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What we want to integrate

® The area of a surface, the
flux of a field through a
sphere, the work along a
curve.

chart ¢p

F=ggog,!

® Each is an integral over a
curved space, computed in
coordinates.

= Coordinates are not unique.
A plain function gives a
different number in every 3 F leell] = 0.698 3, £ [E(cell)| = 0.000
chart.

The integrand has to know how areas
change under a change of chart.

o
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What we want to integrate

® The area of a surface, the
flux of a field through a
sphere, the work along a
curve.

chart ¢p

® Each is an integral over a
curved space, computed in

coordinates.
EEEEEEEEN
= Coordinates are not unique. ENEEEEEEN
A plain function gives a
different number in every 2. f |cell] = 0.698 2 f|F(cell)] = 0.593
chart. > f | det DF||cell| = 0.593

The integrand has to know how areas
change under a change of chart.
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What is known, and what is missing

Known

® Integrals /u f dx over open sets
ucRr™.

® Change of variables:
Jv fdy = [,(f o F)|det DF|dx.

® Smooth manifolds, charts, transition
maps, tangent spaces.
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Missing
(a) An object whose local expression

changes by det of the transition.

(b) A way to cut a global integrand into
chart-sized pieces and add the results.

(c) A consistent sign: det versus | det |.
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What is known, and what is

Known

® Integrals /u f dx over open sets
ucRr™.

® Change of variables:
Jv fdy = [,(f o F)|det DF|dx.

® Smooth manifolds, charts, transition
maps, tangent spaces.

missing

Missing
(a) An object whose local expression

changes by det of the transition.

(b) A way to cut a global integrand into
chart-sized pieces and add the results.

(c) A consistent sign: det versus | det |.

The plan (a) differential forms (b) partitions of unity  (c) orientation = /M w is well de-

fined, and Stokes’ theorem /M do = fa WL
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Why it is hard: there is no global chart

® S2 needs at least two charts,
for instance the stereographic
projections from N and S.

® On the overlap the coordinates
are related by

_ x
Ps o (PNl(x) = W

= [ts Jacobian determinant is
—1/|x]* < 0: the two charts
disagree about orientation.
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The road through this lecture

alternating differential exterior bumps and
forms — forms — derivative partitions
det as volume pullback d2 =0 of unity
Green, diver- , the integral orientation
<— Stokes’ theorem |[<—
gence, Brouwer well defined volume forms
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Alternating multilinear forms

Definition 1.1 (Alternating k-form)

Let V be areal vector space of dimension m and k > 1. An alternating k-form on V is a multilinear
map w : V X --- XV — R (k factors) with

@(Vg(1), - -+, Vg(k)) = sen(0) w(v1, ..., vk) forall o € Sy.

They form a vector space A¥V*. By convention AOV* = R.

Example 1.2 (Small degrees) Example 1.3 (Top degree)

ALV* = V*, the linear functionals. A 2-form On R™ the determinant (v1,...,v)
is a skew bilinear form, e.g. (v, w) > v w?— det[v] --- vy] is an alternating m-form.
v2w! on R2.
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A 2-form measures oriented area

dx A dy (v, we)

+ 10
\g 27

det[v w]=-0.94

dx Ady (v,w) = det[vw] = |v| |w|sin O: positive while w lies to the left of v, negative to its right.
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Three ways to say alternating

Lemma 1.4 (Equivalent conditions)

For a multilinear @ : V¥ — R the following are equivalent:
(i) w is alternating;
(i) w(vy,...,vk) =0 whenever v; = v; for some i # j;

(i) w(v1,...,vx) =0 whenever vy, ..., vy are linearly dependent.

Idea Condition (iii) is the useful one: an alternating form only sees the parallelepiped spanned
by its arguments, and a degenerate one has no volume.

Johannes Herter e Integration on Manifolds ¢ ETH Ziirich 10/93 mzur’ Ch



Three ways to say alternating: proof

Proof

B (i)=(ii): swapping the two equal entries changes nothing, yet multiplies by -1, so
@ = —w = 0 there.

B (ii))=G(:0=w(...,v+w,...,v+w,...)=w(...,0,...,w,...)+@(...,w,...,0,...),80a
transposition flips the sign. Transpositions generate Sy, and sgn is multiplicative.

= (ii)=(iii): write one vector as vj = }};4; ¢;v; and expand; every term has a repeated entry.

B (iii)=(ii): a tuple with a repeated entry is linearly dependent.
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A basis: the forms dx!

Definition 1.5 (Elementary forms)

For an increasing multi-index I = (i1 <--- <iy)in{l,...,m} let
I ink

dx'(v1,...,v;) = det (U],’)l’j:l,

the k x k minor of the matrix [v1 - - - v ] in the rows I. Here dx’(v) = v'.

Lemma 1.6 (Basis)

The forms dx!, I increasing, are a basis of A¥(R™)*, so dim AK(R™)* = ()

Johannes Herter e Integration on Manifolds ¢ ETH Ziirich 12/93 mzur’ Ch



A basis: proof

Proof Spanning. By multilinearity, w is determined by its values w(e;,, ..., €j). By (ii) and the
sign rule only increasing | matter, and w = Y w(e;j,, ..., e;) dx!: both sides agree on every
(ej,,- -, ¢€j). Independence. dxl(ejl, ..., ej) = 0y for increasing I, J.
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Top degree and the shadows of a parallelogram

Corollary 1.7 (Top and beyond)

signed areas of the shadows

A™V* is one-dimensional, and dx A dy (v,w) = +1.19

kyr* —
A V* =0 for k .> m. In a Pa- w dy A dz (0,) = ~0.43
sis every alternating m-form is a
multiple of det. dz A dx (0, w) = —0.38

Proof (1) = 1, and for k > m any
k vectors are dependent, so (iii)
applies.
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Top degree and the shadows of a parallelogram

Corollary 1.7 (Top and beyond) z

signed areas of the shadows

A™V* is one-dimensional, and dx A dy (v, w) = +1.19

AkV* = 0 for k > m. In a ba-
sis every alternating m-form is a v
multiple of det.

dy Adz (v, w) = -0.87

dz Adx (v, w) = +1.12

Proof (1) = 1, and for k > m any
k vectors are dependent, so (iii)
applies.
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The wedge product

Definition 1.8 (Exterior product)

For € AkV* and t € A'V* define w A T € AV by

1
(@ADL, -, V1) = 1955 Z sgn(0) W(Vg (1), - - -+ Vo(k) TO0(ks1) - - - 1 Va(k+1))-
© €Sk
Example 1.9 (Two covectors)

(a AB) (v, w) = a(v)B(w) — a(w)p(v). In particular dx A dy (v, w) = vlw? —v2w! = det[v w].

