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Abstract. Discrete Beckmann Transport Models (DBTM) generate a sequence in one step: a time-
independent field on the probability simplex carries every point to a vertex, and the end point of
its flow is learned from data through a conservation equation. Their theory covers one simplex per
token and a linear schedule, the time at which a token is decided comes from a random-energy-model
heuristic, and the schedule itself is not derived. We develop the theory of Beckmann transport on
products of simplices with a separate schedule per block, which covers DBTM and coarse-to-fine
codes that write a token as a tuple of vertices of small simplices. We compute the field in closed
form; prove that for every block structure and every schedule the flow reaches the data in finite time
from almost every start, with mean hitting time at most one, and that the one-step map pushes the
prior to the data; prove a non-asymptotic two-sided commitment threshold and show that, in the
signal-to-noise scale, every commitment has the same Gaussian profile; show that the flow decides
the blocks in the order of their schedules for product-uniform data, and that the commitment
thresholds survive correlation with a logarithmic shift; and bound the distance of a learned one-
step sample from the data by its boundary error and conservation residual. In the time coordinate
log(—log(1 — ¢)) uniform training time is Gumbel distributed, which gives the schedule exponent
that maximises the training time spent on the decision in closed form; it places commitment near
t = 1—1/e for every vocabulary, while the linear schedule of DBTM commits later as the vocabulary
grows. In trained models on a synthetic language with 1,024 tokens this one-scalar change improves
DBTM in every comparison we ran: with refinement-in-loop training, the valid sequences after
eight evaluations rise from 51% to 72%. For the coarse-to-fine code we prove both its benefits and
its limits: no extra signal at matched energy, but a state that fits through a narrow input layer,
which the flat transport map provably does not. Trained at matched parameters, the coarse-to-fine
model resolves the coarse level and uses context better than flat DBTM, but remains behind it
after refinement; most of the loss comes from the block-level sampler, and a token-level commit rule
largely closes the gap to DBTM’s linear schedule at four evaluations.

1 Introduction

Large language models generate text one token at a time [12, 49]. Each token requires a full evaluation of
the network, conditioned on everything generated so far, so the time to produce a sequence grows linearly
with its length, and the computation cannot be spread across positions. This has motivated a long line of
work on generating many tokens at once, beginning with non-autoregressive translation [21] and continuing
with diffusion models for discrete data. In these models all positions of a sequence start as noise and are
refined jointly: masked and uniform discrete diffusion corrupt the tokens themselves [5, 29, 39, 42], while
continuous approaches embed tokens in a vector space and transport a Gaussian to the data, as in image
diffusion and flow matching [2, 22, 27, 44].

Parallel generation trades the sequential dependence on length for a sequence of denoising steps, and these
models usually need tens to hundreds of network evaluations to match autoregressive quality. A second line
of work therefore aims to compress the sampling process into a few steps or a single one, either by distilling
a trained sampler [9, 45] or by training a few-step or one-step map directly [8, 17, 24, 35]. Beckmann
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Figure 1 Beckmann transport on a product of simplices. Top left: the exact autonomous field (Proposition 3.3)
on the coarse-to-fine state space A2 gor X A2 of @ nine-word vocabulary, the 3-3 duoprism, drawn through a linear
map from its four-dimensional affine hull to R®; streamlines are first drawn into the word triangle of a cluster (violet)
and only then resolve a word. Top right: the coarse-to-fine interpolant towards x1 = network; it commits to the
cluster at t1 and to the word at t5 (Theorem 4.5), and the transport map sends every point on it to x1. Bottom:
Monte Carlo posterior entropy H(x1 | I)/logV of a flat DBTM token (one schedule) and of the three levels of a
coarse-to-fine code, with the commitment times of Theorem 4.5 as dotted lines. The flat curve is plotted at the same
per-coordinate noise without matching the signal energy per token; Proposition 4.2/ explains why this comparison
favours the hierarchy.

transport belongs to the second group: it replaces the time-dependent velocity of flow matching by a single
time-independent field and learns the end point of its trajectories from a conservation equation, without a
teacher [25]. This paper is about one specific question in that setting, namely how the representation of a
token, and the schedule with which each part of it is resolved, shapes the field, the one-step map and its
training.

Continuous generative models on the probability simplex embed each token of a sequence as a vertex
of AV~1 and transport a Gaussian prior to the vertex configurations of the data [14, 16, 24, 46]. Discrete
Beckmann Transport Models (DBTM) [47] build on the autonomous flows of Beckmann transport [25]: they
average the flow matching velocity over interpolation time, obtain a time-independent field b, and learn the
one-step map T that sends every point to the endpoint of its trajectory. The map solves the conservation
equation b - VI = 0 with T' = id on the data, and the residual of this equation can be minimised directly
from data, without distilling a teacher.

Three parts of DBTM are not yet backed by theory. Its convergence theorem covers equal simplices and
the linear schedule only. The time at which the interpolant commits to a vertex, which decides when the
anchor loss is switched on, is derived from the random-energy model in the limit V' — oo [47, Thm. 4.1].
And the schedule is linear by choice; nothing says how much of the training distribution this spends on the
decision that matters, which at language-model vocabularies (V ~ 5 - 10%) is a single late phase transition.
A fourth point is structural: each position carries a V-dimensional state, read by a network through a layer
much narrower than V. Language, by contrast, has coarse structure that can be decided before the exact



word [11, 31], and diffusion models are known to resolve hierarchical structure in stages [6, 40].

We develop the theory on products of simplices with a separate schedule per block. This covers flat

DBTM, and it covers the simplest way to give DBTM this coarse structure: code each token as a tuple of
vertices of small simplices and give every level its own schedule. Our contributions are:

1.

The field on products of simplices. A hierarchical code places each position on [], AU~ with
ambient dimension ), vy, instead of V' (as small as eln'V', Proposition 3.5). The field is explicit (Proposi-
tion 3.3); every block relaxes towards a point of its own simplex at the rate ap M (x), with one scalar speed
M shared by all blocks (Lemma 3.6), and the product of simplices is forward invariant (Proposition 3.4).

. Convergence for every schedule. For unequal blocks and every exponent aj, > 0 the flow is absorbed

at the data in finite time for almost every start, with E7 < 1; the one-step map pushes the prior to
the data and solves the conservation equation on an open set of full measure (Theorems 3.7 and 3.8).
DBTM'’s theorem covers equal simplices and the linear schedule only.

