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Where we are

So far

Two-layer networks are universal (Thm. 2.4);
higher-order sigmoidals give 𝑀 ≲ 𝜀−𝑑/(𝑠−𝛿)
for 𝐶𝑠 (Cor. 2.19).

Today: the ReLU 𝜚𝑅(𝑥) = max{0, 𝑥}. Still:
ReLU networks are linear finite elements
(3.1);

depth emulates 𝑥2 cheaply (3.2), hence 𝐶𝑠
rates (3.3);

depth is necessary (4).

Architecture (1, 4, 4, 1): as 𝑥 sweeps [−2, 2] neurons
switch on and off; one affine piece per activation

pattern.
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Networks, realisations, size

Definition 2.8 (Neural network)

Φ = ((𝐴1 , 𝑏1), . . . , (𝐴𝐿 , 𝑏𝐿)), 𝐴ℓ ∈ R𝑁ℓ×𝑁ℓ−1 , 𝑏ℓ ∈ R𝑁ℓ , 𝑁0 := 𝑑, with realisation R(Φ) : R𝑑 → R𝑁𝐿 ,
𝑥0 := 𝑥, 𝑥ℓ := 𝜚(𝐴ℓ 𝑥ℓ−1 + 𝑏ℓ ) (ℓ < 𝐿), 𝑥𝐿 := 𝐴𝐿𝑥𝐿−1 + 𝑏𝐿 .

𝑁(Φ) := 𝑑 +∑
𝑗 𝑁𝑗 neurons, 𝐿(Φ) := 𝐿 layers, 𝑀(Φ) :=

∑
𝑗 ∥𝐴𝑗 ∥0 + ∥𝑏 𝑗 ∥0 weights.

Definition 2.9 (Concatenation)

Merge the last affine map ofΦ2 with the first
ofΦ1: (𝐴1

1𝐴
2
𝐿2
, 𝐴1

1𝑏
2
𝐿2

+𝑏1
1); 𝐿1+𝐿2−1 layers,

R(Φ1 •Φ2) = R(Φ1) ◦ R(Φ2).

Definition 2.10 (Parallelisation)

Block-diagonal stacking: P(Φ1 ,Φ2) realises
𝑥 ↦→ (R(Φ1)(𝑥),R(Φ2)(𝑥)); FP without
shared input; 𝑀 = 𝑀(Φ1) +𝑀(Φ2).
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The ReLU is discriminatory

For 𝑎 ∈ R, 𝑏1 < 𝑏2:

𝐻𝑎(𝑥) := 𝜚𝑅(𝑎𝑥 − 𝑎𝑏1 + 1) − 𝜚𝑅(𝑎𝑥 − 𝑎𝑏1) − 𝜚𝑅(𝑎𝑥 − 𝑎𝑏2) + 𝜚𝑅(𝑎𝑥 − 𝑎𝑏2 − 1) −→ 1[𝑏1 ,𝑏2] (𝑎 → ∞).

Case by case: 𝐻𝑎 = 0 for 𝑥 < 𝑏1 − 1
𝑎 ; = 𝑎(𝑥 − 𝑏1 + 1

𝑎 ) ≤ 1 on [𝑏1 − 1
𝑎 , 𝑏1]; = 1 on [𝑏1 , 𝑏2];

= 1 − 𝑎(𝑥 − 𝑏2) on [𝑏2 , 𝑏2 + 1
𝑎 ]; = 0 beyond. So

∫
𝜚𝑅(𝑎𝑥 + 𝑏)d𝜇 = 0 ∀𝑎, 𝑏 gives

∫
1[𝑏1 ,𝑏2](𝑎𝑥)d𝜇 = 0,

and the proof of Prop. 2.6 concludes 𝜇 = 0: ReLU networks are universal.
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3.1 Linear finite elements and
ReLU networks



Simplicial meshes and linear finite elements

A simplicial mesh of Ω ⊂ R𝑑 : 𝒯 = (𝜏𝑖)𝑀𝒯
𝑖=1 , 𝑑-simplices

with
⋃𝒯 = Ω, 𝜏𝑖 ∩ 𝜏𝑗 ⊂ 𝜕𝜏𝑖 ∩ 𝜕𝜏𝑗 a lower-dimensional

simplex. Nodes (𝜂𝑖)𝑀𝑁
𝑖=1 . Locally convex:

⋃{𝜏𝑗 : 𝜂𝑖 ∈ 𝜏𝑗}
convex for every 𝜂𝑖 .