Idea The factor 1/(k!!) removes the repetitions: permuting inside the first k slots or inside the
last [ slots does not change a term.
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The algebra of the wedge product

Lemma 1.10 (Rules)

The wedge product is bilinear and associative, it satisfies w A T = (~D¥ 7 A w for w € AFV?,
7€ AlV*, and dxit A -+ Adxic = dx! forI = (i1 < --- < ig).

Proof, part 1 It is alternating. Precompose with a transposition p and substitute o +— op: the sum
is unchanged except for sgn(op) = —sgn(o). Bilinearity is clear from the formula.

Graded commutativity. Let v € Sy;; move the last [ slots in front of the first k, keeping their order.
It is a product of k! transpositions, so sgnv = (—1)K. Substituting o > ov in the sum for 7 A @
turns it into the sum for w A 7, up to the factor sgnv.
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The algebra of the wedge product, continued

Proof, part 2 Associativity. For w, T, 1 of degrees k, I, n both (w A 1) Anpand w A (T A7) equal

1
Tl Z sgn(0) @(V4(1.k) TOg(ks 1. k+1) MO (k11 k+14n))-
T 0€Skitin

Expanding (w A 7) inside the outer sum produces each term of this sum exactly (k + I)! times,

| . . .
and & +ll)! 1 (],{(Tll,) - = 11! —7- The other bracketing is the same computation.

Elementary forms. By induction on k: dxit A - A dx'* evaluated on (v1,...,vk) is the sum over
i

o(l)y which is the Leibniz formula for the minor dx'.

o€ Skofsgno [[;v
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Wedge products in R?

Example 1.11 (Cross product and triple product)
For a = aydx + agdy + agdz and f = bydx + bady + b3dz:
a A ﬁ = (agbg = a3b2) dy Adz + ((13171 = {Zlbg)dz Adx + (a1b2 = agbl)dx A dy,

the components of a2 X b. For a third covector y: @ A B Ay = det[abc] dx A dy A dz, the triple
product.

Example 1.12 (Repeated factors)

aANa=-aAa =0 for every 1-form; but for 2-forms, w = dxl A dx? + dx3 A dx?* on R has
wAw=2dxt Adx? Adx3 Adx?t £0.

Idea Graded commutativity only forces w A @ = 0 in odd degree.

e
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Pulling back along a linear map

Definition 1.13 (Pullback)

Foralinearmap®:V — Wand w € AW let (D w)(vy, . .. ,0k) = w(Doy, ..., Dog).

Lemma 1.14 (Pullback rules)

@ is linear, P*(w A7) = P*w A D*tand (W o ®)* = ®* o W*. If dimV =mand ® : V — V, then
for every w € A"V*
O*w = det(P) w.

Proof The first three statements follow by inserting the definitions. For the last one: ®*w lies in
the one-dimensional space A"V*, so ®*w = cw. Choose a basis and identify V' = R"; then
w = adet, and ®*det(eq, ..., en) = det[Deq - - - Deyy, | = det ©. So ¢ = det ©.
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Volume is a determinant

det = 1.00

>

b

dx Ady Adz(Ae1, Aea, Ae3) = det A: the cube’s image has volume | det A|; the sign records whether A keeps or
reverses orientation.
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Volume is a determinant
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Volume is a determinant

det = —1.29

dx Ady Adz(Aeq,Aea, Ae3) = det A: the cube’s image has volume | det A[; the sign records whether A keeps or
reverses orientation.
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Two consequences

Corollary 1.15 (Volumes scale by the determinant)

For w € A™(R™)* and A € R"™: w(Avq,...,Avy) = det(A)w(vy,...,vm). Moreover
det(AB) = det A det B.

Proof The first identity is A*w = det(A)w. For the second, (AB)* = B*A*, so det(AB)w =
B*(A*w) = det A det B w with w = det # 0.

Idea This is the property we were missing in (a): an alternating m-form changes under a linear
change of variables exactly by the determinant, with its sign.
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Differential forms on a manifold

Definition 2.1 (Differential k-form)

A k-form on a smooth m-manifold M assigns to each p € M an alternating form w), € AkT; M,
smoothly: in every chart ¢ : U — R™ with coordinates x!,...,x™

7

W = Z wj dx! with smooth coefficients wj.
I

The k-forms make up the space Qk(M); QO (M) = C®(M).

= The wedge product is taken pointwise: QF x Q! — QF*L; fo = f A w for functions f.

® Smoothness does not depend on the chart: the coefficients in two charts are related by the
smooth Jacobian of the transition (slide after next).
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What a form looks like

0

N
~

NI
-

a
=
-

a=adx+bdy w=fdxAdy

a 1-form: level strokes a 2-form: signed tiles

A 1-form is a field of covectors, drawn by its level strokes (dense where it is large); a 2-form is a density with a
sign.
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What a form looks like

ava/a/xInll
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AN\ ]
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a=adx+bdy

a 1-form: level strokes

w=fdxAdy

a 2-form: signed tiles

A 1-form is a field of covectors, drawn by its level strokes (dense where it is large); a 2-form is a density with a
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What a form looks like

Ik 1k

PN NNY b4k
Zo b NN Y pRf

6 1\ NONCNAY bR
72 RSN SN SN AT

21N AN SN AN
2NN AN

Yook kb

=

a=adx+bdy w=fdxAdy w € Q*(S?)

a 1-form: level strokes a 2-form: signed tiles a top form on a surface

A 1-form is a field of covectors, drawn by its level strokes (dense where it is large); a 2-form is a density with a
sign.

o
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Pulling back along a smooth map

Definition 2.2 (Pullback)
For asmooth F : M — N and w € QF(N) let

(F*a))p(vl, e, V) = a)F(p)(deZIl, .., devk), F*f =foF.
Lemma 2.3 (Rules for the pullback)
F*(w At)=F'wAF‘tand (G o F)* = F*G*. In coordinates y on N,

F*(fdyll /\~--/\dy]k)=(f0F)dF]1 /\.../\dF]k, dF] = E %
3 X
i

Johannes Herter » Integration on Manifolds * ETH Ziirich 25/93
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and foropen U,V c R"and F: U — V: F*(fdy' A---Ady™) = (f oF) det DF dx! A--- Adx™.
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Pulling back along a smooth map: proof

Proof Pointwise, F* is the linear pullback by dF, so the linear rules apply; the chain rule d(GoF), =

dGp(p)dFy gives functoriality. dyl o dFy, = dF Z, gives the coordinate formula, and the last formula
is @*w = det ® w for ® = DF(x).
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Pulling back an area form

F(x,y) = (x, y* - (1-x%)y)

Left: the cells of a grid under a fold map, shaded by det DF; where det DF < 0 the image is folded over. Right:
polar coordinates wrap a rectangle onto the disc.
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Pulling back an area form

F(x,y) = (x, y* = (1-x%)y)

det DF = 3y? — 1 + x% blue > 0, purple < 0

Left: the cells of a grid under a fold map, shaded by det DF; where det DF < 0 the image is folded over. Right:
polar coordinates wrap a rectangle onto the disc.

b e+ Integration o Maniolds = ET1H Zurich 2 ETHzUrich



Pulling back an area form

F(x,y)=(x, y¥* = (1-xH)y) (r,0) = (rcos0, rsin0)

det DF = 3y? — 1 + x% blue > 0, purple < 0 dx Ndy =rdr AdO

Left: the cells of a grid under a fold map, shaded by det DF; where det DF < 0 the image is folded over. Right:
polar coordinates wrap a rectangle onto the disc.

e
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Two coordinate computations

Example 2.4 (Polar coordinates)

For F(r, 0) = (rcos 0, rsin0): dFL = cosOdr —rsin 0d6, dF% = sin 6 dr + r cos 0 dO, so

F*(dx Ady) = (cosO -rcosO +rsin 6 -sin0)dr AdO =rdr AdO.

