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Where we stand

From the last lecture

® Differential forms Qk(M ), the
pullback, the exterior derivative with
d? =0.

® Partitions of unity on every manifold.

® For oriented M: the integral fM w of
compactly supported top forms.

® Stokes: /M dw = faM .
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Where we stand

From the last lecture Open questions
= Differential forms Q% (M ), the (a) Stokes: exact top forms integrate to 0.
pullback, the exterior derivative with Is every top form with / = 0 exact?
2 _
d==0. (b) Is a volume form determined, up to
® Partitions of unity on every manifold. diffeomorphism, by its total volume?
® For oriented M: the integral /M w of (c) Which closed forms are exact? How
compactly supported top forms. large is H*(M), and how do we

compute it?

® Stokes: /M dw = .[QM .
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Why it is hard: local primitives do not glue

® On a disc every closed form
has a primitive (we will prove
it). d0 = dO on each sector
® On an annulus, dO has a 41 = O on overlaps
primitive on every sector; the
primitives agree on overlaps
up to constants.

® Going round once, the
constants add up to 27 there
is no global primitive.
Exactness is a global question; it is
decided by how local pieces fit together.

o
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Why it is hard: local primitives do not glue

® On a disc every closed form
has a primitive (we will prove
it). d0 = dO on each sector

® On an annulus, dO has a 41 = O on overlaps
primitive on every sector; the
primitives agree on overlaps
up to constants.

05 = 61 + 271
no global 6 with 46

® Going round once, the
constants add up to 27 there
is no global primitive.

Exactness is a global question; it is
decided by how local pieces fit together.
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Cartan’s formula
flows change forms

by exact terms

The tools of this lecture

top degree

f:() — exact

degree formula,
Gauss—Bonnet

Moser’s theorem

volume forms

|

Poincaré duality

compact
supports

Mayer-Vietoris

spheres, torus
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Flows and isotopies

= A vector field X on M (compactly supported, or M compact) has a flow ¢;: %(pt =Xogy,
Po =1id, Ps+t = @s ° Pt

= A smooth family X; generates an isotopy 1;: %Lpt =Xt o, g =id; each ¢¢ isa
diffeomorphism.

= Conversely every isotopy starting at id is generated this way, by X; = (%W) o 1/;;1.
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The interior product

Definition 1.1 (Interior product)

For X € Vect(M) and w € Q¥(M) let (1xw)(@2, ..., v%) = o(X,va, ..., 0k); ixf =0.

Lemma 1.2 (Rules for tx)

ixtx =0and ix(w A7) = ixw AT+ (=1)¥w A 1x1 for w € QF.

Proof The first is skew-symmetry. Both sides of the second are bilinear and pointwise, so take
w = dx!, 7 = dx/; then it is the expansion of the determinant dxl A dx/ (X, ...) along its first
column.
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The Lie derivative

Definition 1.3 (Lie derivative)

Lxw = % 0(p’;a) for the flow ¢; of X. For functions, Lx f = df (X).
t=

Example 1.4 (Area in the plane)

For w = dx Ady and X = (a,b): Lxw = (dxa + dyb)dx A dy = (div X) w.
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Rules for the Lie derivative

Lemma 1.5 (Rules for L)

d
aqo;‘a) =p;Lxw, Lx(wAT)=LxwAT+wALxt, Lxd=dLyx.

Proof oy, o = @5, S0 %(p:w = (p:% lo@s@. The product rule follows from ¢} (0 AT) = pjwAp;T,
and Lxd = dLx from ¢;d = dej (differentiate in ¢; d commutes with % in coordinates).

Johannes Herter + Volume and de Rham Cohomology * ETH Ziirich 10/76 m zuric h



Dragging an area form

X = swirl + source, div X = 0.56

tile area x1.40, *0 = 1.40

X =rotation, divX =0

.
%,
XSS
“‘:““:“:’
B SSSSN
BSSESS
XXX
SSS

tile area x1.00

tdivX.

The tiles of dx A dy carried by two flows: with a source their areas grow like e ; under a rotation they only

turn. Lyw = (div X) w.
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Dragging an area form

X = swirl + source, div X = 0.56 X = rotation, divX =0
%%
OO :
O
8'gs
sigs e %t e
wshstiesis
s s esge® e
) “‘ g
g e
tile area x3.43, ¢996! = 3.43 tile area x1.00
The tiles of dx A dy carried by two flows: with a source their areas grow like ef 41V X; under a rotation they only

turn. Lyw = (div X) w.

e
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Cartan’s formula

Theorem 1.6 (Cartan)

For every vector field X: Lx =dix +i1xd onQ*(M).

Same rules. Both Lx and P = dix + txd are local, linear, commute with d (dP = dixd =
Pd by d? = 0), and are derivations: P(w A7) = Pw A T+ @ A P, because the antideriva-
tions d and tx of degrees +1 and —1 produce cross terms (-1)*dw A 1x7 etec. that can-
cel in pairs.

v

Same on functions. Pf = 1xdf =df(X)=Lxf.

— 0

¥

Same everywhere. Locally w = Y, fidxl A --- A dx'k with dx' = d(x'). An opera-
tor that is a derivation and commutes with d is determined by its values on functions:

QUfdxt A..)=Qfdxit Ace-+ 3 f - AdQxT A ...

tiles dragged by a flow

o
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Two consequences

Corollary 1.7 (d of a 1-form, invariantly)

da(X,Y) = X(a(Y)) - Y(a(X)) - a([X, Y]).