Sharp commitment. The posterior mass of the true vertex tends to one once the signal-to-noise
ratio exceeds /2log(n — 1) by a margin and to zero below it, with explicit probabilities for every n
(Theorem 4.2), which replaces the random-energy-model heuristic of DBTM [15, 47]. Levels commit at
t] < --- <t} (Theorem 4.5), and with correlated levels and positions the thresholds shift by the logarithm
of a bounded odds ratio (Section 4.5).

. The flow is coarse-to-fine. The flow carries exactly the prior noise ay(t)xo of the interpolant (Theo-

rem 4.7), keeps the order of every block’s coordinates, so that the one-step map is the blockwise argmax for
symmetric data (Theorem 4.9), and with exponent staggering resolves the coarse block of every position
first (Corollary 4.13).

Learning. The DBTM loss splits over blocks and its fixed points solve the conservation equation (Proposi-
tion 5.1); the Wasserstein distance of the learned one-step sample from the data is at most the boundary er-
ror plus the conservation residual (Theorem 5.2 and Corollary 5.3); level-wise anchoring is Bayes-consistent
after each level’s threshold (Proposition 5.5).

A schedule rule for DBTM. Every commitment has the same Gaussian profile in the signal-to-noise
scale (Theorem 6.1). In the coordinate log(—log(l — ¢)) uniform training time is Gumbel distributed,
the exponent of a schedule moves its commitment window and the prior scale sets its length (Proposi-
tion 6.2), and the exponent that maximises the training time spent on the decision is explicit (Theorem 6.3
and Corollary 6.4). It commits near t = 1 — 1/e for every vocabulary. In training it improves DBTM in
every comparison we ran (Table 2).

Benefits and limits of a coarse-to-fine code. At matched signal energy the finest level needs as
much signal as a flat token (Proposition 4.24). Staggering the levels is an interval-packing problem
with an explicit solution (Proposition 6.5). A linear input layer of rank r delays commitment to p =~
Sn/n/r (Theorem 6.7) and hides the flat transport map, which puts a floor under the boundary error
plus conservation residual of every flat model for product-uniform data; the coarse-to-fine state fits through
the layer (Theorem 6.8 and Corollary 6.9).

Experiments. Exact computations check the threshold, the staggering and the fields (Section 7.1).
Trained at matched parameters, the coarse-to-fine model resolves clusters and uses context better than
flat DBTM but loses after refinement. Most of the loss comes from the block-level sampler; a token-level
commit rule brings it level with flat DBTM under the linear schedule at four evaluations, while flat DBTM
with a* stays ahead (Section 7.2). At V = 50,257 the coarse-to-fine state makes a training step 2.5x
faster with 3x less memory (Table 4).

The trained experiments use a synthetic language with known likelihood; Section 9 discusses what they do
not show.

A running example. We illustrate the construction with a vocabulary of nine words in three clusters: {flow,
stream, current}, {map, chart, atlas} and {model, network, graph}. Flat DBTM represents each word by a
corner of the simplex A%, and the corners are equivalent: stream is as far from current as from atlas. A
two-level code writes each word as a pair (cluster, word within the cluster), so that network becomes (3,2),



and represents it by a corner of A% x A2, the 3-3 duoprism of Fig. 1. The first coordinate of the code carries
the topic of the word and the second the word itself.

Roadmap. The results build on each other as follows. Convergence, the order of the levels and the min-
imiser of the training loss are all statements about the field b, so Section 3 first computes it in closed form
(Proposition 3.3). The one-step map is the end point of a trajectory and exists only if almost every trajectory
reaches the data; DBTM proves this for equal simplices and the linear schedule, and Theorem 3.8 proves
it for every block structure and every exponent. Section 4 then locates the time at which the interpolant
commits to a symbol, for one simplex (Theorem 4.2) and level by level (Theorem 4.5), because these times
fix when the anchor may be switched on and how the schedules should be chosen. Samples are produced by
the flow and not by the interpolant, so Section 4.4 shows that the flow resolves the levels in the same order;
and since in a real code the word depends on its cluster and neighbouring tokens depend on each other,
Section 4.5 shows that the thresholds survive correlation with a logarithmic shift. Section 5 links the loss to
the samples: Theorem 5.2 bounds the distance of a one-step sample from the data by the boundary error and
the conservation residual, and the commitment times become rules for level-wise anchoring (Proposition 5.5)
and for the share of training each level receives (Proposition 5.6). Section 6 derives the commitment profile
and the schedule rule, and separates what the hierarchy can buy from what it cannot: every commitment
has the same Gaussian profile (Theorem 6.1), uniform training time is Gumbel distributed in a logarithmic
coordinate, which gives a closed-form schedule rule (Corollary 6.4), and a linear input layer of rank below V
hides the flat transport map but not the coarse-to-fine one (Theorem 6.8). Section 7 checks the exact state-
ments numerically, trains flat and coarse-to-fine models, and measures the cost of a training step. Complete
proofs are in the appendix, and each opens with a short paragraph that states what has to be shown and
why the chosen route fits.

2 Preliminaries

Sequences on the simplex. Let V = {1,...,V} be a vocabulary and = = (z!,...,2%) € V¥ a sequence.
Embedding token x‘ as the vertex e . of AV~ = {p ¢ R‘;O : 1"p = 1} places a sequence on the vertex set
M ={ey,...,ey}r C (AV~HE of the product of simplices. The data distribution j; is atomic on M;; the
prior is pp = N(0,02I) on the ambient space (RV)L.

Stochastic interpolants and the autonomous field. With g ~ pg and x; ~ p; independent, the inter-
polant is Iy = a(t)xo + (1 — a(t))x; with a(0) =1, a(1) =0 [2, 3]; DBTM uses a(t) = (1 — )%, a > 1. The
autonomous field of Beckmann transport [25, 47] averages the velocity over interpolation time:

b(x) = Eizpe, I | I =],  t~U[0,1], (1)

and defines the autonomous ODE X, = b(X,), X, = . Averaging over ¢ gives b = fol weby dt/ fol e dt and
V -3 = po — 1 for the current j = fol ueby dt [47, Prop. 3.1].

The difference from flow matching is that b has no time argument. Flow matching learns, for every ¢, the
velocity of the interpolant at time ¢; the autonomous field instead averages the velocities of all noise—data
paths that pass through «, over all times at which they do so. A sample is obtained by starting at a prior
draw and following b until the trajectory stops, without a time schedule.

Convergence and the transport map. For the linear interpolant (¢ = 1) and any prior with a continuous,
strictly positive density, the autonomous flow is absorbed at a vertex configuration in finite time 7(x) [47,
Thm. 3.1]. The one-step map T'(x) := lim,_,,(5) Xs(x) pushes pg to p1, is idempotent, and is the unique
solution of the conservation equation

Jr(x)b(x) =0 (x ¢ M), T(x)=z (xzecM), (2)

where Jr(z) € RP*P is the Jacobian matrix of T [47, Prop. 3.2].