𝑉𝒯 := { 𝑓 ∈ 𝐶(Ω) : 𝑓 |𝜏𝑖 affine linear ∀𝑖}.
Courant elements 𝜑𝑖,𝒯 ∈ 𝑉𝒯 : 𝜑𝑖,𝒯 (𝜂𝑗) = 𝛿𝑖 𝑗 .

Proposition 3.1

Every 𝑓 ∈ 𝑉𝒯 satisfies 𝑓 =
∑𝑀𝑁
𝑖=1 𝑓 (𝜂𝑖)𝜑𝑖,𝒯 .

So: if every 𝜑𝑖,𝒯 is a ReLU network, so is every 𝑓 ∈ 𝑉𝒯 .

Building an element of 𝑉𝒯 node by node,∑
𝑖 𝑓 (𝜂𝑖 )𝜑𝑖,𝒯 .
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Prop. 3.2: Courant elements as max-min

Proposition 3.2

Locally convex simplicial mesh, 𝐹(𝑖) := { 𝑗 : 𝜂𝑖 ∈ 𝜏𝑗}, 𝐻(𝑗 , 𝑖) := {𝜂𝑘 ∈ 𝜏𝑗 , 𝜂𝑘 ≠ 𝜂𝑖}. Then
𝜑𝑖,𝒯 = max

{
0,min𝑗∈𝐹(𝑖) 𝑔𝑗

}
(3.4), 𝑔𝑗 affine, 𝑔𝑗 = 0 on 𝐻(𝑗 , 𝑖), 𝑔𝑗(𝜂𝑖) = 1.

The planes 𝑔𝑗 of the cells around 𝜂𝑖 enter one by one;
each facet is coloured by the plane that is the minimum
there; 𝐺(𝑖) :=

⋃
𝑗∈𝐹(𝑖) 𝜏𝑗 is the star of 𝜂𝑖 . Finally

max{0, ·} cuts the pyramid at zero: exactly the hat 𝜑𝑖,𝒯 .
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Proof of Proposition 3.2

Boundary. 𝜕𝐺(𝑖) = ⋃
𝑗∈𝐹(𝑖) co(𝐻(𝑗, 𝑖)) (3.5): every face of a

cell opposite 𝜂𝑖 is on the boundary of the convex star 𝐺(𝑖),
and every boundary point lies on such a face (else a line
from 𝜂𝑖 could be extended into the interior of another cell).

1

Half spaces. With 𝐻int(𝑗, 𝑖) the side of the hyperplane
through 𝐻(𝑗, 𝑖) that contains 𝜂𝑖 : 𝐺(𝑖) = ⋂

𝑗∈𝐹(𝑖) 𝐻int(𝑗, 𝑖)
(3.6), by convexity of 𝐺(𝑖) and step 1.

2

Signs on the star. For every node 𝜂𝑗 ∈ 𝐺(𝑖): 𝑔𝑘 (𝜂𝑗 ) ≥ 0 for
all 𝑘 ∈ 𝐹(𝑖), since 𝐺(𝑖) lies on one side of each hyperplane
(step 2) and 𝑔𝑘 (𝜂𝑖 ) = 1.

3

The right plane wins. For 𝑘 ∈ 𝐹(𝑖): 𝑔𝑘 ≤ 𝑔𝑗 on 𝜏𝑘 for all
𝑗 ∈ 𝐹(𝑖). Otherwise 𝑔𝑗 (𝜂ℓ ) < 𝑔𝑘 (𝜂ℓ ) at a vertex 𝜂ℓ ≠ 𝜂𝑖
of 𝜏𝑘 , where 𝑔𝑘 = 0, so 𝑔𝑗 (𝜂ℓ ) < 0, contradicting step 3.
Hence min𝑗 𝑔𝑗 = 𝑔𝑘 = 𝜑𝑖,𝒯 on 𝜏𝑘 .

4

Outside. For 𝑧 ∉ 𝐺(𝑖) some hyperplane sepa-
rates 𝑧 from 𝜂𝑖 (step 2), so 𝑔𝑘 (𝑧) ≤ 0 for some 𝑘:
max{0,min𝑗 𝑔𝑗 }(𝑧) = 0 = 𝜑𝑖,𝒯 (𝑧).