Proof By Cartan, (Lxa)(Y) = d(a(X))(Y)+da(X,Y). By the product rule for Lx applied to a(Y) =
tya: X(a(Y)) = (Lxa)(Y) + a(LxY) with LxY = [X, Y]. Combine the two.

Corollary 1.8 (Closed forms along flows)

Ifdw =0, then Lyw = d(1xw) is exact; hence pjw — v = d/ot Pslxwds.

Proof Cartan with dw = 0, then integrate dis(p;w = @i;Lxw = d(¢stxw) from 0 to t.
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The homotopy formula

Theorem 1.9 (Homotopy formula)

Let F : [0,1] x M — N be smooth and f; = F(t, ). There is a linear h : QK(N) — QF-1(M) with

fio-flo=dho+hdw.

Proof Write F*w = a + dt A By with ay, B¢ containing no dt; then a; = f;a) and
d(F*w) = dppar + dt A (3tat - dM,Bt).

Put hw = fol Bt dt. Since F*dw = d(F*w), the dt-component of F*'dw is dra; — dp1Bt, hence
1
hdw :'/0 (Frar —dppBt)dt = a1 —ag—dhw = fw - fiw —dho.
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The swept ribbon

= +4.152
f o — [
Yt Yo

= +4.153
Libbon da

blue: da > 0, purple: da <0

For a 1-form the homotopy formula is Stokes on the ribbon swept by the loops: fy i da.

70 o= fribbon

e
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The swept ribbon

= +10.156
f o — [
Yt Yo

= +10.158
./r.ibbon da

blue: da > 0, purple: da <0

For a 1-form the homotopy formula is Stokes on the ribbon swept by the loops: fy i da.

70 @ = fribbon

o
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Isotopies with time-dependent fields

Theorem 1.10 (Time-dependent Lie derivative)

Let 1t be generated by X; and w; a smooth family of forms. Then

d . . dwy
Ve = %(fowt + 7)~

Proof The d;w; term is the product rule. For a fixed form, Dy = % o ¢j and ¢; o Ly, are both
y;-derivations commuting with d, and on functions both give df (X;) o ¢ by the chain rule. The
argument of Cartan’s proof, step 3, shows they agree.
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Primitives along isotopies

Corollary 1.11 (Primitives along isotopies)
i % L oo &
If w is closed and the X; are compactly supported, then Yjw —w = d fo Yjix,w dt, a primitive

with compact support whenever w has one. In particular isotopic diffeomorphisms act equally
on cohomology.
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Top-degree forms with zero integral

Theorem 2.1 (Exactness in top degree)

Let M be connected, oriented, without boundary, and w € QI (M). Then

/ w=0 & w=drt forsomert e Q" 1(M).
M

B (&) is Stokes’ theorem.

B (=) in two moves: first prove it for forms supported in one cube; then move every piece of @
into the same cube with a compactly supported isotopy, which changes it only by exact forms.
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The cube lemma

Lemma 2.2 (Cube lemma)
If f € C&((0,1)™) and /f =0, then f = 37 | d;u; withu; € CZ°((0,1)™). Hence

Fdxl Ao Adi™ =d(Z(—1)i*1uidx1A~..A@A..-Adxm).
i

Proof Induction on m. Form =1, u(t) = fot f vanishes near 0, and near 1 because f f =0. Step:
fix e € C°((0, 1)) with fe =1land put g(x') = /01 f(x', t)dt, so g € CX((0,1)" 1) with/g =0.

Then h = f — g(x")e(x™) integrates to 0 on every vertical line, so 1y (x", x™) = /Ox"’ h(x’,s)ds
has compact support and dyu;; = h. By induction g = Y, 9ivj, s0 ge = Y., di(vie), and
f=2i<m di(vie) + Ipiim.
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The cube lemma, seen

columns: g(x) = fol flx,y)dy

The column integrals g are subtracted along a fixed bump e(y); then every column has total 0, and its

antiderivative from the bottom is zero again at the top.
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The cube lemma, seen

h = f — g(x)e(y): every column balances

The column integrals g are subtracted along a fixed bump e(y); then every column has total 0, and its
antiderivative from the bottom is zero again at the top.

e
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The cube lemma, seen

u(x,y) = /Oy h: zeroon d, dyu = h

. Fdx Ady = d( Sty fxi)

u; compactly supported in the cube

The column integrals g are subtracted along a fixed bump e(y); then every column has total 0, and its
antiderivative from the bottom is zero again at the top.

e
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Moving a point anywhere

Lemma 2.3 (Homogeneity)

If M is connected and without boundary, then for p, g € M there is a compactly supported isotopy
Yy with ¢g =id and ¢Y1(p) = 4.

