 𝑐′ = 𝑗(𝑏′), then 𝑗(𝑏 − 𝑑𝑏′) = 0, so
𝑏 − 𝑑𝑏′ = 𝑖(𝑎) with 𝑖(𝑑𝑎) = 𝑑𝑏 = 0, 𝑑𝑎 = 0: [𝑏] = 𝑖∗[𝑎].
At 𝐻𝑘(𝐶). 𝛿 𝑗∗[𝑏] = [𝑎] with 𝑖(𝑎) = 𝑑𝑏 = 0, so 0. If 𝛿[𝑐] = 0, i.e. 𝑎 = 𝑑𝑥, then 𝑏 − 𝑖(𝑥) is closed
and 𝑗(𝑏 − 𝑖(𝑥)) = 𝑐.

At 𝐻𝑘+1(𝐴). 𝑖∗𝛿[𝑐] = [𝑑𝑏] = 0. If 𝑖∗[𝑎] = 0, i.e. 𝑖(𝑎) = 𝑑𝑏, then 𝑐 = 𝑗(𝑏) is closed
(𝑑𝑐 = 𝑗(𝑑𝑏) = 𝑗𝑖(𝑎) = 0) and 𝛿[𝑐] = [𝑎].
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The Mayer–Vietoris sequence

Theorem 5.3 (Mayer–Vietoris)

For 𝑀 = 𝑈 ∪𝑉 with𝑈,𝑉 open, the sequence

0 → Ω∗(𝑀) 𝜔 ↦→(𝜔 |𝑈 ,𝜔 |𝑉 )−−−−−−−−−−−−→ Ω∗(𝑈) ⊕ Ω∗(𝑉) (𝛼,𝛽)↦→𝛽 |𝑈∩𝑉−𝛼 |𝑈∩𝑉−−−−−−−−−−−−−−−−−−→ Ω∗(𝑈 ∩𝑉) → 0

is exact. Hence there is a long exact sequence · · · → 𝐻𝑘(𝑀) → 𝐻𝑘(𝑈) ⊕ 𝐻𝑘(𝑉) → 𝐻𝑘(𝑈 ∩𝑉) 𝛿−→
𝐻𝑘+1(𝑀) → · · · , with 𝛿[𝜔] = [𝑑𝜌𝑈 ∧ 𝜔] (extended by 0) for a partition of unity (𝜌𝑈 , 𝜌𝑉 ).

Proof Injectivity and exactness in themiddle: forms that agree on overlaps glue. Surjectivity: for𝜔
on𝑈∩𝑉 , 𝜌𝑉𝜔 extends by 0 to𝑈 (supp 𝜌𝑉 ⊂ 𝑉) and 𝜌𝑈𝜔 to𝑉 ; (−𝜌𝑉𝜔, 𝜌𝑈𝜔) ↦→ (𝜌𝑈 +𝜌𝑉 )𝜔 = 𝜔.
Then 𝑑(−𝜌𝑉𝜔, 𝜌𝑈𝜔) = (−𝑑𝜌𝑉 ∧ 𝜔, 𝑑𝜌𝑈 ∧ 𝜔) agree on𝑈 ∩𝑉 since 𝑑𝜌𝑈 = −𝑑𝜌𝑉 : this is 𝛿[𝜔].
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The circle

Example 5.4 (𝑆1)

𝑈,𝑉 two arcs, 𝑈 ∩ 𝑉 two arcs. In
0 → 𝐻0(𝑆1) → R2 → R2 𝛿−→
𝐻1(𝑆1) → 0 the middle map
(𝑎, 𝑏) ↦→ (𝑏 − 𝑎, 𝑏 − 𝑎) has rank 1. So
𝐻0 = R, and 𝐻1(𝑆1) � R2/R = R,
generated by 𝛿 of the function that
is 1 on one arc of𝑈 ∩𝑉 .
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Spheres

Example 5.5 (𝑆𝑚 , 𝑚 ≥ 1)

𝐻𝑘(𝑆𝑚) = R for 𝑘 = 0, 𝑚 and 0 otherwise.