Since two points on the same trajectory have the same end point, T' is constant along trajectories, and
its derivative in the direction of b vanishes; this is Eq. (2). The equation involves T and its Jacobian at
a single point, so its residual can be evaluated on samples of the interpolant without integrating the flow,
which is how DBTM trains without a teacher.



Training and refinement. DBTM regresses Ty onto a stop-gradient copy of itself advanced by an Euler step
of Eq. (2), Liransport = E||To(I;) — sg(To(Iy) + I, (It)jt)||2, adds boundary, semigroup and anchor losses,
and refines samples by committing confident positions and renoising the rest [47, Secs. 4-5]. Its anchor is
switched on after the commitment time t* = 1 — (1+0+/2log V)~/%, derived from the random-energy model
[15] in the limit V' — oo [47, Thm. 4.1].

In the flat construction all decisions about a token are made at t*. Before it, the posterior of the endpoint
is spread over many tokens, including tokens that a coarse description of the data would already rule out;
after it, the token is fixed. A coarse-to-fine code, one of the cases covered by the next section, changes this
behaviour.

3 Beckmann Transport on Products of Simplices

The construction changes only the space in which a token lives. A token becomes a tuple of corners of small
simplices, one for each level of a code, and each level is given its own interpolation schedule. The field, the
conservation equation and the loss are then defined exactly as in DBTM.

3.1 Hierarchical codes and per-level interpolants

Definition 3.1 (Hierarchical code). A hierarchical code of depth K is an injective map v : V —
ngl[vk], w = (M (w),..., ) (w)), with [],vx > V. Level k = 1 is the coarsest. Token w at
position £ is embedded as the stacked vector (€.a)(y), - - - €utx) (w)) € [T, A7

In the running example K = 2 and v; = vy = 3, s0 a token is a pair of one-hot vectors with six coordinates
in total instead of nine. For V' = 50,257, three levels of 37 symbols suffice, and a token has 111 coordinates.
The results below hold for any injective code; how the code is obtained, for example by clustering token
embeddings, does not enter the theory.

A state is @ = (@“*) e ke(k] With blocks % € R"*, in the ambient space RP, D = LY, v A data
configuration is a multi-index § = (jo,x) € J = [I, x[vi] with vertex e; = (e, )er € RP, and the data
manifold is M; = {e; : j € J}. The data distribution is i, = > Mjde;; configurations not in the image of
v get m; = 0.

Assumption 3.2 (Coarse-to-fine interpolant). Each level has a schedule ay(t) = (1 — )% with
aj, > 0 and a prior scale o), > 0. With A(t) = diag(ay(t)L, )e,r and B = diag(o7 Ly, ek, let t ~ U[0, 1],
xo ~ N(0,X) and x; ~ p1 be independent and

I = A(t)zo+ (I— A(t)zy, ie.  IMF=ap)ah™ + (1 — ap(t))zt™. (3)

The autonomous field b is Eq. (1) for this interpolant.

A level with aj > 1 loses its prior noise early and is therefore decided early; with a; < 1 it keeps its noise
longer. A larger exponent for the coarse level, or a smaller prior scale o with a common schedule, makes
the cluster of a token identifiable before the word. The two options behave differently during training, as
Proposition 5.6 shows.

Flat DBTM is the special case K = 1. Two ways to stagger the levels will matter: different exponents
a1 > -+ > ax with a common o, and a common linear schedule a; = 1 with different scales o.

3.2 The exact autonomous field

Every later statement, from convergence to the minimiser of the training loss, is a statement about b, so we
need it in a form that can be analysed and evaluated. Given the time and the endpoint, the interpolant is



Gaussian with an explicit density, so the conditional expectation in Eq. (1) becomes an integral against the
posterior of the pair.
For t € (0,1) and 5 € J let p(zx | t,7) be the density of I; given t and x; = e;,

N —vg /2 ”mE,k - (1 - ak(t))ejz,k ”2
ple 11,9) = T mantoy’ed) ™ esn( - =), (@)

and let w;(t,z) := mjp(x | t,5)/q(x) with ¢(x) = fol >_;mip(x | s,7)ds be the posterior density of
(t,z1 = e;) given I = x.

Proposition 3.3 (Exact field). Under Assumption 3.2, for every x ¢ M the integrals below converge,
and block (¢,k) of the autonomous field is

0,k _ ! . Ak ik
bk () /Oij(t,w)l_t(enk zF) dt. (5)

JjeJ

The field is C> on RP \ M;.

The weight w; (¢, x) is the posterior over the time and the endpoint; the factor ap/(1 —t) = —du /oy is
the speed of level k. A level with a larger exponent aj is pulled harder at every t; this is the mechanism
behind the coarse-to-fine streamlines of Fig. 1.

Each pair of a time ¢ and a data configuration j that could have produced x contributes in proportion
to its posterior weight, and pulls every block towards the corresponding corner. For small vocabularies the
integral can be evaluated numerically to high accuracy, and all field plots in this paper are computed from
Eq. (5) in this way rather than learned.

Before asking where trajectories end, we need to know where they can go. The convergence proof and the
order results below rely on two facts about the geometry of b: which corners attract a block, and whether
the flow can leave the product of simplices.

Proposition 3.4 (Structure of the field). Forxz ¢ M, define the nonnegative coefficients cf’k(w) =
Jo e sonmi Wit @) 5 dt, i € [vi], and C4F (@) := 3, ¥ (). Then:
(i) Convex pull: b“*(x) = S ¥ (x) (e; — xbF).
(i) Hull attraction: along any solution of X, = b(X,) in RP\ My, the quantity h®*(s) := 1T X4k -1
satisfies hF = —C%*(X,) h®*; in particular |h“*| is nonincreasing and the affine hull {17 x** =
1 Ve, k} is invariant.

(iii) Forward invariance: if @ € P =[], A=l x ¢ My and xf’k =0, then bf’k(m) = cf’k(a:) > 0.
Hence b(x) lies in the tangent cone of P at x, and every solution started in P\ My stays in P
while it exists.

Part (i) says that a block is only attracted by corners of its own simplex. Part (ii) says that the flow
returns to the affine hull of the simplices from any starting point, at a rate proportional to ax, and part (iii)
that it does not leave the product of simplices once it is there. The state can therefore be read as a tuple of
probability vectors over the symbols of each level along the whole trajectory.