Example 2.5 (The sphere)

Leto =xdy ANdz+ydz Adx +zdx Ady on R3 and F(0, ¢) = (sin O cos ¢, sin Osin ¢, cos ). A
direct expansion gives

F'o =sin6 do Adg.
In units of dOAdp: dyAdz +— sin? 6 cos ¢, dzAdx — sin? 6 sin ¢, dx Ady + sin 6 cos 0; then sin3 0 cos? o+

sin 0sin? ¢ + cos? Osin 0 = sin 0.
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Omne form, many charts

Lemma 2.6 (Transition rule)

Let pa, ¢p be charts and w, = (go;l)*a), wp = ((pgl)*w the local expressions of w € QkK(M). On
(Pa(ua n uﬁ):
wa = (ppo@a') wp.

Conversely, local forms w, on @4 (Uy,) that satisfy this rule come from exactly one w € Qk(M).

Proof 71 = (pgl o(ppo @z1) on the overlap, and pullback reverses composition. Conversely,

set wp := (Qa)y(wa) for any a with p € Ua,; the rule says the choice of a does not matter, and
smoothness is local.
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Two charts on the sphere

Ps o py!

/7"\\'\ _ T
/ -\ \
[ A\ \
\ ur ]\ ny ]
\ 7\ ]

~NL | ~NL |

on(UN) ps(Us)

det D(ps © 3" = —w = =031

For top forms the transition rule reads f, =
the north chart is always turned inside out in the south chart. o
«- ETHzUrich

Integration on Manifolds ¢ ETH Ziirich

(fg © 7)det D1: the coefficient changes by det. Here a small square in
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Two charts on the sphere

Ps o py!
\ -
/ / \
[ L] [ \
\ ur ]\ ny ]
\ 7\ ]
~NL | ~NL |
on(UN) ps(Us)

det D(ps o i) = —fw = =035

(fg © 7)det D1: the coefficient changes by det. Here a small square in

For top forms the transition rule reads f, =
the north chart is always turned inside out in the south chart. o
«- ETHzUrich
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The stereographic transition

Example 2.7 (52 with two charts)

With o (p) = F22) and gs(p) = 22

T(x) = pg o (p&l(x) = ﬁ (x #0), det D7(x) = —ﬁ.

Hence 7(dy' Ady?) = —|x|~* dx! Adx2. Composing ¢ with the reflection (y1, y2) — (y!, —y?)
makes the determinant +|x| ™4

Proof Dt(x) = |x|72(I-2 2% ") with £ = x/|x|; the bracket is the reflection in £, with determinant
—1, and the factor contributes |x|~% in dimension 2.

We return to this in Section 5: an atlas with only positive Jacobians is an orientation.
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Differentiating forms

® For a function, df = ¥; d; f dx' is the linear part of f at each point.

® For a k-form we want a (k + 1)-form that measures how w fails to cancel around the boundary
of a small (k + 1)-cell.

® It must be natural: compatible with pullback, so that it makes sense on manifolds.

Definition 3.1 (d on open sets of R")

For w = Y wy dx! e QF(U) define

m
Jw ;
do = ZI“ dop Adx! = ZI: Z} a_xf dxi A dxl e QL ().
=
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Gradient, curl and divergence

Example 3.2 (R3)

Identify f < f, F < Fidx + Fody + F3dz, F & F1dy Adz + Fadz Adx + F3dx Ady, [ &
fdx Ady Adz. Then

d:Q0 > QY foifdx+dyfdy+0.fdz Vf
d:0l' - Q2 F-dx (curlF)- (dy ANdz,dz ANdx,dx Ady)  curl F
d:0% 5 Q3 (0xF1 +dyFa +d:F3)dx Ady Adz divF

Idea d o d = 0 becomes curl Vf = 0 and div curl F = 0. Both come from the symmetry of second
derivatives.
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d measures circulation per area

N
IIIX
P iy
= = - -
= = - /
z 2 /|
/aal

SNl o2
JN | s =
N T = = |

~ -~ - — = = =
4 - P ==
Y I
~N ~ =

[ N B W NN
[ Y T I B W NN
WAL T AN N

BRI IERASNSN

/T

day(er, e2) = 1.354
i
f @
1 1.

5

o o+

2.5 3

1 -
7 $oo, @ = 1.469
h =1.60

For a = adx + b dy: h% %Q/ a — (dxb — dya)(p) = day(e1, e2) as the square Qj shrinks to p.
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d measures circulation per area

SIS vrzz2z
IIISNN I /22222
T===x~\N| s ===z

= == == == — ~ - — = = = =

=== — — 0— — ===

_ = = = = = day(er, e2) = 1.354

= = — — — —_——_ == :

= = — — —_— — = = 1 1.5 2 2.5 3
= = - - N~ =

==/ 1 1 1 1T VNN 1 -

- N 1 $50, @ = 1.354
~ 722 R L R R B W NN )

_ ~ h =0.06
Z W TN N

For a = adx + b dy: h% %Q/ a — (dxb — dya)(p) = day(e1, e2) as the square Qj shrinks to p.

e
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The rules of d

Lemma 3.3 (Properties of 4 on R™)

For open U c R™:

(i) dislinear;

(ii) d(w A1) =dw AT+ (=1)kw Adtfor w € QKU);
(iii) dod=0;

(iv) F*dw = d F*w for every smooth F : U — V between open sets.