Proof Induction on 𝑚; 𝑚 = 1 is the circle. Cover 𝑆𝑚 by 𝑈 = 𝑆𝑚 \ {𝑁}, 𝑉 = 𝑆𝑚 \ {𝑆}, both
diffeomorphic to R𝑚 , with𝑈 ∩𝑉 ≃ 𝑆𝑚−1. For 𝑘 ≥ 1 the sequence

𝐻𝑘(𝑈) ⊕ 𝐻𝑘(𝑉)︸              ︷︷              ︸
0

→ 𝐻𝑘(𝑈 ∩𝑉) 𝛿−→ 𝐻𝑘+1(𝑆𝑚) → 𝐻𝑘+1(𝑈) ⊕ 𝐻𝑘+1(𝑉)︸                     ︷︷                     ︸
0

gives𝐻𝑘+1(𝑆𝑚) � 𝐻𝑘(𝑆𝑚−1). In degree 1: 0 → 𝐻0(𝑆𝑚) → R2 → 𝐻0(𝑈∩𝑉) = R→ 𝐻1(𝑆𝑚) → 0
with the middle map onto, so 𝐻1(𝑆𝑚) = 0 for 𝑚 ≥ 2; 𝐻0 = R by connectedness.
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The torus

Example 5.6 (𝑇2)

𝐻0 = R, 𝐻1 = R2, 𝐻2 = R.

Proof Two cylinders𝑈,𝑉 ≃ 𝑆1,𝑈 ∩𝑉 ≃
𝑆1 ⊔ 𝑆1. In degrees 0, 1: 0 → R →
R2 𝑟0−−→ R2 → 𝐻1(𝑇2) → R2 𝑟1−−→
R2 → 𝐻2(𝑇2) → 0, where 𝑟0 , 𝑟1 :
(𝑎, 𝑏) ↦→ (𝑏−𝑎, 𝑏−𝑎) have rank 1. Hence
dim𝐻1 = 1 + 1 = 2 and dim𝐻2 =
2 − 1 = 1.
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Good covers and finiteness

Definition 5.7 (Good cover)

An open cover in which every nonempty finite intersection is diffeomorphic to R𝑚 .

Fact (Riemannian geometry)

Every manifold has a good cover, and a finite one if it is compact. Reason: small geodesic balls
of a Riemannian metric are geodesically convex, intersections of convex sets are convex, and a
geodesically convex open set is diffeomorphic to R𝑚 .

Theorem 5.8 (Finite dimensionality)

If 𝑀 has a finite good cover, then every 𝐻𝑘(𝑀) is finite-dimensional. In particular this holds for
compact 𝑀.
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Finite dimensionality: proof

Proof Induction on the number 𝑝 of sets (𝑝 = 1: R𝑚). Let 𝑈 = 𝑈1 ∪ · · · ∪𝑈𝑝−1, 𝑉 = 𝑈𝑝 ; 𝑈 and

𝑈 ∩𝑉 have good covers with 𝑝 − 1 sets. In 𝐻𝑘−1(𝑈 ∩𝑉) 𝛿−→ 𝐻𝑘(𝑀) → 𝐻𝑘(𝑈) ⊕ 𝐻𝑘(𝑉) the outer
spaces are finite-dimensional, hence so is the middle one.
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A good cover of the sphere

Geodesic discs of radius below 𝜋/2 are convex; all their intersections are again convex, hence contractible.
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6 Compact supports and Poincaré
duality



Cohomology with compact supports

Definition 6.1 (Compactly supported cohomology)

𝐻𝑘
𝑐 (𝑀) is the cohomology of the complex Ω∗

𝑐(𝑀) of compactly supported forms.

For compact 𝑀, 𝐻∗
𝑐(𝑀) = 𝐻∗(𝑀).

Open inclusions𝑈 ⊂ 𝑀 act forwards, 𝐻∗
𝑐(𝑈) → 𝐻∗

𝑐(𝑀) (extend by 0); proper maps act
backwards.