Proposition 3.5 (Ambient dimension). A hierarchical code with [ [, vii =V has ambient dimension
LY vk > LEKVYE per sequence, with equality iff vi, = VX for all k. For V. > 2, over real K > 0,
KVYE s minimised at K =1nV with value eln'V.

For GPT-2’s vocabulary (V' = 50,257) the bound is elnV = 29.4 coordinates per position; the integer
code K = 3, vp = 37 (372 = 50,653 > V) uses 111, against 50,257 for flat DBTM.



The input and output layers of the map, and the Jacobian—vector product in the transport loss, scale
with this number; Table 4 measures the effect on the cost of a training step.

3.3 Convergence for every schedule

The one-step map is the end point of a trajectory, so it is only defined if trajectories end. DBTM proves
that they do for one simplex per token and the linear schedule. Neither the restriction to equal blocks nor
the restriction to a = 1 is innocuous here: for ay > 1 the schedule oy has vanishing derivative at ¢ = 1, and
a level could in principle approach its corner too slowly to reach it. We first rewrite the field in a form that
separates a common speed from the level rates.

Write M| :={e; : m; > 0} = supp 1 and Q :=RP \ M. For z € Q let

! w;(t, _ 1 ! w;(t,
M (z) ::/0 zj:l(_t)dt, Pl (z) = M(x)/o ;Uem dt. (6)

M is a posterior average of the inverse remaining time 1/(1 —t), and p“*(x) € AU~ is the posterior mean
of the level-k symbol at position ¢ under the same tilted posterior.

Lemma 3.6 (Common speed). The field of Proposition 3.3 is C*® on Q, 1 < M(x) < co there, and

b"F(x) = ar, M(z) (p"F(x) — z“F) (xeQ). (7)

The rate at which block (¢, k) approaches its target is ap M (x), a level-independent factor times the level
exponent. Near a data point M grows like the inverse distance to it (Lemma B.4), and this growth is what
makes the hitting time finite.

All blocks share one scalar speed M and relax towards a point of their own simplex at the level rate a.
In the time ¢ with dg¢ = M (X,)ds the flow reads dz**/ds = ax(p** — x**), and the original time is finite
iff [ dg/M < oco. Near a vertex ej« € M{ we measure the distance by

V(@) = max [@"* — ez ||, 8)

which weighs each level by its own schedule. Let N := L), avy as in Lemma B.3.

The proof of convergence has a local and a global part. Locally, a trajectory that comes close to a data
point must be absorbed in finite time, although dy(t) — 0 as t — 1 when a; > 1; globally, almost every
trajectory from the prior must come close to some data point.

Theorem 3.7 (Local absorption). Let ej« € M{. There are constants ¢ € (0,1) and 0 < ¢ < C,
depending on mj«, (ak, ok, V) and L, such that for every oy with 0 < Vi« (xo) < e:
(i) the solution of X, = b(Xy), Xo = xo, stays in {Vj« < e}, s = V;.(X,) is strictly decreasing,
and X — ej« at a finite time 7(xo);

(i) if N > 1, then V(zo) — C's < V(X,) < V(@o) — ¢s for s < 7(x0), where V = Vj+; hence
Vi (x Vi (z ‘
o) ooy < B@)xo < Ot - ).

The schedule exponent therefore does not slow absorption down: the time average in Eq. (1) produces
the speed M =< 1/Vj«, which blows up at the vertex. By Eq. (9), in the last stretch before absorption a level
with a larger exponent is polynomially closer to its vertex than a level with a smaller one.

Theorem 3.7 settles the last stretch of a trajectory. For the global part the proof does not follow single
trajectories; it works with the current ¢ b, whose divergence pg — 1 (Section 2) already records that mass
leaves the prior and arrives at the data (Appendix B.6).



Theorem 3.8 (Convergence and transport). Under Assumption 3.2, with any ay, > 0, o > 0 and
sizes v > 2:

(i) for uo-almost every x the solution of X, = b(X,), Xo = x, reaches M{ at a finite time 7(x),
and Eqy7(@)] < 1;

(ii) the set A :={x € Q: 7(x) < 0o} is open and has full Lebesque measure, and the map T(x) :=
lim gy (2) Xs(x) ds locally constant on A; in particular T € C*(A) and Jrb =0 on A;

{59 g = o
(iv) (occupation) for every Borel ¢ > 0, Egrp, fOT(w) P(Xs(x))ds < [op pgda.

Numerically the bound E7T < 1 is attained: integrating the exact field from 1,000 prior samples gives
E7 = 1.000 4 0.014 on A? and 1.005 & 0.004 on A? x A! (Remark E.2).

Theorem 3.8 contains flat DBTM (K = 1) as a special case and holds for every exponent aj > 0, so it
covers both exponent and noise staggering. It does not claim absorption for every starting point (the field
has stationary points, e.g. at symmetric configurations), and it does not address uniqueness of solutions of
the conservation equation Eq. (2); it shows that the one-step map exists, transports po to p, and satisfies
Eq. (2) on an open set of full measure.

For any block sizes and schedules, the map that DBTM learns is therefore well defined on almost all of
the space, transports the prior to the data, and satisfies the conservation equation, and the mean hitting
time is bounded by one. The bound on the occupation time in (iv) is used again in Theorem 5.2.

4 When Does the Interpolant Commit?

We say that the interpolant has committed when the posterior probability of the true endpoint given I, is
close to one. The commitment time matters in two places: DBTM switches on its anchor loss after it, and
its refinement sampler commits positions whose prediction is confident. We first describe the posterior, then
locate the commitment time for a single simplex, then for the levels of a code, and finally show that the flow
resolves the levels in the same order.

4.1 Factorisation of the posterior

Commitment is a property of the posterior of the endpoint given I;. For a code this posterior lives on
J = He’k[vk], and it can be studied one simplex at a time only if it factorises; the next proposition says
when it does.

Proposition 4.1 (Factorisation). Fiz t € (0,1). If u; = ®é7k ,ui’k factorises over positions and
ok _
—

levels, then the posterior of the endpoint given I, = x factorises: P(x1 = e; | It = z,t) =[], , P(z

€or | Itl,k = xb* t). If moreover uﬁ’k is uniform on [vg], each factor is a softmax with inverse
temperature i (t) = (1 — ax(t))/(ax(t)?0}):

exp(Bi(t) #y")
S0k exp(Br(t) 23")

[P’(:L’ﬁ’k —e; | Ité,k _ :I:e’k,t) _

(10)

The factorisation holds at fixed ¢. The autonomous field mixes over ¢ (Proposition 3.3) and does not
factorise in general, because all levels share the same interpolation time.