Proof Write p ~ g if such an isotopy exists: an equivalence relation (compose and reverse iso-
topies). Each class is open: in a chart ball around p take X = x - (§° — p) with x = 1 on the
segment [p, q'] and compactly supported in the ball; its time-1 flow moves p to q’. The comple-
ment of a class is a union of classes, also open. M is connected, so there is one class.
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Sliding a bump

Yjw-w= d(fot lp;LXsa)ds)

! Jr2 @ =0.320

the flow is supported near the path

A compactly supported flow carries a bump form along a path; its integral does not change, and ¢;w — w is exact
with a compactly supported primitive.

e
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Sliding a bump

Yjw-w= d(fot 1p§1xsa)ds)

Jr2 @ =0.320

the flow is supported near the path

A compactly supported flow carries a bump form along a path; its integral does not change, and ¢;w — w is exact
with a compactly supported primitive.

e
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Proof of exactness in top degree

Cut. Fix an oriented chart Up = (0,1)" and pg € Ug. For each p choose ¢, (ho- ‘/\\
mogeneity) with ¢,(po) = p and let U, = ¢, (Uop). Finitely many Uy, ..., U, cover

supp w; a partition of unity for {M \ suppw, Us,..., Uy} gives w = };51 piw with

supp p;w C U;. abump carried along

v
Move into the cube. ¢}(p;w) is supported in Ug, and ¢}(p;iw) — piw = dt; with 1
compactly supported (primitives along isotopies). Since 1; preserves orientation, 0 =

Yivi(piw)has [o=[w=0.

]
Cube lemma. ¢ = dto with 79 compactly supported in Up, so @ = 0 = 3; (¢} (piw) -
piw) =d(t0 — X; 7).

o
Johannes Herter ¢ Volume and de Rham Cohomology ¢ ETH Ziirich 24/76 mzur’ Ch



Top cohomology

Corollary 2.4 (Integration is an isomorphism)

For M compact, connected, oriented and without boundary, /M : H™(M) — R is an isomor-
phism.

Proof Well defined by Stokes; onto, since a bump form in one chart has integral 1; injective by the
theorem.

Example 2.5 (Non-compact manifolds)

On M = R"™ the form f dx with f > 0 compactly supported is exact as a form (every closed form
on R™ is, Section 4), but not as a compactly supported form: compact support matters in the
theorem.

- ETHzUrich
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The degree formula

Theorem 2.6 (Degree formula)

Let f : M — N be smooth, M, N compact, oriented, without boundary, of dimension m, N
connected. For all w € Q™(N):

[ ro=de) [ o

Proof Let g be a regular value with preimages p1,...,p, and signs ¢; = sgndet df(p;), deg f =
2. ¢i. By the inverse function theorem and compactness there is a neighbourhood V' of q with
fYV)y=Uju---ulUy,and f : U; — V a diffeomorphism of sign ¢;. For @ supported in
V: /M ffw = 3¢ /V w. For general w pick w’ supported in V with the same integral; then

® - =drand [, f'dt = [, d(f*t) = 0.
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Counting with signs

f(0)=6+1.6sin0 @ near q

[ Fo= 042 deg f - [@=1x0.422
w = V.4

A bump form near g pulled back: three bumps under z + z3; under a folded map of degree 1 two blue and one
purple, which merge and vanish as ¢ moves past the fold.

e
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Counting with signs

f(0)=6+1.6sin0 @ near q

[ Fo= 042 deg f - [@=1x0.422
w = V.4

A bump form near g pulled back: three bumps under z + z3; under a folded map of degree 1 two blue and one
purple, which merge and vanish as ¢ moves past the fold.
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The hairy ball theorem

id = —id

Corollary 2.7 (Hairy ball)

For m even, every vector field on S has e . . ==
a zero.

R . 8 i

3

Proof If v(x) # 0 everywhere, normalise Yics—u—b
o] = 1. Then Fi(x) = cos(nt)x + - =
SiH(T(t) U(X) is a homotopy in S™ from S x 1> cos(mt) x + sin(nt) o(x) 2 the field vanishes at the poles
id toa = —id, so dega = 1. But
ato = (=1)"*1s for o = det[x], so

dega = (-1)"*! = —1 by the degree
formula.
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The hairy ball theorem

Corollary 2.7 (Hairy ball)

For m even, every vector field on S has
a zero.

Proof If v(x) # 0 everywhere, normalise

o] = 1. Then Fi(x) = cos(nt)x +
sin(mtt) v(x) is a homotopy in S from
id toa = —id, so dega = 1. But

a*c = (-1)"*lg for o = det[x], so
dega = (-1)"*! = —1 by the degree
formula.
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id = —id

Sk x - cos(rt) x + sin(nt) v(x)

/
l
|

~ =

52 the field vanishes at the poles
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The Riemannian volume form

Lemma 3.1 (Volume form of a metric)

On an oriented Riemannian manifold (M, g) there is a unique m-form dvol with value 1 on every

positively oriented orthonormal basis. In oriented coordinates dvolg =, /det(g;;) dxt A Adx™

Proof Two positive orthonormal bases differ by a matrix in SO (), of determinant 1, so at each
point the condition fixes the form, and it exists. In coordinates write d; = }}; Aj;e; for a positive

orthonormal frame (ej); then g = ATA, and dvolg(dy, ..., dm) = det A = y/det g: smooth.