Proof of (i), (ii) (i) is clear. For (ii) it suffices, by bilinearity, to take @ = fdx!, T = gdx/. Then
w AT = fgdx! Adx) and

d(w A1) = (gdf + fdg) Adx! Adx) =dw AT+ (=D fdxl Adg Adx,

moving the 1-form dg past the k-form dx! costs (~1)k. o
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The rules of d, continued

Proof of (iii) For a function,

2
ddf) =" 9S4l i =0,

i Jx] 9xi
L]
since the coefficients are symmetric in (7, j) and dxJ A dx' is skew. Next d(dx!) = 0 by definition
(constant coefficient). For w = f dx!, (ii) gives d(dw) = d(df Adx!) = d(df) Adx" —df Ad(dx") = 0.
Proof of (iv) For functions this is the chain rule: F*df = d(f o F). For @ = f dy/t A --- A dylk,
F'w=(f o F)dF/' A--- A dFJE,

and by (i) and (iii), d(F*w) = d(f o F) A dFiL A -+ A dFJk, since every d(dF/) = 0. This equals
F(df)ANF*dy/t A--- = F*(dw).
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A computation

Example 3.4 (The angle form is closed)
With 12 = x2 + 2,

X y B X Y _ (r2 - 2x2) + (72 - 2y2) 3
d(r—zdy—r—zdx)—(&xr—2+8yr—2)dx/\dy— - dx A dy = 0.

Example 3.5 (Leibniz in action)

d(xdy Adz) = dx Ady Adz, and for f = xyz: d(fdx) = df Adx = xzdy Adx + xydz Adx =
—xzdx ANdy + xydz Adx.

Idea Only the dx' that are not already present survive: d of a form adds the missing directions.
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d on a manifold

Definition 3.6 (Exterior derivative on M)

For w € QK(M) define dw € Q¥*1(M) chart by chart: (dw)y := d(wa) on @u(Ug).

Lemma 3.7 (Well defined)

The local forms d(wy) satisfy the transition rule, so dw is a well-defined form. Properties (i)—(iv)
hold on manifolds, for every smooth F : M — N.

Proof With T = g o Pt dwy) = d(t*wg) = t°d(wg) by (iv) on R™. This is the transition rule for
the family d(wq). All four properties are local and hold in charts.
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Closed, exact, and the de Rham groups

Definition 3.8 (de Rham cohomology)

w is closed if dw = 0 and exact if w = dn. Since d? = 0, exact forms are closed, and

ker (d : k(M) - Qk+1(M))

k _
H(M) = im (d : Qk=1(M) — Qk(M)) ’

Example 3.9 (Degree zero)

HO(M) is the space of locally constant functions: = R if M has ¢ components.

Proof There are no exact O-forms. df = 0 means all partial derivatives vanish in every chart, so f
is locally constant; on a connected set it is then constant.
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Closed but not exact

_ xdy—ydx

x2 +y?

Example 3.10 (The angle form)

OnR?\ {0},

o A
x4 +y

is closed. It is not exact: its integral

over the unit circle is 27t, while an

exact form df integrates to 0 over

every closed curve (proved in Sec-

tion 6).

/,d6 = +0.00
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Closed but not exact

_ xdy—ydx

x2 +y?

Example 3.10 (The angle form)

OnR?\ {0},

o A
x4 +y

is closed. It is not exact: its integral

over the unit circle is 27t, while an

exact form df integrates to 0 over

every closed curve (proved in Sec-

tion 6).

[, d6 =-0.01
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Closed but not exact

_ xdy—ydx

x2 +y?

Example 3.10 (The angle form)

OnR?\ {0},

0. Xy —ydx (>

x2 +y2

is closed. It is not exact: its integral
over the unit circle is 27t, while an
exact form df integrates to 0 over
every closed curve (proved in Sec-
tion 6).

[, d0 = +6.27
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From local to global

® Integrals, metrics and volume forms are easy to write down in one chart.

= To assemble them we cut a global object into pieces, each supported in one chart, that add back
up to the whole object.

® The cutting functions must be smooth, so that the pieces are smooth forms again. Analytic
functions cannot do this. Smooth functions can, because there are smooth functions that vanish
on a whole half-line without vanishing identically.
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A function that is flat at 0

Lemma 4.1 (A function that is flat at 0)

f(t) = et fort > 0and f(t) =0 for t < 0 defines a smooth function on R.

Proof On t > 0, by induction f(”)(t) = pn(l/t)e_l/t for polynomials py (pr+1(s) = s2(pu(s) —
ph(s))). Since sNe™ — 0ass — oo, every f(")(t) — Oast | 0, and by induction each f(") is
differentiable at 0 with f(**1)(0) = lim, Fm )/t =o0.
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Steps and bumps

Corollary 4.2 (Smooth step, smooth bump)

f®)

(t) = —————issmooth,0ont <0and lont > 1. For 0 < r < R the function
ST+ fa-n
_ (R-1x]
X = g(F—)

is smooth on R, equal to 1 on B, and to 0 outside Bg.

Proof f(t) and f(1 — t) never vanish together, so the denominator is positive. x is smooth where
x + |x| is, that is away from 0; on B; it is constant 1.
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Building a bump

)
fey=ett

e~1/t leaves 0 with every derivative zero; divided by itself plus its mirror image it becomes a step, and turned
about the axis a bump.
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Building a bump

e~ 1/t leaves 0 with every derivative zero; divided by itself plus its mirror image it becomes a step, and turned
about the axis a bump.
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Building a bump

W
$O= v fi-n

e~1/t leaves 0 with every derivative zero; divided by itself plus its mirror image it becomes a step, and turned
about the axis a bump.
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Building a bump

f®)

80 = mran

X =1onB,,supp x € Bg

e~ 1/t leaves 0 with every derivative zero; divided by itself plus its mirror image it becomes a step, and turned
about the axis a bump.

e
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Partitions of unity

Definition 4.3 (Partition of unity)

A partition of unity on M is a family (pa)aea of smooth functions py : M — [0, 1] such that

(i) the supports are locally finite: every point has a neighbourhood meeting only finitely
many supp pa;
(i) X4 pa = 1 (afinite sum near every point).

It is subordinate to an open cover (Uy)yea if sSupp pa C U, for every a.

Theorem 4.4 (Partitions of unity exist)

Let M be a smooth manifold (Hausdorff, second countable). Every open cover (Uy)yea of M has
a partition of unity subordinate to it, indexed by the same set A.
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Proof, steps 1 and 2

Exhaustion by compact sets. There are compact K1 C intKo ¢ Ko C intKz C ...
with (J i K]- = M. Take a countable basis B1, B2, ... of open sets with compact closure

(second countable and locally Euclidean). Let K1 = B1, and let Kj+1 be the closure of

four caps

the union of finitely many basis sets that cover the compact set K; U Bj1.

v
Finitely many bumps per shell. Put Ko = K-1 = 0. The shell A; = K; \ intK;;
is compact and lies in the open set W; = int Kj.1 \ Kj_2. For p € A; choose a with

p € Uy, a chart ball B 3 p with B C W; N Ug, and a bump xp > 0 supported in B and
positive on a smaller ball B’ > p. Finitely many B cover 4;.
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Proof, steps 3 and 4

Normalise. All shells together give countably many bumps x;, with supp x; C Uy @ a

The neighbourhood int K;, of a point meets W; only for j < n + 1, so the supports are :

locally finite. Hence x = }; x; is smooth, and x > 0 because the balls B’ cover every o o

shell. Put ¢; = x;/x: then }; ¢; = 1. four caps
]