4.2 A sharp commitment threshold

The anchor and the schedule rules below need the commitment time of blocks with a few dozen vertices,
where a formula derived in the limit V' — oo gives no control of the error. We therefore prove two-sided



bounds that hold at every n, starting from an exact expression for the posterior mass of the truth.

Consider one block: a simplex with n > 2 vertices, uniform prior over vertices, true vertex e;+, prior
scale o and schedule value a = a(t) € (0,1). Writing I; = (1 —a)e;« +aog with g ~ N(0,1,), the posterior
mass of the truth is a function of g and of the signal-to-noise ratio p := (1 — «)/(ao) only:

1
L4+ Y exp(p(g5 — gi0) — %)

T (11)
(Lemma C.2). Let m =n — 1 and s, = /2logm.

In Eq. (11) the true vertex has an advantage of p? in log-odds over each competitor, and competitor j
has the random score p g;. Commitment occurs when the advantage exceeds the largest of the n — 1 scores.
Since the maximum of m independent standard Gaussians concentrates at y/2logm, this happens when p
crosses Sp. Theorem 4.2 turns this heuristic into two bounds that hold for every n.

Theorem 4.2 (Sharp commitment threshold). (o) Commitment above the threshold. For all
u, v’ >0 and p > s, + 2u,

]P’(l —m <exp(u' —p(p—sn — QU))) > 1—2e%/2 _ v, (12)

(b) No commitment below the threshold. For allu > 0, h € (0,s,) andn >0 with p < s, —h—u—n,

s, —h esnh—h2/2

T 1+ Gn-h? on

P(W* < e—pn) > 1- 6_u2/2 - e—An(h)7 An(h)

(13)

Above the threshold the error 1 — 7, decays like e ?(P=57): below it, 7, itself is exponentially small in
p. The transition window has width of order one on the p scale while s,, grows like y/logn, so relative to its
location the transition becomes sharp for large vocabularies. DBTM derives the location in the limit V' — oo
from the random-energy model; the theorem gives it with explicit failure probabilities at finite n.

In the proof (Appendix C), part (a) bounds the sum in Eq. (11) from above by a truncated first moment,
and part (b) bounds it from below by its largest term, which is where A, (h) comes from.

Corollary 4.3 (Asymptotic sharpness). Let n — oo and fir e € (0,1), ¢ > 0. If pp > (1 +¢€)s,
then m, — 1 in probability; if ¢ < p, < (1 —¢€)s,, then my — 0 in probability.

Corollary 4.4 (Commitment time). For a(t) = (1—1t)® the signal-to-noise ratio p(t) = ((1—t)"%—
1)/o is a strictly increasing bijection [0,1) — [0, 00) with inverse t(p) = 1 —(1+0op)~/. The threshold

p = Sy, 18 crossed at
t*(n,a,0) =1 — (1+0\/2log(n — 1)) /*, (14)

which is increasing in n and o and decreasing in a. By Theorem 4.2 the interpolant has committed with
high probability for t > t(s, + 2u + 6) and has not committed for t < t(s, —h —u—mn).

Equation (14) is the DBTM formula [47, Thm. 4.1] with log V' replaced by log(n — 1), which agrees to
leading order. Theorem 4.2 adds the two-sided, finite-n guarantee and the width of the window: in the p
scale the transition has width O(u + h) with failure probabilities e~v’/2 and e~ MM while s, itself grows
like v/Togn, so the window becomes relatively sharp only slowly (Fig. 3).

4.3 Staggered commitment

A code is useful only if its levels become identifiable at different times. With product-uniform data, Proposi-
tion 4.1 reduces every block to the single-simplex setting, so Theorem 4.2 applies block by block with n = vy,



and p = pi(t), and what remains is to order the resulting thresholds.

Theorem 4.5 (Staggered commitment) Assume p1 = @), 5, Unif([vg]). For each block (¢,k) the

posterior mass of its true verter, " (t), has the law of Eq. (11) with n = vy, and p = pi(t), where

pr(t) = L=ar®) " ond the blocks are independent. Consequently Theorem 4.2 holds for every block with

ag(t)or’
its own threshold
1 =1— (1+ox/2log(vg — 1)) /™, (15)
and, by a union bound, all L positions of level k satisfy Fq. (12) simultaneously with probability at least
1-— L(2e*“2/2 + e’“/), If ok +/2log(vi, — 1) is nondecreasing in k, ax > ag > --- > ag and v > 3 for
k>2, thenty <t5<--- <t}.

Each block competes against vy — 1 rather than V' — 1 alternatives, and on its own schedule. In the
running example, the interpolant towards network commits to the cluster {model, network, graph} at t} and
to network within it at ¢35 > ¢7.

Corollary 4.6 (Staggering through the noise scale). With linear schedules ax, = 1, vy, > 3, and
scales such that oysy is strictly increasing in k, where s = /2log(vg — 1), the levels commit at the
strictly increasing times t; = orsk/(1+ ogsk)-

4.4 The flow inherits the level schedules

The results above concern the interpolant, which defines the field and the training distribution, whereas
samples are produced by the map, that is, by the flow. Since the field averages over ¢, the ordering of the
levels along the interpolant does not automatically carry over to the flow. This subsection shows that it
does.

Theorem 4.5 concerns the posterior along the interpolant. We now show that the autonomous flow itself
carries the level schedules with no assumption on the data for the exact part. By Lemma 3.6 every block is
pulled towards a point p k of its own simplex at the rate akM ( , Wlth one scalar M shared by all blocks.
Along a solution X, of X, = b(X,) define the flow time (s = [y M(X,)dr and Z(<) := Xy

Theorem 4.7 (Noise memory of the flow). Under Assumption 3.2, let zo ¢ My and let X,
s €[0,5), be the maximal solution of X, = b(X) in RP\ My. Then s is a C* increasing bijection of
[0,.5) onto [0,Smax), and for every block and every ¢ € [0, Smax)

Z () = Me(9) 26" + (1= Xe(9)) 45 (6),  Muls) =e ™ = ap(l —e™), (16)

with y**(c) € Avs=L. If 1T33€’k % 1 for some block, which holds almost surely under ug, then ¢umax = 00;
the solution never reaches My in finite flow time, and dist(Z%*(c), Av+=1) < A, (g)(||a:€k|| +1) =0 for
every block.

In the flow time ¢, each block is a convex combination of its initial value and a point of its simplex, and
the weight of the initial value is e~  which is ay(t) at t =1 — e~°. The flow thus removes the prior noise
of each level at the rate of that level’s schedule, for any data distribution.