5

Conclusion. On each 𝜏𝑘 ⊂ 𝐺(𝑖) the max-min equals 𝑔𝑘 ≥
0 (steps 3, 4), outside it vanishes (step 5): (3.4). ■

6
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Prop. 3.3: Courant elements are networks

Proposition 3.3. Locally convex mesh, 𝑘𝒯 := max𝑖 #{ 𝑗 : 𝜂𝑖 ∈ 𝜏𝑗 } (3.7). For every 𝑖 there is a ReLU network Φ𝑖 with
𝐿(Φ𝑖 ) = ⌈log2 𝑘𝒯 ⌉ + 2, 𝑀(Φ𝑖 ) ≤ 𝐶(𝑘𝒯 + 𝑑)𝑘𝒯 log2 𝑘𝒯 and R(Φ𝑖 ) = 𝜑𝑖,𝒯 (3.8).

Minimum of two. min{𝑎, 𝑏} = 𝑎+𝑏
2 − |𝑎−𝑏 |

2 with 𝑡 =
𝜚𝑅(𝑡) − 𝜚𝑅(−𝑡), |𝑡 | = 𝜚𝑅(𝑡) + 𝜚𝑅(−𝑡): four neurons, Φmin,2

with 𝐿 = 2, 𝑀 = 12.

1

Binary tree. For 𝑝 = 2𝑞 : Φmin,𝑝 := Φmin,2 • Φ̃min,4 • . . . •
Φ̃min,𝑝 , Φ̃min,𝑝 := FP(Φmin,2 , . . . ): 𝐿 = ⌈log2 𝑝⌉ + 1,
layers of width ≤ 2𝑝, all biases 0 (3.9).

2

Affine first layer. 𝑔𝑘 = 𝐺𝑘 (·) + 𝜃𝑘 ; Φaff :=
P((𝐺1 , 𝜃1), . . . , (𝐺𝑝 , 𝜃𝑝 )), one layer, 𝑝 = #𝐹(𝑖) outputs.

3

Assemble. Φ𝑖,𝒯 := ((1, 0), (1, 0)) • Φmin,𝑝 • Φaff realises
max{0,min𝑘 𝑔𝑘 } = 𝜑𝑖,𝒯 ; 𝐿 = ⌈log2 𝑝⌉ + 2, and 𝑀 ≤
𝑝 +∑

ℓ 𝑁ℓ−1𝑁ℓ ≤ 𝑝 + 2𝑑𝑝 + (2𝑝)2 ⌈log2 𝑝⌉, 𝑝 ≤ 𝑘𝒯 . ■

4
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Theorem 3.4: linear finite elements

Theorem 3.4

Let 𝒯 be a locally convex partition of Ω ⊂ R𝑑 with 𝑀𝑁 nodes. For every 𝑓 ∈ 𝑉𝒯 there is a NN
Φ 𝑓 with 𝐿(Φ 𝑓 ) ≤ ⌈log2 𝑘𝒯 ⌉ + 2, 𝑀(Φ 𝑓 ) ≤ 𝐶𝑀𝑁 (𝑘𝒯 + 𝑑)𝑘𝒯 log2 𝑘𝒯 and R(Φ 𝑓 ) = 𝑓 .

Proof. Prop. 3.1 writes 𝑓 =
∑
𝑖 𝑓 (𝜂𝑖)𝜑𝑖,𝒯 ; parallelise theΦ𝑖,𝒯 of Prop. 3.3 (padding shallower ones

with identities) and combine with the output layer ([ 𝑓 (𝜂1), . . . , 𝑓 (𝜂𝑀𝑁 )], 0). ■

Remark 3.5. ReLU networks with 𝐶 · 𝑁 weights approximate as well as finite elements with 𝑁
degrees of freedom, e.g. inf 𝑔∈𝑉𝒯𝑛 ∥ 𝑓 − 𝑔∥𝐿2 ≲ 𝑛−2/𝑑 ∥ 𝑓 ∥𝑊2,2𝑑/(𝑑+2) . But piecewise linear approxi-
mation stops improving for 𝑠 ≥ 2.
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3.2 Approximation of the square
function



The sawtooth: Proposition 3.6

Φ∧ := ((𝐴1 , 𝑏1), (𝐴2 , 0)), 𝐴1 = (2, 2, 2)𝑇 , 𝑏1 = (0,−1,−2)𝑇 , 𝐴2 = [1,−2, 1]:
R(Φ∧)(𝑥) = 𝜚𝑅(2𝑥) − 2𝜚𝑅(2𝑥 − 1) + 𝜚𝑅(2𝑥 − 2), a hat; 𝑀(Φ∧) = 8.