Example 3.2 (Surfaces)

For a parametrised surface with first fundamental form E, F, G: dA = VEG —F 2 du A do.
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The area element

VEG - F2 on the parameters area — \[EG — F2 = ().61

du do

A small parameter square and its image on the torus: on the outer equator the image is large, on the inner one
small; VEG — F2 = r(R + r cos ). L
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The area element

VEG - F2 on the parameters area — \[EG — F2 = ().65

du do

A small parameter square and its image on the torus: on the outer equator the image is large, on the inner one
small; VEG — F2 = r(R + r cos ). L
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Hypersurfaces and the volume of spheres

Example 3.3 (Hypersurfaces)
For an oriented hypersurface M C R™*1 with unit normal v: (dvolp)p(v1,...,0m) =

det[v(p) vy - - v, ie. dvoly = t(dxt A A dx™ )|

Proof For a positive orthonormal basis v; of T, M, the basis (v, v1, ..., vm) of R™*1 is orthonormal
and positive, so the determinant is 1.

Example 3.4 (Volume of spheres)

vol(S™) = (m +1) vol(B"*1): on §™, dvol = 1, dV,and d(1y dV) = Ly dV = (m +1)dV by Cartan,
so Stokes on B"+1 gives the claim. Hence vol(S1) = 27, vol(§2) = 47, vol($3) = 2r2.
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The Gauss map

Definition 3.5 (Gauss map, Gaussian curvature)

Let M ¢ R"*! be a compact hypersurface bounding a compact domain, with outer unit normal
v:M — §". Since T,M = v(p)* = v(p)S", the differential dv(p) is an endomorphism of T, M,
and K(p) = det dv(p).

Lemma 3.6 (Curvature as an area ratio)

v*dvolgm = K dvoly.

Proof (v*dvolgm)p(v1,...,vm) = det[v(p)dvoy ---dvoy] = detdv(p) - det[v(p) vy -+ 0], since
dv(p) maps v to itself and fixes the first column.
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Curvature of surfaces

Example 3.7 (Surfaces)

For m = 2, K = (LN — M2)/(EG - F2); a sphere of radius r has K = 1/r2,a cylinder K = 0, a
saddle K < 0.
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The Gauss map, seen

K =detdv =+2.45

A patch and its image under v. Where K > 0 the image keeps its orientation, where K < 0 (the waist) it is
reversed; the area ratio tends to |K|.

o
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The Gauss map, seen

K =detdv =-4.17

A patch and its image under v. Where K > 0 the image keeps its orientation, where K < 0 (the waist) it is
reversed; the area ratio tends to |K]|.

e
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Gauss—Bonnet

Theorem 3.8 (Gauss—Bonnet for hypersurfaces)

For m even and M c R"+1 compact without boundary: / K dvolys = % vol(S™) x(M).
M

Degree. By the lemma and the degree formula, /M Kdvol = /M v'dvolgm = E = |
deg(v) vol(S™). -/ ‘
v
the Gauss map

A vector field. Choose a € S™ with +a regular values of v and let X(p) = a —
(a,v(p))v(p), the tangential part of a. X(p) = 0iff v(p) = =+a. Since dX(v) =
—(a,dvv)v —{a,v)ydvo and dvo L v, at such p: dX(p) = Fdv(p).

¥

Indices. ind, X = sgn det(Fdv(p)) = sgn K(p) because m is even.

¥
Poincaré-Hopf. x(M) = Zv(p)=a S8 K + Xy(p)=—g g0 K = 2degv. Insert into step 1.
El'qur/ch

Johannes Herter ¢ Volume and de Rham Cohomology ¢ ETH Ziirich
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Total curvature counts holes

Example 3.9 (Surfaces in R3)

fyu KdA = 2nx(M) = 4n(1 - Likas =00
8): 4m for the sphere, 0 for the 2

torus, —4m for genus 2. \ ) =0
On the torus the outer half is curved blue: K > 0, purple: K < 0
positively, the inner half negatively, and
they cancel exactly.

o
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Total curvature counts holes

Example 3.9 (Surfaces in R3)

fyu KdA = 2nx(M) = 4n(1 -
8): 4m for the sphere, 0 for the
torus, —4m for genus 2.

On the torus the outer half is curved

positively, the inner half negatively, and
they cancel exactly.
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= [KdA

x=0

blue: K > 0, purple: K <0
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Volume forms with the same volume

Theorem 3.10 (Moser)

Let M be compact, connected, oriented, without boundary, and wq, @1 volume forms with
/M wo = /M w1. Then there is a diffeomorphism ¢, isotopic to id, with ¢*w1 = wo.

Moser’s trick Join the forms by w¢ = (1 — t)wgp + tw1 and look for an isotopy with Yjwr = wp.
Differentiating turns this non-linear equation for 1; into a linear equation for its generating vector
field X;.
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Volume forms and vector fields

Lemma 3.11 (Volume forms and vector fields)

For a volume form w, X - tx @ is an isomorphism Vect(M) — Q"~1(M).

Proof Pointwise, v +— Lywp is injective (if v # 0 and wwp =0, extend v to a basis: wp = 0),
between spaces of dimension 1; the inverse is smooth by Cramer’s rule in a chart.
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Proof of Moser’s theorem

Same orientation. The set where wg, w1 have the same sign is open and closed, and
nonempty because the integrals agree; M is connected. So every w; = (1 —t)wo + tw1
is a volume form.

12 Moser’s flow

A primitive. f(a)l —wp) =0, s0 w1 — wo = drt (top cohomology).
v

The vector field. Define X; by tx,w; = —7; it depends smoothly on t and its flow ¢
exists on [0, 1] (M compact).

0 0 __0

v
Constant. %ll);(l)f = Y} (dix, 0t + tx,dot + w1 — wo) = Yid(1x,wt +7) = 0, 50 Pjwy =
1/}*0(1)0 = wg.