At flow time ¢ the state is the interpolant formula with a point y of the polytope in place of the data
and with exactly the prior noise ay (t)mg’k that the interpolant carries at the common time ¢t =1 —e~°. The
flow therefore removes the prior noise of the levels on the schedules «a; themselves.
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Corollary 4.8 (Level-wise denoising along the flow). In the setting of Theorem 4.7: (i) A\, =
)\Zf/a’“' for all levels; when a level with exponent a. retains a fraction e of its prior noise, a level with
exponent ay < a. retains the larger fraction gas/ae, (ii) The ratio of the simplex part to the residual
noise, pr(s) = (1 — A\x)/(Akok), equals pi(1 — e™°); it crosses the threshold s, of Theorem 4.2 at the
flow time

. In(1+0k/2log(vx — 1))

SH= o = —1In(1 —t3), (17)

so the levels cross their thresholds along the flow in the same order as along the interpolant (Theo-
rem 4.5).

Theorem 4.7 holds for any data distribution, but it does not say which vertex a block approaches; the
point y*¥ is an average of the targets p©*. For symmetric data the decision is fixed at the start.

Theorem 4.9 (The flow keeps the order of the coordinates). Fiz a block (¢, k) and symbols
i #14', and assume that py is invariant under exchanging the symbols i and i’ at block (¢, k). Then the
hyperplane {xf’k = xf}k} is invariant under the flow, and along every solution in RP \ My the sign of
Xff — Xff, is constant. If p1 = @, . Unif([vg]), then for po-almost every xo: (i) the strict order of
the coordinates of every block is preserved, so iy, := argmax; xé’f is the largest coordinate of X%* for
all s; (i5) pPF(X,) and y“* () have their largest coordinate at i7 s (1) if X5 converges to a point of
My, the limit is (ei,ﬁ,k)Lk' In particular, wherever the transport map exists it is the blockwise argmaz,

T(xo)"* =e &, which pushes g to .

o8

arg max,; Zg

The proof uses only symmetry: exchanging 7 and i’ maps the field to itself, so the hyperplane {xfk = xf}k}
is invariant and, by uniqueness of solutions, no trajectory crosses it. For product-uniform data this makes
the one-step map explicit, and Theorem 6.8 uses this description to show what a narrow input layer cannot
compute.

The order in time is controlled by the noise memory. Let €, := e;; , let ¢f ) :=inf{c: 1 Z5% (<) —erll <
e} be the flow time at which block (¢, k) arrives within e of its vertex, and let

Ky = /000 ay, e+ Hﬁz’k(Z(g)) — eZkH ds €0, <] (18)

measure how fast the target of the block commits to that vertex, relative to the schedule of the level.

Theorem 4.10 (Arrival times). Assume u1 = @, Unif([vy]) and let o satisfy the almost-sure
conditions of Theorems /.7 and 4.9. For every block and every ¢ > 0,

1Tal* — 1]

k(<) Jor

0,k
< Z5%6) = el < () (lz™ — e ell + Ker)- (19)
Consequently
1. [1Txsh -1
ni_~o — -l
Qg EA/Vk

and if, for two levels ¢ and f of the same position, the upper bound for c is smaller than the lower
bound for f, then block (£,c) arrives within e of its vertex strictly before block (¢, f), both in flow time
and in the original time s.

1 |leg® - e il + Kok }
)

< §Zk < max {0, a—ln (20)
k

€

The lower bound in Eq. (20) is unconditional. The upper bound is informative when Ky j, < oo, i.e. when
the target p** commits faster than the schedule e~?<; then the arrival flow time of level k is é In % +0(1) as

11



e — 0, and the arrival flow times of exponent-staggered levels separate by the factor a./as. Noise staggering
(ac = ay) separates them only by the additive amount 1 In(oy/0.) + O(1).

Corollary 4.11 (Probability of coarse-before-fine arrival). In the setting of Theorem /.10, fiz a
position £, levelsc# f, e >0, R> 0, r>¢e,/vf and K > 0. If

ae In(R+1+ K)/e)
af In (T/(sﬁ))

2
then P(sf, < <5;) = 1— %% p(g,, > k).

- /2Ty oy R?

(21)

The local analysis of Section 3.3 shows that K, < co for product-uniform data.

Proposition 4.12 (The targets commit fast). Assume u1 = @), Unif([vg]) with all vy > 2. For
to-almost every xo, K < oo for every block. More precisely, along the trajectory there are ¢; > 0
and C < oo with V- (Z(s)) < Ce™ and ||p**(Z(s)) — el < Ce=Ns for ¢ > <1, where ej» = T(xg)
and N = LY, axvr > 2amax-

Corollary 4.13 (The flow resolves coarse levels first). Assume p1 = @, Unif([vy]) and ac > ay
for two levels ¢, f. For ug-almost every xg there is eo(axg) > 0 such that for every e € (0,e9) and every
position £, block (¢,c) comes within € of its vertex strictly before block (¢, f), in flow time and in the
original time s. Moreover, in Corollary 4.11 P(Ky. > K) — 0 as K — oc.

This is the flow-level counterpart of Theorem 4.5. It is visible in Fig. 4, where particles first collapse onto
the cluster edges and then move along them to the words.
Remark 4.14 (Scope). Theorem 4.7 and Corollary 4.8 hold for any data. Theorem 4.9, Proposition 4.12
and Corollary 4.13 use the symmetry of product-uniform data; for correlated data the decision of a block
is not fixed at time zero, and we do not have an ordering result. Noise staggering (a. = ay) separates the
arrival times only by an additive %ln(a 7/o¢) + O(1), so Corollary 4.13 does not apply to it; numerically it
orders the levels in 76% of trajectories (Appendix C.10).

4.5 Correlated data

The previous results assume that levels and positions are independent. In language the word depends on its
cluster, some code combinations never occur, and neighbouring tokens are dependent. The threshold survives
these correlations, with a shift that depends on how strongly the context can change the odds between two
symbols.

Theorem 4.5 assumes that the data factorise over positions and levels. Real codes violate this twice: the
fine symbol depends on the cluster (and some code configurations are unused), and positions are correlated.
We now remove the assumption. Fix ¢ and a block B = (¢, k) with n = vy vertices, & = ay(t), o = oy,
p = pi(t) and B = By(t). Write a configuration as j = (i,0) with i = j; x the symbol of B and 0 = j_p
the symbols of all other blocks (the context), 7(i,0) := 75, wp(i) := Y, 7(i,0), and for contexts o of
positive mass 7 (i | 0) := m(i,0)/ >, 7(i',0) and S(0) := {i : w(i,0) > 0}. Let ¢* be the true symbol and
g:=z"/o ~N(0,1,), s0 I'* = (1 — a)e; + aog.