Proposition 3.6

𝐹𝑛 := R(Φ∧•. . .•Φ∧) (𝑛 times) is, on (0, 1), the sawtooth 𝐹𝑛(𝑥) = 2𝑛(𝑥−𝑖2−𝑛) on [𝑖2−𝑛 , (𝑖+1)2−𝑛],
𝑖 even, = 2𝑛((𝑖 + 1)2−𝑛 − 𝑥), 𝑖 odd (3.10); 𝐹𝑛 = 0 off (0, 1). 𝐿 = 𝑛 + 1, 𝑀 ≤ 12𝑛 − 2.
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Proof of Proposition 3.6

𝑛 = 1. On [0, 1
2 ]: R(Φ∧)(𝑥) = 𝜚𝑅(2𝑥) = 2𝑥. On [ 1

2 , 1]:
2𝑥 −2(2𝑥 −1) = 2−2𝑥. Off (0, 1): 𝜚𝑅(2𝑥) −2𝜚𝑅(2𝑥 −1) +
𝜚𝑅(2𝑥 − 2) = 0.

1

Induction, 𝐹𝑛+1 = 𝐹𝑛 ◦ R(Φ∧) (3.11). For 𝑥 ∈ [0, 1
2 ]

in the 𝑖-th interval of length 2−𝑛−1, 𝑖 even: R(Φ∧)(𝑥) =
2𝑥 ∈ [𝑖2−𝑛 , (𝑖 + 1)2−𝑛 ], so 𝐹𝑛+1(𝑥) = 2𝑛 (2𝑥 − 𝑖2−𝑛 ) =
2𝑛+1(𝑥 − 𝑖2−𝑛−1).

2

Folding back. For 𝑥 ∈ [ 1
2 , 1], 𝑖 even: R(Φ∧)(𝑥) = 2 − 2𝑥

lands in the interval 𝑗 := 2𝑛+1 − 𝑖 − 1 (odd), so
𝐹𝑛+1(𝑥) = 2𝑛

(
𝑗2−𝑛 − (2 − 2𝑥))

= 2𝑛+1 (𝑥 − 2−𝑛−1(𝑖 + 1));
𝑖 odd alike; off (0, 1) the inner map is 0.

3

Size. All hidden widths 𝑁ℓ = 3, 𝑁0 = 𝑁𝐿 = 1: 𝑀 ≤∑
ℓ 𝑁ℓ−1𝑁ℓ +𝑁ℓ = (𝑛 − 1)(9+ 3) + 3+ 3+ 3+ 1 = 12𝑛 − 2.
■

4

Remark 3.7 (depth vs. width). Two-layer nets have ≤ 𝑁+1 ≤ 𝑀(Φ)+1 pieces, 𝐹𝑛 has 2𝑛 ≥ 2(𝑀+2)/12:
exponentially many pieces from linearly many weights [Telgarsky].
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Prop. 3.8 (Yarotsky): squares from sawtooths

Proposition 3.8 [40]

For every 𝑥 ∈ [0, 1] and 𝑁 ∈ N:
���𝑥2 − 𝑥 +∑𝑁

𝑛=1
𝐹𝑛 (𝑥)
22𝑛

��� ≤ 2−2𝑁−2. (3.12)

𝐻𝑁 is the piecewise linear interpolant of 𝑥2 on the grid 𝑘2−𝑁 ; each sawtooth fixes the new midpoints, the error
falls by 4.
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Proof of Proposition 3.8

Claim. 𝐻𝑁 = 𝑥 − ∑𝑁
𝑛=1 𝐹𝑛2−2𝑛 is piecewise linear with

breakpoints 𝑘2−𝑁 and 𝐻𝑁 (𝑘2−𝑁 ) = 𝑘22−2𝑁 : the inter-
polant of 𝑥2. Induction; 𝑁 = 0: 𝐻0 = 𝑥.