It is not homotopy invariant: 𝐻0
𝑐 (R𝑚) = 0, but 𝐻0

𝑐 (pt) = R.
Example 6.2 (Top degree)

For 𝑀 connected, oriented, without boundary:
∫

: 𝐻𝑚
𝑐 (𝑀) → R is an isomorphism (Section 2).
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The compact Poincaré lemma

Theorem 6.3 (Integration along the fibre)

For 𝜋 : 𝑀 ×R→ 𝑀, integration along the fibre 𝜋∗ induces 𝐻𝑘
𝑐 (𝑀 ×R) � 𝐻𝑘−1

𝑐 (𝑀), with inverse
𝑒∗ : 𝜑 ↦→ 𝜋∗𝜑 ∧ 𝑒(𝑡) 𝑑𝑡, 𝑒 a bump with

∫
𝑒 = 1. Hence 𝐻𝑘

𝑐 (R𝑚) = R for 𝑘 = 𝑚 and 0 otherwise.

Every compactly supported form on 𝑀 × R is a sum of forms of type (I) 𝜋∗𝜑 · 𝑓 (𝑥, 𝑡) and type
(II) 𝜋∗𝜑 · 𝑓 (𝑥, 𝑡) 𝑑𝑡.
𝜋∗ kills type (I) and sends type (II) to 𝜑

∫
R
𝑓 (𝑥, 𝑡) 𝑑𝑡. It commutes with 𝑑, and 𝜋∗𝑒∗ = id.

It remains to find 𝐾 with id−𝑒∗𝜋∗ = ±(𝑑𝐾 − 𝐾𝑑) on forms of each degree.
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Integration along the fibre, seen
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The homotopy 𝐾

Definition. With 𝐸(𝑡) = ∫ 𝑡
−∞ 𝑒: 𝐾 = 0 on type (I) and 𝐾(𝜋∗𝜑 𝑓 𝑑𝑡) = 𝜋∗𝜑 · 𝑔, 𝑔(𝑥, 𝑡) =∫ 𝑡

−∞ 𝑓 (𝑥, 𝑠) 𝑑𝑠 − 𝐸(𝑡) ∫ ∞
−∞ 𝑓 (𝑥, 𝑠) 𝑑𝑠, compactly supported.

1

Type (II), degree 𝑞. 𝜕𝑡 𝑔 = 𝑓 − 𝑒(𝑡) ∫
R
𝑓 , and 𝜋∗𝜑

∫
R
𝑓 · 𝑒 𝑑𝑡 = 𝑒∗𝜋∗𝜔, so 𝑑𝐾𝜔 = 𝑑𝜋∗𝜑 ·

𝑔 + (−1)𝑞−1𝜋∗𝜑 ∧ (𝑑𝑥 𝑔 + 𝜕𝑡 𝑔 𝑑𝑡) and 𝐾𝑑𝜔 = 𝑑𝜋∗𝜑 · 𝑔 + (−1)𝑞−1𝜋∗𝜑 ∧ 𝑑𝑥 𝑔. Hence
𝑑𝐾𝜔 − 𝐾𝑑𝜔 = (−1)𝑞−1(𝜔 − 𝑒∗𝜋∗𝜔).

2

Type (I), degree 𝑞. 𝜋∗𝜔 = 0, 𝐾𝜔 = 0, and the 𝑑𝑡-part of 𝑑𝜔 is (−1)𝑞𝜋∗𝜑 𝜕𝑡 𝑓 𝑑𝑡, whose
𝐾 is (−1)𝑞𝜋∗𝜑 𝑓 (as

∫
R
𝜕𝑡 𝑓 = 0). So again 𝑑𝐾𝜔 − 𝐾𝑑𝜔 = (−1)𝑞−1(𝜔 − 𝑒∗𝜋∗𝜔).