A weighted threshold. Correlation enters the posterior of B only through positive weights on the competi-
tors. We first extend Theorem 4.2 to weighted sums.

12



Theorem 4.15 (Weighted commitment threshold). Let g ~ N(0,1,), J C [n] \ {i*} with m =
|J| > 1, weights w; € (0,00) for j € J, and

(22)

Y, = ij P95 =9i%)=p" T, =
JjeJ
Let w := % Y ies Wi and i1 = y/2logm.
(a) For all u,u/ > 0 and p > spi1 + 2u: P(1 —m < By < wexp(v/ — p(p — Smg1 — 2u))) >
2 /
1—2e /2 —e ¥,
(b) For every J' C J with m’ := |J'| > 2 and W := minjcy w;, and all u >0, h € (0,8m/41), 7 >0
with p < Spyr41 —h—u—n: IP’(T(* < efp"/uA/) >1— e~ /2 _ =N (h)

The same holds conditionally on any o-algebra F independent of g, with F-measurable weights.
For w; = 1 this is Theorem 4.2. The weights shift the threshold only logarithmically: wePP=9) =1 at
puw = 3(s+/s2 +4logw) = s + lo‘gT“j +0(s73).

Side information. For general p; the posterior of block B is exactly of this form.

Theorem 4.16 (Commitment with side information). For an arbitrary data distribution pq, let

L(o) = HB/#B exp (ﬂB/xfI;,), where Bg: is the inverse temperature of block B’ and x = I;. For
j€Sp:={i:mp(i) > 0},
P(er =j | I) 2 >, (4 0)L(0)
log —————= = i—gix) — p°+ A A i=log S——"—"=, 23
g P(Jf,k _ l* | It) p(g] g ) p J J g ZO’/T(Z*; O)L(O) ( )

and P(jee = j | It) = 0 for j ¢ Sp. The offsets A; are measurable with respect to F_p :=
o(xy, (w(]f/)B/#B), which is independent of g. Hence Theorem /.15 applies conditionally on F_p with
J=8Sp \ {i*} and w; = e®i.

The dependence of block B on all other blocks and positions is thus summarised by one offset per
competitor, which enters Theorem 4.15 as a weight. The proof is Bayes’ rule at fixed ¢: the likelihood of
each block is proportional to €?%:, and summing over the contexts produces Aj.

Two ways of bounding the offsets cover the cases of interest. The first treats the context as a whole; the
second marginalises a set F' of strongly coupled blocks (for example the fine block under a coarse one) and
pays for their evidence.

Proposition 4.17 (Bounded offsets). Let F be a set of blocks not containing B, write o = (f,r) with
f the symbols of the blocks in F, and 7(i,r) := Zf 7(i, f,r). Assume rectangular support: 7(i,7) > 0
for all i € Sp and all v with ), w(i,r) > 0, and let T'p|p := max, max; yecs, 7(i,r)/7(i',r). With the

evidence range Dp := ZB’GF (maxl- 53/%5, — min; BB/x?l),
|Aj| < logT'gr + Dr forall j € Sp.
For F =0, Dy =0 and I'g := I'pjg = max, max; y 7(i | 0)/7(i" | 0). Moreover, for every block B’ with

v’ vertices and every u > 0, ]P’(maxi ,BB/xf/ — min; ﬂB/xlB/ < p% +2pp (v2log v + u)) >il= 2e~/2,

When the support of B depends on the context (unused code configurations, a cluster that fixes the valid
words), the offsets are unbounded and we condition on the context instead.

13



Proposition 4.18 (Mixture over contexts). Let O* := {o: 7(i*,0) > 0} and, for o € O*, w;(0) :=
7w(j | 0)/m(i* | 0) for j € S(o) \ {#*}. Then

rbk = Z P(o | I) 74 (0), e (0) 1= (1 + Z w; (o) ep(gj—gi*)—p2)717

0eO* Fj€S(o)\{i*}

where P(o | I,) is the posterior of the context. Consequently, for every G C O*, 1 — ¥ <P(o ¢ G |
I) +sup,cg(1 — e (0)) and ok < SUP,cox Tx(0).

Theorem 4.19 (Commitment under correlation). In the setting of Proposition 4.18, let G C O™,

Sg = Upeg S(0)\{i*}, m :=|Sg|, T'g := sup,eg max; w;(0), and let J' := (,co. S(0)\{i*}, m’ := |J|,
I := sup,c o max;cy w;(0) . Conditionally on x:

’

(a) if m>1 and p > $pmi1 + 2u, then with probability at least 1 — 2e—v/2 _ o—u ,

1—mP <Po¢ G| L) +Tgexp(u — p(p — sm1 — 2u));

b) if m" > 2 and p < S$pye1 — h — w — 1, then with probability at least 1 — e w2 _ ¢ “m'+1(h),
P + n Y
ﬂf’k <TIVe rn,

The context term P(o ¢ G | I) is itself a posterior error of the other blocks, so the theorem can be applied
recursively from coarse to fine. For two levels this gives staggered commitment without independence.

Corollary 4.20 (Staggered commitment under correlation). Let K = 2, let cluster ¢ have the
valid word indices S(c) C [va], n. := |S(c)|, and let the positions be arbitrarily dependent. Fiz a position
£ with true token (c¢*,w*), write r for the symbols at all other positions, and assume

(H1) Ty := max, max. o Plce=c | 7)/Plc, = | r) < o0;
(H2) Ty := maxX,,, maX,, es(c) P(we = w | ce = ¢,1)/Plwe = w' | ¢g = ¢, 1) < 00,
the maxima running over contexts of positive mass. Let p1 = p1(t), pa = pa(t) and Dy = p3 +
2p2(v2log vy + u). Then, with m°% .= P(cy = c*,wy = w* | I}):
(i) cluster commits: if p1 > sy, + 2u, then with probability at least 1 — 4e
Iyele exp(u’ — p1(p1 — 8y, — 2u));

2
—u®/2 _ efu' 1— ,ﬂ.fal <

)

(77) token commits after its cluster: if no > 2 and pa > s,.. + 2u, then with probability at least
1—2e%/2 _ v 1 mtok < (1 — ﬂ'f’l) + o exp(u’ — pa(p2 — Sn,. — 2u));

(iti) the word is not yet decided: with J' = (. ,.eg(c)S(e) \ {w*} and m" = |J'| > 2, if po <
Sm/+1 — h —u —n, then with probability at least 1 — v /2 _ e Amrra(h) b2 < Tye™r2m,

In particular the cluster has committed and the word has not, simultaneously, at every t with
p1(8)(p1(t) — Sy, — 2u) > logTy + Do +u' +log(1/8) and p2(t) < Spmry1 —h —u —n.