1

Even nodes. 𝐻𝑁 − 𝐻𝑁+1 = 𝐹𝑁+1/22𝑁+2; 𝐹𝑁+1 vanishes at
𝑘2−𝑁−1, 𝑘 even, so 𝐻𝑁+1 = 𝐻𝑁 = 𝑥2 there.

2

Odd nodes. 𝐻𝑁 is linear on [(𝑘 − 1)2−𝑁−1 , (𝑘 + 1)2−𝑁−1]:
with ℎ := 2−𝑁−1, 𝑥𝑘 := 𝑘ℎ (𝑘 odd):

(𝐻𝑁 − 𝑥2)(𝑥𝑘 ) = ℎ2
2
((𝑘−1)2 + (𝑘+1)2 − 2𝑘2)

= ℎ2 = ℎ2𝐹𝑁+1(𝑥𝑘 ).

3

So 𝐻𝑁+1(𝑘2−𝑁−1) = (𝑘2−𝑁−1)2 for all 𝑘: the claim holds
for 𝑁 + 1.

4

Error on one cell [𝑘2−𝑁 , (𝑘 + 1)2−𝑁 ]: 𝑥2 is convex, so
|𝐻𝑁 − 𝑥2 | = 𝐻𝑁 − 𝑥2, a concave quadratic vanishing at
both ends (3.15).

5

Maximum at the midpoint 𝑥∗ = (2𝑘 + 1)2−𝑁−1, an odd
node of the finer grid, where step 3 computed the gap:
≤ 2−2(𝑁+1). ■

6
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Exact identities and sparse concatenation

Lemma 3.9

ΦId :=
( ( [ Id−Id

]
, 0
)
, ([Id | − Id], 0)) realises

IdR𝑑 , as 𝜚𝑅(𝑥) − 𝜚𝑅(−𝑥) = 𝑥; with any 𝐿 ≥ 2
layers: ΦId

𝑑,𝐿 (Rem. 3.10).

Definition 3.12 (Sparse concatenation)

Φ1 ⊙ Φ2 := Φ1 • ΦId • Φ2: 𝐿1 + 𝐿2 layers,
realisation R(Φ1) ◦ R(Φ2), 𝑀 ≤ 2𝑀(Φ1) +
2𝑀(Φ2) (Rem. 3.13).

Why (Example 3.11). Φ = ((1𝑁 , 0), (1𝑇𝑁 , 0)) has 𝑀 = 2𝑁 , but Φ •Φ multiplies out the dense block
1𝑁1𝑇𝑁 : 𝑀 = 2𝑁 + 𝑁2. The identity layer keeps the factors apart.
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Prop. 3.14: the square network

Proposition 3.14 [40]. For 𝜀 ∈ (0, 1
2 ) there is Φsq,𝜀 with 𝐿 = 𝑂(log2(1/𝜀)) (3.16), 𝑀 = 𝑂(log2

2(1/𝜀)) (3.17),
|R(Φsq,𝜀)(𝑥) − 𝑥2 | ≤ 𝜀 on [0, 1] (3.18), and R(Φsq,𝜀)(0) = 0.

Number of sawtooths. 𝑁 := ⌈− log2(𝜀)/2⌉: by (3.12),
|𝑥2 − 𝑥 +∑

𝑛≤𝑁 𝐹𝑛/22𝑛 | ≤ 𝜀 (3.19).

1

Equal depth. Φ𝑛 := ΦId
1,𝑁−𝑛 ⊙ (Φ∧ • . . . • Φ∧) (𝑛 times):

𝐿(Φ𝑛 ) = 𝑁 + 1, 𝑀(Φ𝑛 ) ≤ 4(𝑁 − 𝑛) + 2(12𝑛 − 2) ≤ 24𝑁
(3.21).

2

Sum. Φsq,𝜀 :=
((1,− 1

4 , . . . ,−2−2𝑁 ), 0) ⊙
P(ΦId

1,𝑁+1 ,Φ1 , . . . ,Φ𝑁 ) realises 𝑥 −∑
𝑛 2−2𝑛𝐹𝑛 ; (3.18) and

R(0) = 0 follow.