Regroup by the cover. Let py = ;. 4(i)=o ¥i (zero if there is no such i). Locally only

finitely many terms are nonzero, so p, is smooth. A locally finite union of closed sets

is closed, s0 supp pa = Ua(i)=a SUPP i C Ua. These supports are locally finite, and

ZaPa=2ii=1
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A partition of unity, seen

DaPa=1

Raw bumps on four arcs overlap and do not add up to 1; divided by their sum they stack into a ring of constant
thickness. On S2: four caps, coloured by 3, paCa-

e
Johannes Herter ¢ Integration on Manifolds  ETH Ziirich 50/93 mzur’ Ch



A partition of unity, seen

Zapazl

Raw bumps on four arcs overlap and do not add up to 1; divided by their sum they stack into a ring of constant

thickness. On S2: four caps, coloured by 3, paCa- .
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A partition of unity, seen

Zapazl

Raw bumps on four arcs overlap and do not add up to 1; divided by their sum they stack into a ring of constant

thickness. On S2: four caps, coloured by 3, paCa- .
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A partition of unity, seen

S2=U;u---Ul
Zapafl 1 4

Raw bumps on four arcs overlap and do not add up to 1; divided by their sum they stack into a ring of constant

thickness. On S2: four caps, coloured by 3, paCa- o
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A first use: smooth Urysohn

Corollary 4.5 (Smooth Urysohn)

For disjoint closed sets A, B € M there is a smooth f : M — [0, 1] with f|4 = 1 and f|p = 0.

Proof {M \ B, M \ A} is an open cover. Take a subordinate partition (p1, p2) and f = p1: on B,
p1 = 0 because suppp1 C M\ B;on A, p2 =0,s0p1 = 1.

Idea Cut-off functions like this let us extend a form defined near a compact set to all of M, and
localise integrals.
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A second use: Riemannian metrics

Corollary 4.6 (Riemannian metrics exist)

Every manifold carries a Riemannian metric.

Proof For an atlas (U, ¢« ) and a subordinate partition (py) let

§=2,0a0uls)  g@wW= Y palp) (dpap)o, dpalpw).
a a:pel,

It is smooth (a locally finite sum) and symmetric. For v # 0 every term of ¢, (v, v) is > 0, and the
terms with pa(p) > 0 are > 0 because d¢q (p) is injective; so g is positive definite.
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Patching metrics
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Each metric is drawn as a field of unit ellipses {v : g(v,v) = r?}. Across the overlap, p1g1 + p2g2 interpolates

between them, and every blend is again an ellipse.
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Patching metrics
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Each metric is drawn as a field of unit ellipses {v : g(v,v) = r?}. Across the overlap, p1g1 + p2g2 interpolates

between them, and every blend is again an ellipse.
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Orienting a vector space

det(vy, wy)

Definition 5.1 (Orientation)

Two ordered bases of V are equally

oriented if the matrix taking one to ;
the other has positive determinant.

An orientation is one of the two

equivalence classes.

w det = —2.46
Equivalently: a choice of one of the two

components of A"V* \ {0}; a basis is positive

if (01, ...,9m) > 0 for w in that component. A positive basis deforms to (e1, e2) through bases. A negative one
cannot: det has to pass through 0.
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Orienting a vector space

Definition 5.1 (Orientation)

Two ordered bases of V are equally
oriented if the matrix taking one to
the other has positive determinant.
An orientation is one of the two
equivalence classes.

Equivalently: a choice of one of the two
components of A"V* \ {0}; a basis is positive
if w(v1,...,vm) > 0 for @ in that component.
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det(vy, wy)

.

det = +1.00

A positive basis deforms to (e1, e2) through bases. A negative one
cannot: det has to pass through 0.
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Orienting a manifold

Definition 5.2 (Oriented atlas, orientation)
An atlas (Uq, ¢q) is oriented if all transition maps have positive Jacobian determinant,
det D(pgopz')(x) >0  foralla,p, x € pa(Ua N Up).

M is orientable if it has an oriented atlas. An orientation is a maximal oriented atlas; equiva-
lently, an orientation of every T, M that is given locally by the coordinate bases (d1, ..., dm) of
charts.

Example 5.3 (The sphere)

{¢N, p o ps} with the reflection p(yl, y2) = (yl, —y2) is an oriented atlas of $2: the transition
has determinant +|x| 4.
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Orientable means: there is a volume form

Lemma 5.4 (Volume forms)
A nowhere vanishing m-form on M™ is called a volume form. M is orientable if and only if it

has a volume form.

Proof (<) Let w be a volume form and take an atlas of connected charts. In a chart w, = fy dx! A
-+ A dx™ with fy # 0, so fy has one sign. Where it is negative, replace ¢, by its composition
with (xl, XMy (—xl, x2,..., x™); now all f, > 0. The transition rule gives

fa=(fgor)detDr,  1=ggog,t,

sodet DT = fo/(fg o 7) > 0: the atlas is oriented.
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Orientable means: there is a volume form, continued

Proof (=) Take an oriented atlas (U, o) and a subordinate partition of unity (pn), and set
W= Zpa @ (dxt A Adx™),
a

each term extended by 0 outside U, (smooth, since supp pq C Uy). Fix p and a basis (v1, ..., vy)
of Ty M that is positive for one chart around p, hence for all of them. Then

W1, om) = Y palp) det [dpa(p)or -+ dpa(p)om].
a:pely

Every term is > 0, and some pq(p) > 0; so wp # 0.

Idea Positivity is preserved by sums with non-negative weights. This is the first place where the
partition of unity does real work.

[T
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Examples and a non-example

Example 5.5 (Spheres)

OnS™ c R"™1 wi(vy,...,vm) = det[xv] ---v,,] is a volume form:

m+1

W= Z(—l)i_lxi dxl Ao Adxi Ao A dx™ L -
=i}

It does not vanish, because for a basis v1, ..., vy, of TxS™ = x* the vectors x,v1,...,vy are a
basis of R"+1.
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A non-example

Example 5.6 (The Mdbius band is not orientable)
Suppose w were a volume form. Carry a frame (e1(f), e2(t)) continuously once along the core

circle. It returns as (e1,—e2), so t — w(e1(t), ea(t)) is continuous, never 0, and changes sign
between t = 0 and t = 1, which contradicts the intermediate value theorem.

Idea Locally every manifold is orientable (a chart is). Orientability is a global property: it can fail
only along a closed loop, never in a single chart.
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One side only

Front and back of the band in two colours. They meet along a line: after one turn the frame comes back with its

normal reversed.
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One side only

n +— —n after one turn

Front and back of the band in two colours. They meet along a line: after one turn the frame comes back with its

normal reversed.
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The orientation of the boundary

Definition 5.7 (Outward normal first)

Model half-space: H" = {x € R" : x1 < 0}, so that eq points out of H". For p € dM let n be an
outward vector. A basis (v, ...,v,) of T,dM is positive if (1, v2, ..., vy ) is positive in T, M.
Lemma 5.8 (Boundaries are oriented)

If M is oriented, this rule defines an orientation of dM.