3

squeeze and spread
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Mayer–Vietoris with compact supports

Theorem 6.4 (Compact Mayer–Vietoris)

For 𝑀 = 𝑈 ∪ 𝑉 open, the sequence 0 → Ω∗
𝑐(𝑈 ∩ 𝑉) 𝜎 ↦→(−𝜎,𝜎)−−−−−−−−−→ Ω∗

𝑐(𝑈) ⊕ Ω∗
𝑐(𝑉) (𝛼,𝛽)↦→𝛼+𝛽−−−−−−−−−−→

Ω∗
𝑐(𝑀) → 0 (allmaps extension by zero) is exact, giving a long exact sequence · · · → 𝐻𝑘

𝑐 (𝑈∩𝑉) →
𝐻𝑘
𝑐 (𝑈) ⊕ 𝐻𝑘

𝑐 (𝑉) → 𝐻𝑘
𝑐 (𝑀) 𝛿𝑐−−→ 𝐻𝑘+1

𝑐 (𝑈 ∩𝑉) → · · · .

Proof Surjectivity: 𝜔 = 𝜌𝑈𝜔 + 𝜌𝑉𝜔, and supp(𝜌𝑈𝜔) ⊂ supp 𝜌𝑈 ∩ supp𝜔 is a compact subset of
𝑈 . Exactness in the middle: if 𝛼 + 𝛽 = 0 then 𝛼 = −𝛽 is supported in supp 𝛼 ∩ supp 𝛽, a compact
subset of𝑈 ∩𝑉 . Injectivity is clear.

Idea The arrows point the other way than for 𝐻∗. That is what makes the two sequences dual to
each other.
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The Poincaré pairing

Definition 6.5 (Poincaré pairing)

For oriented 𝑀𝑚 without boundary: 𝐻𝑘(𝑀) × 𝐻𝑚−𝑘
𝑐 (𝑀) → R, ([𝜔], [𝜏]) ↦→ ∫

𝑀 𝜔 ∧ 𝜏.

Well defined 𝜔 ∧ 𝜏 has compact support. Changing representatives:
∫ (𝜔 + 𝑑𝜂) ∧ 𝜏 − ∫

𝜔 ∧ 𝜏 =∫
𝑑(𝜂 ∧ 𝜏) = 0 by Stokes, and similarly for 𝜏.

Theorem 6.6 (Poincaré duality)

If 𝑀 is oriented and has a finite good cover, then 𝑃𝐷 : 𝐻𝑘(𝑀) → (
𝐻𝑚−𝑘
𝑐 (𝑀))∗, [𝜔] ↦→ ∫

𝑀 𝜔 ∧ · ,
is an isomorphism for every 𝑘.
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Proof of Poincaré duality

R𝑚 . Both sides vanish except 𝐻0 = R and (𝐻𝑚
𝑐 )∗ = R (compact Poincaré lemma), and

𝑃𝐷(1) = ∫
, an isomorphism.

1

The ladder. Write the Mayer–Vietoris sequence of 𝐻∗ above the dual of the compact
one, joined by 𝑃𝐷 for 𝑀,𝑈,𝑉,𝑈 ∩ 𝑉 . Restriction squares commute because extension
by 0 is adjoint to restriction. The 𝛿-square commutes up to sign: with 𝛿𝜔 = 𝑑𝜌𝑈 ∧ 𝜔
and 𝛿𝑐𝜏 = −𝑑𝜌𝑈 ∧ 𝜏,

∫
𝑀 𝛿𝜔 ∧ 𝜏 = ± ∫

𝑈∩𝑉 𝜔 ∧ 𝛿𝑐𝜏.

2

Five lemma. In a commutative ladder of exact rows, if the four outer rungs are iso-
morphisms so is the middle one (signs do not matter).

3

Induction on the size 𝑝 of a good cover: with 𝑈 a union of 𝑝 − 1 sets and 𝑉 the last
one, 𝑈 , 𝑉 and 𝑈 ∩ 𝑉 have good covers of at most 𝑝 − 1 sets; by induction their rungs
are isomorphisms, so the rung of 𝑀 is one.

4

the ladder

Johannes Herter • Volume and de Rham Cohomology • ETH Zürich 70/ 76



The five lemma

Lemma 6.7 (Five lemma)

In a commutative diagram with exact rows 𝐴1 → 𝐴2 → 𝐴3 → 𝐴4 → 𝐴5 and 𝐵1 → · · · → 𝐵5
and vertical maps 𝑓𝑖 : if 𝑓1 , 𝑓2 , 𝑓4 , 𝑓5 are isomorphisms, then so is 𝑓3.