3

Count. 𝐿 = 𝑁 + 2 = ⌈− log2(𝜀)/2⌉ + 2, and 𝑀 ≤ 2(𝑁 +
1) + 2

(
𝑀(ΦId

1,𝑁+1) +
∑
𝑛 𝑀(Φ𝑛 )) ≤ 6(𝑁 + 1) + 48𝑁2 =

𝑂(log2
2(1/𝜀)). ■

4
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Remark 3.15: multiplication by bit extraction

A proof of Prop. 3.14 without (3.12) [31], from three ideas:

Semi-binary multiplication:
𝑥 =

∑
ℓ 𝑥ℓ2−ℓ ⇒

𝑥𝑦 =
∑
ℓ≤𝑁 2−ℓ 𝑥ℓ 𝑦 + 𝑂(2−𝑁 ).

Multiplying by a bit is one ReLU:
𝜚𝑅(2−ℓ 𝑦 + 𝑥ℓ − 1) = 2−ℓ 𝑥ℓ 𝑦 for 𝑦 ∈ [0, 1].
Bits are cheap: 𝐹𝑁 (𝑥 − 2−𝑁−1) > 1

2 iff
𝑥𝑁 = 1, then a steep ReLU step.

𝑁 bit extractors and 𝑁 multipliers: 𝑂(𝑁)
neurons for error 2−𝑁 .

Reading the binary digits of 𝑥 off shifted sawtooths, for
eight values of 𝑥.
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3.3 Approximation of smooth func-
tions



Prop. 3.16: multiplication from squares

Proposition 3.16

For 𝑝, 𝐾 ∈ N, 𝜀 ∈ (0, 1
2 ) there is

Φmult,𝑝,𝜀 with 𝐿 = 𝑂(log2 𝐾 · log2(1/𝜀)),
𝑀 = 𝑂(log2 𝐾 · log2

2(1/𝜀)) and
|R(Φmult,𝑝,𝜀)(𝑥) −∏

ℓ 𝑥ℓ | ≤ 𝜀 on [−𝐾, 𝐾]𝑝 ;
R(·)(𝑥) = 0 if some 𝑥ℓ = 0.

Proof (𝑝 = 2): 𝑥𝑦 = 𝐾2 (( |𝑥+𝑦 |2𝐾 )2 − ( |𝑥−𝑦 |2𝐾 )2) ,
|𝑡 | = 𝜚𝑅(𝑡) + 𝜚𝑅(−𝑡): two squares Φsq,𝜀/(2𝐾2) in
parallel; 𝑝 > 2 a binary tree. ■

𝑁 = 0, . . . , 5 sawtooths per square; the error is a
checkerboard of chord errors.
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B-splines and smooth functions

Cor. 3.17: 𝑥𝑝 with the same complexity. Prop. 3.18: B-splines 𝑁𝑑
ℓ ,𝑡 ,𝑘 with 𝐿 = 𝑂(log2(1/𝜀)),

𝑀 = 𝑂(log2
2(1/𝜀)), from 𝑁𝑘(𝑥) = 1

(𝑘−1)!
∑
ℓ (−1)ℓ (𝑘ℓ )(𝑥 − ℓ )𝑘−1+ , a cut-off and a product.

Theorem 3.19

For 𝑠 > 𝛿 > 0, 𝑝 ∈ (0,∞] there is 𝐶: every 𝑓 ∈ 𝐶𝑠 ([0, 1]𝑑), ∥ 𝑓 ∥𝐶𝑠 ≤ 1, has a ReLU network with
𝐿 ≤ 𝐶 log2(1/𝜀), 𝑀 ≤ 𝐶𝜀−𝑑/(𝑠−𝛿), ∥ 𝑓 − R(Φ)∥𝐿𝑝 ≤ 𝜀.
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Proof of Theorem 3.19

𝑁-term B-splines (Thm. 2.16, 𝑘 := ⌈𝑠⌉): |𝑐𝑖 | ≤ 𝐶, 𝐵𝑖 ∈ ℬ𝑘

with ∥ 𝑓 −∑𝑁
𝑖=1 𝑐𝑖𝐵𝑖 ∥𝑝 ≤ 𝐶𝑁 (𝛿−𝑠)/𝑑 .

1

Emulate each spline (Prop. 3.18) to accuracy
𝑁 (𝛿−𝑠)/𝑑/(𝐶𝑁): Φ𝑖 with depth 𝑂(log2 𝑁) and 𝑂(log2

2 𝑁)
weights.