—0

o
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Moser’s flow on the torus

wp=(1—-t)dx Ady +t fdx Ady

Ix, = -7, dT=w1—wo

t=0.12

each cell carries w;-mass = ﬁ

shaded: the density f

OnR2/Z2%: 1 = dyo dy — dy@ dx with Ap = f — 1 (solved by Fourier series), and X; = =V /((1 - t) + tf). Equal
squares become cells of equal f-mass.

e
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Moser’s flow on the torus

wp=(1—-t)dx Ady +t fdx Ady

Ix, = -7, dT=w1—wo

t =1.00

each cell carries w;-mass = ﬁ

shaded: the density f

OnR2/Z2%: 1 = dyo dy — dy@ dx with Ap = f — 1 (solved by Fourier series), and X; = =V /((1 - t) + tf). Equal
squares become cells of equal f-mass.

e
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Archimedes’ hat box

Example 3.12 (Archimedes)

The horizontal radial projection of
$2 minus the poles onto the cylin-
der $1 x(-1,1) preserves area.

Proof Parametrise by (0,z)

(V1 -22cos0,V1-22sin0,z).
ThenE=1-22F=0,G = %

1-z27
SO VEG —F2 = 1land dA = dO Adz:
the area form of the cylinder in the
same coordinates.

dAg: = dO A dz

o
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Archimedes’ hat box

Example 3.12 (Archimedes)

The horizontal radial projection of
$2 minus the poles onto the cylin-
der $1 x(-1,1) preserves area.

Proof Parametrise by (0,z)

(V1 -2z2cos0,V1 —z2sin0, z).
ThenE=1-22F=0,G = %

1-z27
SO VEG —F2 = 1land dA = dO Adz:
the area form of the cylinder in the
same coordinates.

dAg: = dO A dz
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Archimedes’ hat box

Example 3.12 (Archimedes)

The horizontal radial projection of
$2 minus the poles onto the cylin-
der $1 x(-1,1) preserves area.

=6

equal heights = equal areas

Proof Parametrise by (0,z)

(V1 -z2cos0,V1-z2sin0, z).

ThenE=1-22,F=0,G = L

1-z27
SO VEG —F2 = 1land dA = dO Adz:
the area form of the cylinder in the
same coordinates.

dAg: = dO A dz

o
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The de Rham ring

Definition 4.1 (Recall)

H*(M) = kerd/imd in degree k. A smooth f : M — N induces f* : HX(N) —» HKM), [0] —
[ffw].

Lemma 4.2 (Products)

[w] U [7] = [w A 7] is well defined, making H*(M) a graded-commutative ring, and f* is a ring
homomorphism.

Proof d(w A1) =dw AT+ w Adt =0 for closed w, T; and w A dn = xd(w A1) when dw = 0, so
changing a representative changes the product by an exact form. f* commutes with d and A.
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Homotopy invariance

Theorem 4.3 (Homotopy invariance)

If fo, fi : M — N are smoothly homotopic, then f] = f; on H*(N).

Proof For closed @ the homotopy formula gives fjw — fjw = d hw.
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Homotopy equivalence

Definition 4.4 (Homotopy equivalence)

f : M — N is a homotopy equivalence if thereis ¢ : N — M with g o f ~idy; and f o ¢ ~idy;
M is contractible if it is homotopy equivalent to a point.

Corollary 4.5 (Invariance)

Homotopy equivalent manifolds have isomorphic de Rham cohomology.

Proof f*g* = (g o f)* =id and ¢g*f* = id on cohomology.
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The Poincaré lemma

Corollary 4.6 (Poincaré lemma)

If M is contractible, then HO(M) = R and H*(M) = 0 for k > 1. In particular every closed form
on a star-shaped U c R™ is exact.

Proof A pointhas H 0 =Rand nothing else. For star-shaped U (about0), F(t, x) = tx isahomotopy
from the constant map to id.
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The explicit primitive

Example 4.7 (The explicit primitive)

The homotopy formula for F(t, x) = tx gives, for a closed k-form w, the primitive

1 1
(hw)x(vg,...,vk)zf 1 i (x, g, . . ., vg) dt; k=1: f(x)=/ wix(x) dt,
0 0

the line integral along the ray from 0 to x.
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Integrating along rays

F) = [ an(x)dt

df = a whereda =0

On a disc the integrals along rays assemble into a potential f with df = @. On an annulus, for 46, the same sweep
returns 27 higher.

.
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Integrating along rays

a = df on an annulus

back 27 higher: no primitive

On a disc the integrals along rays assemble into a potential f with df = @. On an annulus, for 46, the same sweep
returns 27 higher.

e
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First computations

Example 4.8 (Punctured space)

HY®R™\ {0}) = H¥(5"~1): the inclusion $"~1 < R\ {0} and x — x/|x| are homotopy inverse,
via F(f,x) = (1 — t)x + tx/|x|.

Example 4.9 (Vector bundles, products)

H*(M xR") = H*(M), since M x R" retracts onto M x {0} by F(t, x,y) = (x, ty).

Remark 4.10 (Simply connected manifolds). If M is simply connected then H(M) = 0: path-
independent line integrals of a closed 1-form give a primitive. (Stated, not proved here.)
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Gluing cohomology

Idea Contractible pieces carry no cohomology. To compute H* of a manifold we glue it from
contractible pieces and keep track of the gluing. The bookkeeping is an exact sequence.