Proof Restrict the boundary charts of an oriented atlas to M = {x! = 0}. A transition 7 maps
H™ to H™ and JH™ to itself, so 71(0, x’) = 0 and 917} > 0 on the boundary, while 19j’r1 = 0 there

for j > 2. Expanding det D7 along the first row: det Dt = o1t - det D(t|y), so det D(t|y) > 0.
In these charts ej is outward, so the restricted atlas gives exactly the rule above.
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Outward normal first

(Mout, V2, - .., Um) positive &= (v, ...,v,) positive on IM

"IL’

disc annulus

With H" = {x! < 0} the boundary dH" = {0} x R~ carries its standard orientation: no sign (-=1)" will appear
) g PP
in Stokes’ theorem.
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disc annulus

With H" = {x! < 0} the boundary JH™ = {0} x R"~! carries its standard orientation: no sign (—1)" will appear
in Stokes’” theorem.
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Outward normal first

(Mout, V2, - .., Um) positive &= (v, ...,v,) positive on IM

\
‘\(«LL

disc annulus ball

With H" = {x! < 0} the boundary JH" = {0} x R™-1 carries its standard orientation: no sign (—1)" will appear
in Stokes’” theorem.
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Integrating in one chart

Definition 6.1 (Integral over an open set)

Let U c R™ or U C H™ be open and w = fdx!' A--- A dx™ with f compactly supported in U.
Then /U w = /U fdx!---dx™ (Lebesgue measure).

Lemma 6.2 (Change of variables for forms)

Let F : U — V be a diffeomorphism of connected open sets and w € Q' (V). Then

/F*wzi/w,
u 1%

with + if F preserves orientation (det DF > 0) and — if it reverses it.
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Change of variables: proof

Proof F*'w = (f o F) det DF dx. The classical formula is /Vfdy = /u(f o F)|det DF|dx, and
det DF never vanishes, so it has constant sign on the connected set U.

Idea Forms see det DF, the classical integral sees | det DF|. As long as all transition maps have
positive determinant the two agree; that is what an orientation will provide.
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Change of variables

J Fro~+2.291

Each cell of U carries g(F(x)) det DF |cell|; carried to V the cells add up to /V w. A reflection turns every cell
purple and the sum changes sign.
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Change of variables

J Fro~+2.291 Jy @~ +2.291

Each cell of U carries g(F(x)) det DF |cell|; carried to V the cells add up to /V w. A reflection turns every cell
purple and the sum changes sign.

.
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Change of variables

J Flo~-2291 Jy @~ +2.291

Each cell of U carries g(F(x)) det DF |cell|; carried to V the cells add up to /V w. A reflection turns every cell
purple and the sum changes sign.

.
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The integral on an oriented manifold

Definition 6.3 (fM )

Let M be oriented, (Uq, ¢o) an oriented atlas, (po) a subordinate partition of unity and w €
Q' (M) compactly supported. Define

[ o ) /(P 7 ()

® Each term is an integral of a compactly supported form on an open subset of R” or H".

® The sum is finite: the compact set supp w meets only finitely many of the locally finite supports.

= [t remains to show that the result depends neither on the atlas nor on the partition.
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The integral is well defined

Lemma 6.4 (Independence of the choices)

Another oriented atlas (Vg, ig) of the same orientation, with a subordinate partition (6p), gives
the same value.

The idea of the proof Refine both cuts at once: the pieces pn6p @ each live in one chart of either
atlas. Computed in ¢q or in 1, their integrals agree by the change of variables lemma, because
the transition is orientation preserving. Summing over f first gives the first definition, over o
first the second.
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The integral is well defined: proof

oInsert 1 =26 (a finite sum on supp w): @ %Q I
Joatt) @) Pa) = Zp [, 11,0 (92" ) (PaOp ). o

two covers, one total

v

The form p,6gw lives in Uy N Vg. The map 13 o ;1 preserves orientation, so by the
change of variables lemma

R Ry

v

Sum over a and . Now use ), pa = 1:
S fyy (Pa©) = Zap [ (pubp0) = 54 [, (050).

The double sum is symmetric in the two choices.
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Gluing chart integrals

P3 Pa

 on §?

Jo @ = 12,566

The partition of unity cuts w into four pieces; each is integrated in its own chart. A second, turned cover cuts
different pieces, and they add up to the same total.
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Gluing chart integrals

P3 Pa

 on §?

Jro @ =12.566

The partition of unity cuts w into four pieces; each is integrated in its own chart. A second, turned cover cuts
different pieces, and they add up to the same total.

.
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Gluing chart integrals
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Gluing chart integrals

@
@

The partition of unity cuts w into four pieces; each is integrated in its own chart. A second, turned cover cuts

P4

s

 on §?

Jro @ =12.566

different pieces, and they add up to the same total.

b e+ Integration o Maniolds = ETH1 Zorich o ETHzUrich



Gluing chart integrals

@
©

The partition of unity cuts w into four pieces; each is integrated in its own chart. A second, turned cover cuts

P4

s

 on §?

Jro @ =12.566

different pieces, and they add up to the same total.
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Properties of the integral

Proposition 6.5 (Rules)

For w,n € Q' (M) on an oriented M:

(i) /M(uw +bn) = an W+ b/M n;

(ii) reversing the orientation of M changes the sign of /M w;
(iii) for an orientation preserving diffeomorphism F : M — N, fM Fo = fN w;
(iv) if suppw C Uy, then /M W=

fpatun (@)@

Proof (i) term by term. (ii): composing each chart with a reflection reverses it, and every term
changes sign by the change of variables lemma. (iii): (F LUy, @a © F) is an oriented atlas of M
with partition (pq o F), and its terms for F*w are those for w. (iv): use any partition with p, =1
on supp w, which is allowed by independence.
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Integrating over submanifolds and curves

Definition 6.6 (Lower dimensions)

For an oriented compact k-dimensional submanifold S ¢ M with inclusion ¢ and w € Qk (M):
b 5

fS W = fS *w. For a smooth curve y : [4,b] = M and a 1-form a: &= fa ay(t)(y(t)) dt.

Lemma 6.7 (Reparametrisation)

If hh : [c,d] — [a, b] is a diffeomorphism, then fy g ¥=E fy a, with + if £ is increasing.