2

Combine. Φ𝑁
𝑓 := ([𝑐1 , . . . , 𝑐𝑁 ], 0) ⊙ P(Φ1 , . . . ,Φ𝑁 ): 𝑀 =

𝑂(𝑁 log2
2 𝑁), 𝐿 = 𝑂(log2 𝑁), ∥ 𝑓 − R(Φ𝑁

𝑓 )∥𝑝 ≤ 2𝑁 (𝛿−𝑠)/𝑑 .

3

Choose 𝑁𝜀 := ⌈(𝜀/2)𝑑/(𝛿−𝑠)⌉: error ≤ 𝜀 and 𝐿 =
𝑂(log2(1/𝜀)), i.e. (3.31).

4

Absorb the logarithm. 𝑁 log2
2 𝑁 ≤ 𝐶′𝜀−𝑑/(𝑠−𝛿) log2

2 𝜀,
and log2

2 𝜀 = 𝑂(𝜀−𝜎) ∀𝜎 > 0: for 𝑠 > 𝛿′ > 𝛿, 𝑀 =
𝑂(𝜀−𝑑/(𝑠−𝛿′)).

5

𝛿 was arbitrary: (3.32). ■ Remark 3.20: [40] even gets
𝛿 = 0, 𝑀 ≤ 𝐶𝜀−𝑑/𝑠 log2(1/𝜀), and [−𝐾, 𝐾]𝑑 .

6
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4 The role of depth



Prop. 4.1: compact support needs depth

Proposition 4.1

𝑑 ≥ 2, ReLU.

𝐿 ≥ 3: some Φ has
supp R(Φ) = 𝐵∥·∥1 (0).
𝐿 ≤ 2: supp R(Φ) compact ⇒
R(Φ) ≡ 0.

First part:
∑
ℓ 𝜚𝑅(𝑥ℓ ) + 𝜚𝑅(−𝑥ℓ ) = ∥𝑥∥1, then

𝜚𝑅(1 − ∥𝑥∥1): three layers.
Left: 𝜚𝑅(1 − ∥𝑥∥1). Right: a two-layer network; its kinks
(orange) are entire lines, so it cannot vanish outside a

bounded set unless it is affine.
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Proof of Proposition 4.1, second part

𝐿 = 1: affine functions; vanishing on an open set forces
≡ 0.

1

𝐿 = 2: 𝑓 (𝑥) =
∑𝑁
𝑖=1 𝑐𝑖𝜚𝑅(⟨𝑎𝑖 , 𝑥⟩ + 𝑏𝑖 ) + 𝑑 (4.1), w.l.o.g.

𝑎𝑖 ≠ 0. Term 𝑖 is not 𝐶1 exactly on the hyperplane 𝑆𝑖 :=
{− 𝑏𝑖 𝑎𝑖

∥𝑎𝑖 ∥2
+ 𝑧 : 𝑧 ⊥ 𝑎𝑖 }.

2

Group equal hyperplanes: 𝑖 ∼ 𝑗 iff 𝑆𝑖 = 𝑆𝑗 . For each class
𝐽,
∑
𝑗∈𝐽 𝑐 𝑗𝜚𝑅(⟨𝑎 𝑗 , 𝑥⟩ + 𝑏 𝑗 ) is constant along 𝑆𝑗 and either

affine or non-𝐶1 at every point of 𝑆𝑗 .

3

Different classes meet in (𝑑 − 2)-dimensional sets: if some
class is not affine, 𝑓 is not 𝐶1 at almost every point of the
unbounded 𝑆𝑗 , contradicting compact support.

4

Otherwise every class is affine, so 𝑓 is affine, and compact
support gives 𝑓 ≡ 0. ■

5

Remark 4.2: the same holds quantitatively: two-layer net-
works approximate some compactly supported functions
badly, three-layer networks well [10].

6
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4.2 Number of pieces: Theorem 4.3

Theorem 4.3 [37]

Let 𝜚 be piecewise affine with 𝑝 pieces.
Every Φ with 𝑑 = 1, 𝑁𝐿 = 1 and
𝑁1 , . . . , 𝑁𝐿−1 ≤ 𝑁 has R(Φ) with at most
(𝑝𝑁)𝐿−1 affine pieces.

Corollary 4.4

For 𝑑 ∈ N: at most (𝑝𝑁)𝐿−1 pieces along
every line. (Restrict to 𝑡 ↦→ 𝑥0 + 𝑡𝑣: that is
R(Φ •Φ0), Φ0 = ((𝑣, 𝑥0)).)