Definition 5.1 (Exactness)

fr-1 fi

k
A sequence of linear maps - -+ — Vy_1 —— Vj — Vj4q1 — -+ is exactif im fy_; = ker fj for all
k. A short exact sequence of complexes is one that is exact in each degree, with maps commuting
with d.
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Long exact sequences

Lemma 5.2 (Zig-zag)

. e b e I .
A short exact sequence of cochain complexes 0 — A* — B* — C* — 0 gives a long exact sequence

- BN A S Y e) D BR ) S B ) S B ) -

with 6[c] = [a], where j(b) = ¢ and i(a) = db.

Proof: 6 is well defined j is onto, so b exists; j(db) = dj(b) = dc = 0, so db = i(a) for a unique a, and
i(da) = ddb = 0 gives da = 0. Another lift b’ = b + i(x) changes a to a + dx; replacing c by ¢ +dc’
with ¢’ = j(b”') changes b by db”” and a not at all. So [4] depends only on [c].
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The zig-zag, seen

b
0 Ak : » ,. .- 0
d d d
0 Ak+1 ; Bk+1 ,‘ Ck‘” 0

jis onto: lift c to b

e
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The zig-zag, seen

0 AF Bk ]_ ~€* 0
d d d
db
0 Ak+1 i BU—l ,‘ Ck+1 0

jdb)=djb)=dc=0

e
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The zig-zag, seen

0 AF Bk : »ck 0
! j
d d d
a
0 A @ »pk+1 Ch+1 0
i j

so db = i(a), and da = 0: 6[c] = [a]

e
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The zig-zag, seen

another lift: a’ = a + dx

0 Ak - . 2 ; »-ck 0
b =0b+i(x)
d d d
a
0 - A @1 - »phit+1 - Ck+1 0
i ]

so db = i(a), and da = 0: 6[c] = [a]

e
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Exactness of the long sequence

Proof: exactness, three places
m At Hk(B). jit = (ji)* = 0. If j*[b] = 0, i.e. j(b) = dc’ with ¢’ = j(1’), then j(b — db’) = 0, so
b—db’ =i(a)withi(da) = db =0,da = 0: [b] = i*[a].
= At HX(C). 0j*[b] = [a] with i(a) = db =0,500. If 8[c] = 0, i.e. a = dx, then b — i(x) is closed
and j(b —i(x)) = c.

m At H1(A). i#*5[c] = [db] = 0. If i*[a] = 0, i.e. i(a) = db, then ¢ = j(b) is closed
(dc = j(db) = ji(a) = 0) and 0[c] = [a].

ey + Tz = ETHzurich
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The Mayer—Vietoris sequence

Theorem 5.3 (Mayer-Vietoris)

For M = U UV with U, V open, the sequence

o (oly,w| (a,B)=Blunv—alunv

0 — Q*(M) _e=laely) Q'U) e (V) QUNV)—0

o
is exact. Hence there is a long exact sequence - - - — H*(M) —» H*(U)® H*(V) - HYU V) -
HY(M) — -, with §[w] = [dpu A w] (extended by 0) for a partition of unity (pyy, pv)-

Proof Injectivity and exactness in the middle: forms that agree on overlaps glue. Surjectivity: for w
onUNV, pyw extends by 0to U (supp py C V)and pyw to V; (—pyw, pyw) = (py+pv)w = w.
Then d(—pyw, pyw) = (=dpy A w, dpy A @) agree on U NV since dpy; = —dpy: thisis 6[w].
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The circle

Example 5.4 (S1)

U,V two arcs, U NV two arcs. In
0 —» HOsl) - R2 > R2 i
HYS') — 0 the middle map
(a,b) — (b—a,b—a)hasrank 1. So
HY =R, and H1(S!) = R2/R =R,
generated by 6 of the function that
islononearcof UNV.
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of =dpu - f: abump 1-form
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The circle

Example 5.4 (S1)

U,V two arcs, U NV two arcs. In
0 — HOGS!) — R2 — R2 5
HYS') — 0 the middle map
(a,b) — (b—a,b—a)hasrank 1. So
HY =R, and H1(S!) = R2/R =R,
generated by 6 of the function that
islononearcof UNV.
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df =0,but f # glunv — hlunv

of =dpu - f: abump 1-form

Ji Of = 1: it generates H'(S)

+» ETHzUrich



Spheres

Example 5.5 (S, m > 1)

HX(S™) = R for k = 0, m and 0 otherwise.

Proof Induction on m; m = 1 is the circle. Cover S™ by U = S™ \ {N}, V = §™ \ {S}, both
diffeomorphic to R, with U NV = §"~1. For k > 1 the sequence

HYU) @ HY(V) - HEY U n V) S B 1(s™) - B (1) @ HFL(V)
[ ———
0 0

givesHk+1(Sm) = Hk(gm-1y, Indegree 1: 0 — H9(5") —» R2 — HO(UNV) =R — HY(S™) — 0
with the middle map onto, so H Lsmy=0form>2;HO =R by connectedness.
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The torus

Example 5.6 (T?)
T2=UuV
HO =R, H! =R2, H2 =R. U~v=g!
unv=stust
Proof Two cylinders U, V ~ sLunv =~ H\(T?) = R?