Proof ay,(s)) (47 (1(5))) = ety (s (7(h(s))) I/ (5); substitute t = h(s).
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The angle form, finished

Example 6.8 (The angle form, finished)

For y(t) = (cost,sint): dO(y) = cos?t +sin?t = 1, so /yd@ = 2mn. For exact df: /Vdf =
/:(f oy) dt = f(y()) - f(y(a)) = 0 on closed curves. So 40 is not exact.
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Computing with one parametrisation

Lemma 6.9 (Up to a null set)

Let W C R" be open and ¢ : W — M an orientation preserving parametrisation (a diffeomor-
phism onto an open set) such that M\ ¢(W) is closed and has measure zero. Then [M W = fW ¢ w.

Proof Let Z = M \ ¢(W). Choose smooth x, : M — [0, 1] vanishing near Z with y, — 1
pointwise off Z (smooth Urysohn for {d(:,Z) > 1/n} and {d(-,Z) < 1/2n}, d a metric for the
topology). Then fM Xnw = fw ¢*(xnw) by (iii),(iv). In charts, both sides converge by dominated

convergence, to fM w (as Z is a null set) and to fw ¢ w.
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The area of the sphere

Example 6.10 (The sphere)

With spherical coordinates on (0, 7t) X (0, 21) and ¢ from Section 2: f52 o= /0271 fon sin0d0d¢ =
4.
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Where we stand

Forms Partitions of unity Orientation
transform with det of the cut w into chart pieces that makes every det positive,
transition, sign included. add up to w. so det = |det|.

JREDY o]
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Stokes’ theorem

Theorem 7.1 (Stokes)

Let M be an oriented m-manifold with boundary, M oriented by the outward normal first, and

w € Q" Y(M). Then
/ do = / w.
M oM

If M = 0, the right-hand side is 0.
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Stokes’ theorem

Theorem 7.1 (Stokes)

Let M be an oriented m-manifold with boundary, M oriented by the outward normal first, and

w € Q" Y(M). Then
/ do = / w.
M oM

If M = 0, the right-hand side is 0.

Known

m=1M = [a,b]: fubf’dt = f(b) - f(a),

the fundamental theorem of calculus.
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Stokes’ theorem

Theorem 7.1 (Stokes)

Let M be an oriented m-manifold with boundary, M oriented by the outward normal first, and

w € Q" Y(M). Then
/ do = / w.
M oM

If M = 0, the right-hand side is 0.

Known The trick

m=1,M = [a,b]: /b frdt = f(b) - f(a), On the half-space each term of dw is a one-
g variable derivative: use the fundamental
theorem in that variable. Then glue with

T dpa = d(1) = 0.
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The hypotheses matter

Example 7.2 (Compact support)

On M = (0, 1) (no boundary points) let w = x, a 0-form without compact support. Then /M dw =
fol dx =1, while M = 0. Stokes fails: mass escapes through the missing end points.

Example 7.3 (Orientation)
On the Mébius band there is no integral of 2-forms at all: an oriented atlas is needed to make the

chart integrals agree. (One can integrate densities |w| there, but d does not act on densities.)

Example 7.4 (Signs)

ForD = {|x| < 1} c R? and w = x dy: /D dw = 1, and with the boundary run counter-clockwise,

faD xdy = fOQTZ cos? t dt = m. Running it clockwise would give —7t.

e
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Step 1: the half-space

Let M = H" = {x! < 0} and write

H?={x <0}

m
a):Zfidxl/\---/\dxi/\-nAdxm,
fi compactly supported. Then

m
do = Z(—n"—l difi dx A+ Adx™,
i=1

By Fubini, integrate 9; f; first in x':
> /R di fi dx' = 0 (compact support);
. 0
m=1: f_oo d1f1 dxl = f1(0,x).
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Step 1: the half-space

Let M = H" = {x! < 0} and write

H?={x <0}

F0.5)
m —_—
a):Zfidxl/\---/\dxi/\-nAdxm,
fi compactly supported. Then

m
do = Z(—n"—l difi dx A+ Adx™,
i=1

By Fubini, integrate 9; f; first in x':

fpdo = [, f(0,y)dy
> /R di fi dx' = 0 (compact support);
mi=1: [0 0ifidx! = f1(0,%).
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Step 1, finished

= Hence/ dw=/ (0,2, x™)ydx? - dx™,
m m—1

® On JH™ = {x! = 0} we have (*dx! =0, so only the i = 1 term survives:
rw=f1(0, x)dxZ Ao Adx™,

B ¢q is the outward normal, and (e, e2, ..., ey) is positive. So (es, . .., e;;) is the boundary
orientation, which is the standard orientation of R”~!, and

/ (u=/ fl(O,x’)dx’zj dw.
JHMm Rm-1 Hm

® Without boundary (M = R"™) every term vanishes: me dw = 0.
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Step 2: forms supported in one chart

One chart. Suppose supp @ C U for an oriented chart ¢ : U — ¢(U) c H" (or R™). E
By the definition of the integral and naturality of d,

= =1y — —1\*
/M dw - f(p(u)((P ) d(,{) - /]HI"’ d(((p ) CU), e half
e half-space
where the compactly supported form (¢ ~1)*w is extended by 0. Step 1 turns this into
f (™ w.
oH™

/)

v
The boundary. The chart restricts to an oriented chart of M for the outward-normal-
first orientation (Section 5), so faHm ((P_l)*w = /9M w. For an interior chart (p(U) c R™)
both sides are 0.

«» ETHzUrich
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Step 3: gluing with a partition of unity

Cut. Take an oriented atlas and a subordinate partition of unity. Only finitely many
pa meet the compact set supp @, so w = ., pa@ is a finite sum of forms supported in
single charts.

[ inner edges cancel

The derivatives add up. By the Leibniz rule
Yo dpaw) = (Xadpa) A+ Ty padw = d(Za p(,,) ANw+do =do,

since )., pa = 1 has derivative 0.

Add. Apply Step 2 to each piece:
/M dw =Yg -/M d(Pd(‘)) =2a ./:?M Pa® = f,}M (@
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Inner edges cancel

=6.41
Zcells fac w

=6.41
Fom @

=6.41
fM dw

Each cell carries its own circulation. Along a shared edge two neighbours run in opposite directions, so the sum
over the cells is the circulation around dM, and in the limit /M dw.

e
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Inner edges cancel

=6.41
Zcells fac w

=6.41
Fom @

=6.41
fM dw

Each cell carries its own circulation. Along a shared edge two neighbours run in opposite directions, so the sum
over the cells is the circulation around dM, and in the limit /M dw.

e
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Inner edges cancel

=6.41
Zcells _?g,;c w

=6.41
Fom @

=6.41
jM dw

inner edges cancel in pairs

Each cell carries its own circulation. Along a shared edge two neighbours run in opposite directions, so the sum
over the cells is the circulation around dM, and in the limit /\/1 dw.
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First consequences

Corollary 7.5 (Closed manifolds)

If M is compact, oriented and dM = 0, then fM dn = 0 for every n € Q"1 (M). In particular a
volume form @ compatible with the orientation is never exact, so H" (M) # 0.