Proof Injective. If 𝑓3(𝑎) = 0, then 𝑓4(𝜕𝑎) = 0, so 𝜕𝑎 = 0 and 𝑎 = 𝜕𝑎2; 𝑓2(𝑎2) maps to 0, so 𝑓2(𝑎2) =
𝜕𝑏1 = 𝜕 𝑓1(𝑎1), hence 𝑎2 − 𝜕𝑎1 ∈ ker 𝑓2 = 0 and 𝑎 = 𝜕𝜕𝑎1 = 0. Surjective. For 𝑏 ∈ 𝐵3: 𝜕𝑏 = 𝑓4(𝑎4)
with 𝑓5(𝜕𝑎4) = 𝜕𝜕𝑏 = 0, so 𝑎4 = 𝜕𝑎; then 𝑏 − 𝑓3(𝑎) ↦→ 0, so 𝑏 − 𝑓3(𝑎) = 𝜕𝑏2 = 𝜕 𝑓2(𝑎2) = 𝑓3(𝜕𝑎2).
(Here 𝜕 denotes the horizontal maps.)
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The duality ladder

Exact rows joined by the Poincaré maps. Once the four outer rungs are isomorphisms, the five lemma gives the
middle one.
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Consequences of duality

Corollary 6.8 (Closed manifolds)

For 𝑀 compact, oriented, without boundary: 𝐻𝑘(𝑀) � 𝐻𝑚−𝑘(𝑀)∗, so the Betti numbers satisfy
𝑏𝑘 = 𝑏𝑚−𝑘 . If 𝑚 is odd, then

∑
𝑘(−1)𝑘𝑏𝑘 = 0.

Proof 𝐻𝑐 = 𝐻 for compact 𝑀. For odd 𝑚 the terms (−1)𝑘𝑏𝑘 and (−1)𝑚−𝑘𝑏𝑚−𝑘 cancel in pairs.

Remark 6.9 (Euler characteristic).
∑
𝑘(−1)𝑘𝑏𝑘 equals the Euler characteristic of Poincaré–Hopf, and

so, by Gauss–Bonnet, 1
2𝜋

∫
Σ 𝐾 𝑑𝐴 for surfaces. (Stated without proof.)
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Surfaces

Example 6.10 (Surfaces of genus 𝑔)

𝑏0 = 𝑏2 = 1 and 𝑏1 = 2𝑔: 𝜒 = 2 − 2𝑔, matching
∫
𝐾 𝑑𝐴 = 4𝜋(1 − 𝑔).
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Duality as intersection

Example 6.11 (The torus)

For closed curves 𝑎, 𝑏 on 𝑇2, take
bump 1-forms 𝜂𝑎 , 𝜂𝑏 supported in
bands across them, with integral 1
across. Then

∫
𝑇2 𝜂𝑎 ∧ 𝜂𝑏 = ±1,

the signed number of crossings of 𝑎
and 𝑏: the pairing counts intersec-
tions.
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What we proved

1. Cartan: 𝐿𝑋 = 𝑑𝜄𝑋 + 𝜄𝑋 𝑑; the homotopy formula.
2. Top degree:

∫
𝜔 = 0 ⇐⇒ 𝜔 = 𝑑𝜏 (compact

supports, connected).
3. Degree formula

∫
𝑓 ∗𝜔 = deg 𝑓

∫
𝜔; the hairy ball

theorem.
4. Riemannian volume, the Gauss map,

Gauss–Bonnet.
5. Moser: volume forms of equal volume are

diffeomorphic.
6. Homotopy invariance, the Poincaré lemma.
7. Mayer–Vietoris: spheres, the torus, finite

dimensionality.
8. Compact supports and Poincaré duality.

Outlook The sameMayer–Vietoris argument
proves the Künneth formula and the Thom
isomorphism for vector bundles; the Eu-
ler class of the tangent bundle integrates
to 𝜒(𝑀), and Chern–Weil theory writes
characteristic classes as curvature forms, of
which Gauss–Bonnet is the first instance.
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Thank you.
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