St U Sl In degrees 0,1: 0 —» R —

ro 1

R? = R?2 —» HNT?) — R? —
RZ — H2%(T?) — 0, where rg,r1
(a,b) — (b—a,b—a)haverank 1. Hence
dimH! = 1 +1 = 2 and dimH? =
2-1=1.
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The torus

Example 5.6 (T?)
T2=UuV
HY=R,H! =R? H? =R. Usvast
unv=stust
Proof Two cylinders U, V ~ sLunv =~ H\(T?) = R?

St U Sl In degrees 0,1: 0 —» R —

ro 1

R? = R?2 —» HNT?) — R? —
RZ — H2%(T?) — 0, where rg,r1
(a,b) — (b—a,b—a)haverank 1. Hence
dimH! = 1+1 = 2 and dimH? =
2-1=1.
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Good covers and finiteness

Definition 5.7 (Good cover)

An open cover in which every nonempty finite intersection is diffeomorphic to R"”.

Fact (Riemannian geometry)

Every manifold has a good cover, and a finite one if it is compact. Reason: small geodesic balls
of a Riemannian metric are geodesically convex, intersections of convex sets are convex, and a
geodesically convex open set is diffeomorphic to R™.

Theorem 5.8 (Finite dimensionality)

If M has a finite good cover, then every HX(M) is finite-dimensional. In particular this holds for
compact M.
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Finite dimensionality: proof

Proof Induction on the number p of sets (p = 1: R™). Let U = Uy U---UUp-1, V = Up; U and

U NV have good covers with p — 1 sets. In HYunv) 5 H*(M) — H*(U) ® H*(V) the outer
spaces are finite-dimensional, hence so is the middle one.
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A good cover of the sphere

balls: 4
nonempty pairwise intersections: 6

each one convex, so contractible

induction on the number of balls

Geodesic discs of radius below 7/2 are convex; all their intersections are again convex, hence contractible.
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A good cover of the sphere

balls: 8
nonempty pairwise intersections: 24

each one convex, so contractible

induction on the number of balls

Geodesic discs of radius below 7/2 are convex; all their intersections are again convex, hence contractible.

e
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Cohomology with compact supports

Definition 6.1 (Compactly supported cohomology)
H¥(M) is the cohomology of the complex Q% (M) of compactly supported forms.

® For compact M, H;(M) = H*(M).

® Open inclusions U C M act forwards, H:(U) — Hz(M) (extend by 0); proper maps act
backwards.

= It is not homotopy invariant: H? (R™) =0, but H? (pt) =R.

Example 6.2 (Top degree)

For M connected, oriented, without boundary: f : H"(M) — R is an isomorphism (Section 2).
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The compact Poincaré lemma

Theorem 6.3 (Integration along the fibre)

For 7t : M X R — M, integration along the fibre 7, induces H¥(M x R) = H*~1(M), with inverse
e« @ = 1@ Ae(t)dt, e abump with f e = 1. Hence Hf(Rm) =R for k = m and 0 otherwise.

® Every compactly supported form on M X R is a sum of forms of type (I) 7*¢ - f(x, t) and type
(IN) T - f(x, t)dt.

= 7, kills type (I) and sends type (II) to ¢ /R f(x,t)dt. It commutes with d, and 7.e. = id.

® ]t remains to find K with id —e.7t. = £(dK — Kd) on forms of each degree.
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Integration along the fibre, seen

M xR

‘ m(fdx/\dt):(ffdt)dx
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Integration along the fibre, seen

M xR

7 (f dx Adt) = (ffdt)dx
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Integration along the fibre, seen

M xR

7 (f dx Adt) = (/fdt)dx

. e.(gdx)=ge(t)dx Adt

w —em.w = +(dKw — Kdw)

HYM x R) = H1(M)
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The homotopy K

0Deﬁnition. With E(t) = f_tm e: K =0on type (I) and K(n*g f dt) = n*¢p - g, g(x,t) =
ffm f(x,s)ds — E(t‘)fj:o f(x,s)ds, compactly supported. —

v squeeze and spread
Type (I), degree q. d;g = f — e(t)fRf, and n*(prf cedt = exmiw, so dKw = dr*e -
g+ (=17 g A (dyg + dgdt) and Kdw = dr*p - ¢ + (-1)77 1" A dyg. Hence
dKw — Kdw = (1)1 (w - et w).

¥
Type (I), degree q. m.w = 0, Kw = 0, and the dt-part of dw is (=1)77*¢ 9 f dt, whose
Kis (-1)1*¢ f (as fRatf =0). So again dKw — Kdw = (-1)T Y (@ - e,m).
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Mayer—Vietoris with compact supports

Theorem 6.4 (Compact Mayer—Vietoris)

o(—0,0) (a,p)—a+p

For M = U UV open, the sequence 0 — Q. (U NV) — Q(U) & Qi (V)
Q:(M) — 0 (all maps extension by zero) is exact, giving a long exact sequence - - - — H¥(UNV) —

b
HKU) @ HY (V) - Hf(M) = B YU nV) - -

Proof Surjectivity: w = pyw + pyw, and supp(pyw) C supp py N supp @ is a compact subset of
U. Exactness in the middle: if @ + § = 0 then o = —f is supported in supp a N supp B, a compact
subset of U N V. Injectivity is clear.