Proof Stokes with M = 0. A compatible volume form has w, = fodx with f, > 0 in an oriented
atlas, so every term of /M w is > 0 for some a and > O for all.

Example 7.6 (Integrals of closed forms over boundaries)

If dw = 0 on a compact oriented W with JW = S LI So, then [51 W = fSo w. For curves: /1/1 do =
fy . d6 whenever yq, y1 bound an annulus in R2Z\ {0}.
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Green's theorem and the planimeter

Qdy:

Johannes Herter

Example 7.7 (Green)

Integration on Manifolds

For a compact domain D ¢ R? with
smooth boundary and w = Pdx +

j{ de+Qdy=/(8xQ—&yP)dxdy.
oD D

Withw = $(x dy—y dx), do = dxAdy:

area(D) = %jg‘ xdy —ydx.
JD

ETH Ziirich

§ ¢, xdy —ydx

= +4.080

area of D = 3.880

Triangles swept from an outside point: blue while the point
turns counter-clockwise about it, purple while it turns back.
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Green's theorem and the planimeter

Qdy:

Johannes Herter

Example 7.7 (Green)

Integration on Manifolds

For a compact domain D ¢ R? with
smooth boundary and w

}g Pdx+Qdy = / (0xQ—0yP) dx dy.
dD D
Withw = $(x dy—y dx), do = dxAdy:

area(D) = %j{ xdy —ydx.
JD

ETH Ziirich

= Pdx +

i %D xdy —ydx
= +3.880

area of D = 3.880

Triangles swept from an outside point: blue while the point
turns counter-clockwise about it, purple while it turns back.
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The divergence theorem

Example 7.8 (Divergence theorem)

For a compact domain W ¢ R3 with [aEda =0.000
D

smooth boundary and outward unit .

normal v: §,, F-vis }

blue: sources, purple: sinks
/ divFdV =/ F-vdA.
w IW

Take w = (p(dx A dy Adz): do =

divFdV, and on dW, w = (F - v)dA The same in the plane: the sources’ total strength equals the
because tpdV (v, w) = det[Fow] = outward flux.

F -v det[vow] for v, w tangent.

Example: F = x gives fqz o = 3vol(B3) = 4n.
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The divergence theorem

Example 7.8 (Divergence theorem)

For a compact domain W ¢ R3 with [ divEdA
D

smooth boundary and outward unit -

normal v: §,, F-vis "

blue: sources, purple: sinks
/ divFdV =/ F-vdA.
w IW

Take w = (p(dx A dy Adz): do =

divFdV, and on dW, w = (F - v)dA The same in the plane: the sources’ total strength equals the
because tpdV (v, w) = det[Fow] = outward flux.

F -v det[vow] for v, w tangent.

Example: F = x gives fqz o = 3vol(B3) = 4n.
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Kelvin—Stokes

Example 7.9 (Circulation and curl)

For an oriented compact surface = ¢ R? with boundary and a vector field F:

‘?{ F-dr=/(cur1F)-vdA.
oL L

Here w = Fidx + Fody + F3dz, dw = curlF - (dy A dz,dz A dx,dx A dy), and on X the 2-form
G1dy Adz + Godz Adx + G3 dx A dy restricts to (G - v) dA.

Idea Fundamental theorem of calculus, Green, Gauss and Kelvin-Stokes are one statement:
fM dow = faM .
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No smooth retraction of the ball onto its boundary

Theorem 7.10 (No retraction)

There is no smooth map 7 : B™ — S~ 1 with r|gu-1 = id.

Proof Let o be the volume form of $"=1 from Section 5, so fsm-l o > 0. If r existed,

0< / 0= / r‘o = d(ro) = / r*(do) =0,
gm-1 JB™m Bm Bm

because do is an m-form on the (m — 1)-manifold $"~1, hence 0. The first equality uses r|yp = id,
the second Stokes, the third naturality of d.
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Brouwer’s fixed point theorem

Corollary 7.11 (Brouwer, smooth ver-

SiOl’l) points x (black), f(x) (grey)

the ray from f(x) through x
leaves the disc at r(x) € S!

Every smooth f : B” — B has a
fixed point.

Idea If f moved every point, the ray
from f(x) through x would push
the ball onto its boundary circle.
Such a retraction does not exist.
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Brouwer’s fixed point theorem

Corollary 7.11 (Brouwer, smooth ver-

SiOl’\) points x (black), f(x) (grey)

the ray from f(x) through x
leaves the disc at r(x) € S

Every smooth f : B” — B has a
fixed point.

7|t = id; smooth if f(x) # x

0< fo=furo=[rdo=0
Idea If f moved every point, the ray
from f(x) through x would push
the ball onto its boundary circle.
Such a retraction does not exist.
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Brouwer’s fixed point theorem

Corollary 7.11 (Brouwer, smooth ver-

SiOn) points x (black), f(x) (grey)

the ray from f(x) through x
leaves the disc at r(x) € S

Every smooth f : B” — B has a
fixed point.

7|t = id; smooth if f(x) # x

0< fo=furo=[rdo=0
Idea If f moved every point, the ray
from f(x) through x would push
the ball onto its boundary circle.
Such a retraction does not exist.

a fixed point: no ray
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Brouwer’s fixed point theorem: proof

Proof Suppose f(x) # x for all x. Put u(x) = —; :;g; and

r(x) = x + H(x)u(x), t=-x-u+VD, D=(x-u)?+1-|x?

the point where the ray from f(x) through x leaves the ball (t > 0 solves |x + fu| = 1).
1-x-f(x)

® D > 0 everywhere: for |x| < 1 clearly; for x| =1, x-u = |x——f(x)| > 0, because
x - f(x) < |f(x)] £ 1 with equality only if f(x) = x.

® Hence VD, t and r are smooth, r maps into $m=1 and for |x| = 1: VD =x-u,s0t=0and
r(x) = x.

So r is a smooth retraction of B™ onto §”~1, which the previous theorem rules out.
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What we built

. Alternating forms: ®*w = det(P) w in top degree.

. Differential forms, the pullback and the transition
rule.

. The exterior derivative: natural, d2 = 0; closed
versus exact.

. Smooth bumps and partitions of unity, which exist
on every manifold.

. Orientation: orientable means there is a volume
form.

. The integral fM w, independent of all choices.

. Stokes: /M dw = /z?M w, with Green, Gauss,
Kelvin-Stokes and Brouwer.

Johannes Herter ¢ Integration on Manifolds * ETH Ziirich

Remark 8.1 (Continuous maps). Brouwer’s
theorem holds for continuous f : B" —
B™: approximate f uniformly by smooth
maps into the ball; their fixed points accu-
mulate at a fixed point of f. (Stated without
proof.)

Next lecture Which closed forms are exact?
Is a volume form determined by its total vol-
ume? How much of M does H*(M) see? Lie
derivatives, Moser’s trick, Mayer—Vietoris
and Poincaré duality.
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