𝐿 = 2:
∑𝑁1
𝑘=1 𝑐𝑘𝜚(𝑎𝑘𝑥 + 𝑏𝑘 ) + 𝑑; sums add pieces: ≤ 𝑁𝑝.

1

Composition. If 𝑓 has 𝑝̃ pieces, 𝜚 ◦ 𝑓 has ≤ 𝑝𝑝̃: on each
piece 𝑓 is constant or injective.

2

𝐿 → 𝐿 + 1: R(Φ𝐿+1) = ∑
𝑘≤𝑁𝐿 (𝐴𝐿+1)𝑘𝜚(ℎ𝑘 ) + 𝑏𝐿+1, each

ℎ𝑘 an 𝐿-layer net: ≤ 𝑁 · 𝑝(𝑝𝑁)𝐿−1 = (𝑝𝑁)𝐿 pieces. ■

3
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Linear regions of a deep ReLU network

A random width-10 network R2 → R, one layer at a time; one colour per activation pattern. Below: R(Φ) along
the black line, the 1D count of Cor. 4.4. Then three regions are lifted out: convex polygons, R(Φ) affine on each.

Johannes Herter • ReLU Networks and Depth • Columbia University 27 / 31



4.3 Approximation of non-linear functions

Proposition 4.5 [11]

𝑓 ∈ 𝐶2([𝑎, 𝑏]) not affine. There is 𝑐 = 𝑐( 𝑓 ) > 0:
∥𝑔 − 𝑓 ∥∞ > 𝑐𝑝−2 for every piecewise affine 𝑔
with ≤ 𝑝 pieces.

Proof (the notes cite it; here in full): | 𝑓 ′′ | ≥ 𝜅 > 0
on some 𝐼, |𝐼 | = 𝜆; a piece of 𝑔 covers [𝛼, 𝛽] ⊂ 𝐼,
ℎ := 𝛽 − 𝛼 ≥ 𝜆/𝑝. With ℓ the chord of 𝑒 := 𝑓 − 𝑔
there, 𝑒 − ℓ vanishes at 𝛼, 𝛽 and |(𝑒 − ℓ )′′ | ≥ 𝜅, so
max |𝑒 − ℓ | ≥ 𝜅ℎ2/8; |ℓ | ≤ max |𝑒 | gives
∥ 𝑓 − 𝑔∥∞ ≥ 𝜅𝜆2

16 𝑝
−2. ■

Theorem 4.6

𝑓 ∈ 𝐶2([0, 1]𝑑) not affine, 𝜚 piecewise
affine with 𝑝 pieces. Every NN with 𝐿 lay-
ers and < 𝑁 neurons per layer has ∥ 𝑓 −
R(Φ)∥∞ ≥ 𝑐(𝑝𝑁)−2(𝐿−1).

Proof. A line 𝑥0 + 𝑡𝑣 on which 𝑓 is not affine
carries ≤ (𝑝𝑁)𝐿−1 pieces of R(Φ) (Cor. 4.4);
apply Prop. 4.5. ■
Remark 4.7. Fixed depth gives only polynomial
rates; Prop. 3.14 needs growing depth.
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Fixed depth against growing depth

Grey: the lower bound of Thm. 4.6 at fixed 𝐿 (𝑀 ∼ 𝐿𝑁2), polynomial in 𝑀. Navy: Prop. 3.14, 𝜀 = 2−2𝑁−2 at
𝑀 ≈ 48𝑁2: eventually below every fixed depth.
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Summary

ReLU networks represent linear finite
elements exactly (Prop. 3.2, Thm. 3.4): each
Courant element is a max-min of planes.

Compositions of a hat make 2𝑛 pieces with
𝑂(𝑛) weights (Prop. 3.6), and 𝑥2 is a sum of
sawtooths (Prop. 3.8): 𝑂(log2(1/𝜀)) weights
(Prop. 3.14).

Squares give products, powers, B-splines
and the rate 𝜀−𝑑/(𝑠−𝛿) for 𝐶𝑠 (Thm. 3.19).

Depth is necessary: compact support
(Prop. 4.1), pieces ≤ (𝑝𝑁)𝐿−1 (Thm. 4.3),
only polynomial rates at fixed depth
(Thm. 4.6).

Next lecture. How complex are sets of net-
works? VC dimension, matching lower
bounds, and the geometry of network
spaces.
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Thank you.
Johannes Herter
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