Idea The arrows point the other way than for H*. That is what makes the two sequences dual to
each other.
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The Poincaré pairing

Definition 6.5 (Poincaré pairing)

For oriented M™ without boundary: H*(M) x Hc’”‘k(M) >R, ([w],[1]) — fM w AT.

Well defined w A T has compact support. Changing representatives: f (w+dn) AT — f WAT =
/ d(n A 1) = 0 by Stokes, and similarly for 7.

Theorem 6.6 (Poincaré duality)

If M is oriented and has a finite good cover, then PD : HY(M) — (H}:”_k(M))*, [w] — /M wA-,
is an isomorphism for every k.
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Proof of Poincaré duality

R™. Both sides vanish except H 0 =Rand (H") =R (compact Poincaré lemma), and \ 1 \ \ 1
PD(1) = f, an isomorphism. e
v
The ladder. Write the Mayer—Vietoris sequence of H* above the dual of the compact
one, joined by PD for M,U,V,U N V. Restriction squares commute because extension
by 0 is adjoint to restriction. The d-square commutes up to sign: with ow = dpy A @
and 6.7 = —dpy AT, fM SwAT= i/umv @ A OcT.
v
Five lemma. In a commutative ladder of exact rows, if the four outer rungs are iso-
morphisms so is the middle one (signs do not matter).
¥
Induction on the size p of a good cover: with U a union of p — 1 sets and V the last

one, U, V and U NV have good covers of at most p — 1 sets; by induction their rungs
are isomorphisms, so the rung of M is one.

the ladder

o
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The five lemma

Lemma 6.7 (Five lemma)

In a commutative diagram with exact rows A1 — A — A3 — A4 — Asand By — --- — By
and vertical maps f;: if f1, fo, fa, f5 are isomorphisms, then so is f3.

Proof Injective. If f3(a) = 0, then f4(da) = 0, so da = 0 and a = daz; f2(az) maps to 0, so fa(az) =
db1 = df1(a1), hence ag — daj € ker fo = 0 and a = dday = 0. Surjective. For b € B3: db = fa(aa)
with f5(dag) = ddb = 0,80 a4 = da; then b — f3(a) — 0,s0 b — f3(a) = dba = dfa(az) = f3(daz).
(Here 0 denotes the horizontal maps.)
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The duality ladder

each square commutes up to sign

HY(U) @ HY(V) — H*Y(UNV) HY(M) HYU)e® H"(V) —— HYUNV)
PD PD PD PD PD
- > H;u—k-ﬁ-l(u nvy > H;,,-k(M)» Lo H;ﬂ-k(u nvy

Exact rows joined by the Poincaré maps. Once the four outer rungs are isomorphisms, the five lemma gives the
middle one.

e
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The duality ladder

each square commutes up to sign

HY(U) @ HY(V) — H*Y(UNV) HY(M) HYU)e® H"(V) —— HYUNV)
PD PD PD PD PD
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Exact rows joined by the Poincaré maps. Once the four outer rungs are isomorphisms, the five lemma gives the
middle one.
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Consequences of duality

Corollary 6.8 (Closed manifolds)

For M compact, oriented, without boundary: H k(M) = H"=k(M)*, so the Betti numbers satisfy
by = by_x. If m is odd, then ¥, (=1)¥by = 0.

Proof He = H for compact M. For odd m the terms (=1)¥b and (=1)"*b,,_; cancel in pairs.

Remark 6.9 (Euler characteristic). Y, k(—l)k by equals the Euler characteristic of Poincaré-Hopf, and
so, by Gauss—-Bonnet, % /): K dA for surfaces. (Stated without proof.)
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Surfaces

Example 6.10 (Surfaces of genus g)

bg =by =1land by =2g: x =2-2g, matching/KdA =4n(l-g).
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Duality as intersection

Example 6.11 (The torus)

1z: a bump across a

1p: a bump across b

For closed curves a,b on T2, take
bump 1-forms 14,1, supported in
bands across them, with integral 1
across. Then /T2 Na A1y = %1,
the signed number of crossings of a
and b: the pairing counts intersec-
tions.

Jraa Ap = 0.00

o
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Duality as intersection

Example 6.11 (The torus)

For closed curves a,b on T2, take
bump 1-forms 14,1, supported in
bands across them, with integral 1
across. Then /T2 Na A1y = %1,
the signed number of crossings of a
and b: the pairing counts intersec-
tions.
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1z: abump across a

1p: a bump across b

f,ﬂ na Anp = 1.00

=a - b, one crossing

ETH:zlrich



What we proved

. Cartan: Ly = dix + txd; the homotopy formula.
. Top degree: f w =0 & w=drt (compact
supports, connected).

. Degree formula f ffwo=degf / w; the hairy ball
theorem.

. Riemannian volume, the Gauss map,
Gauss—Bonnet.

. Moser: volume forms of equal volume are
diffeomorphic.

6. Homotopy invariance, the Poincaré lemma.

7. Mayer—Vietoris: spheres, the torus, finite

dimensionality.

. Compact supports and Poincaré duality.
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Outlook The same Mayer—Vietoris argument
proves the Kiinneth formula and the Thom
isomorphism for vector bundles; the Eu-
ler class of the tangent bundle integrates
to x(M), and Chern-Weil theory writes
characteristic classes as curvature forms, of
which Gauss-Bonnet is the first instance.

«» ETHzUrich



Thank you.
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