The offset caused by correlation enters the threshold condition as logT', so the threshold moves by about
(logT')/s, which is small when s is large. Part (ii) is the situation created by refinement: once the cluster of
a position has been fixed, the word competes only against the n. — 1 valid words of that cluster.

Compared with Theorem 4.5, correlation costs a factor I' in the error, i.e. a shift of each threshold by
(logT')/s on the p scale, and the fine level competes only against the n.. — 1 valid words of its cluster. Part
(ii) is the statement used by refinement: once the cluster is committed, P(o ¢ G | I;) vanishes.
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Figure 2 Commitment under correlation. Left: posterior mass of the truth for a Zipf marginal over n = 1000
symbols (mean and 10-90% band, 400 draws), for a frequent, a middle and a rare true symbol; dotted lines are the
crossovers py of Theorem 4.15. Right: exact posterior error of the cluster and of the token at the middle position of
a three-position Markov chain over V. = 8 tokens (clusters of sizes 3,3,2, a = (5,1), o = 0.55), median and 10-90%
band over 400 draws; dotted lines are the worst-case crossovers p(p—s) = logI' of Corollary 4.20 with the ezact I'1, 'z
and 8 = Sy, , Svy-

Corollary 4.21 (Anchoring under correlation). Under (H1)-(H2), Proposition 5.5(ii) holds with
the error bounds of Corollary 4.20: for the cluster block, ]E[l—wf’l] < TyeDPzev' —pi(pr—su, —20) 4 ge—u/2 4
e, and for the token, conditionally on the true token (c*,w*), E[l — 7%k | &y] < E[1 — ab! |
1) + Fge“/_pz(”_‘s”c* —2u) 4 9p—u?/2 4 v

Remark 4.22 (Non-uniform symbols). For product data with non-uniform block marginals p, Eq. (23)
gives A; = log(p;/pi+) exactly, so w = (1 — p;»)/(mp;+) with m = |Sp| — 1. Frequent symbols (w < 1)
commit before s and rare ones after it, at p, ~ s + logw/s; for a Zipf marginal over 1000 symbols the
predicted crossovers p,,/s = 0.88 (rank 30) and 1.13 (rank 1000) match the simulated ones, 0.82 and 1.04
(Fig. 2, left).

Remark 4.23 (Markov sources). If the tokens form a Markov chain with all transition probabilities in
[a,b], a > 0, then at an interior position I'; < (Mmax/Mmin)(b/a)? and Ty < (b/a)?, where Npax, Nmin are the
largest and smallest cluster sizes. For a toy chain with V' = 8 tokens in clusters of sizes 3, 3,2 (Fig. 2, right)
the exact constants are I'y = 4.3 and I'; = 7.1; across 16,000 draws the sandwich of Proposition 4.17 and the
inequality of Proposition 4.18 hold in every draw, and the bounds of Corollary 4.20(i)—(ii) with u = 3, v’ = 4,
evaluated with the realised evidence range Dy and without the cluster term, are never violated (0/11,600
and 0/2,918 draws in the regime where they apply).

4.6 Limits of the hierarchy

The staggered thresholds compare the levels of one code with each other. They do not say whether the
code changes the time at which the whole token is determined, and a fair comparison with flat DBTM must
separate the effect of the hierarchy from the extra signal energy that the stacked vertices carry.

A coarse-to-fine token is a stack of K one-hot vectors and has squared norm K, against 1 for a flat token,
so at equal o it carries K times the signal energy. The next result compares the two at equal energy.

Proposition 4.24 (Energy-matched comparison). Scale every level vertez by ¢ > 0, so a token has
squared norm c?K. Then the signal-to-noise ratio of block (¢,k) is c pi(t). Take equal sizes v, = v > 2,
V = v& equal schedules and scales, and match the energy of a flat token (c = K_1/2). The finest level
then crosses its threshold at p = /2K log(v — 1) and the flat token at p = \/2log(V — 1), and

JIKTog(o=1) < \2logV =1), lim 28z _, (24)

v—oo log(vE — 1)
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So at matched energy and schedules the hierarchical token is fully resolved no later than a flat token,
and at the same time to leading order. What changes is when partial information becomes available: coarse
levels commit before the finest one, which is what refinement and anchoring can use.

5 Training and Sampling

We now turn to a learned map Ty. The questions are whether the DBTM loss still has the right minimiser in
the new coordinates, how its value relates to the quality of one-step samples, and how anchoring, refinement
and the choice of schedules should account for levels that commit at different times.

Transport loss. The DBTM transport loss is applied to the stacked state,

. 2
Etransport(e) = Et,:’cg,ml Z HTQZ’k(It) — Sg (T6€7k(It) + ']Telvk(It) It) ) (25)

0,k

where Jex (x) € R%*P is the Jacobian of block (¢, k) of the map. The sum over blocks equals the squared
6
norm of the stacked residual, so this is exactly the DBTM loss in the new coordinates.

Proposition 5.1 (Regression step). Fiz a map T € C' with E||T(I;) + JT(It)I't.H2 < oo. Qver
measurable maps T with E||T(L,)|* < oo, the minimiser of E|T(I;) — T(IL;) — J5 (L) I ||? is

T*(z) = T(z) + Jp(z) b(x) for almost every x, (26)

blockwise T* 4% = Tk + Jgerb. A continuous T is a fized point, T* = T, if and only if Jzb=0 on
RP \ My, i.e. if and only if it satisfies the conservation equation Eq. (2) off the data.

Each step regresses the network onto a copy of itself advanced by one Euler step along the field. The
minimiser is the old map advanced along b, and the map is a fixed point exactly when it satisfies the
conservation equation. The loss is a sum over blocks and needs no modification for the coarse-to-fine
coordinates.

From training loss to sample quality. DBTM characterises the minimiser of its transport loss but gives no
bound that links a nonzero loss to the error of the learned map [47]. We prove such a bound. It controls the
distance between the one-step sample Ty(xo) and the exact sample T'(xg) by two quantities: the boundary
error on the data and the residual of the conservation equation Eq. (2) under the time-marginal law of the
interpolant, which is the law on which the transport loss is evaluated.

Throughout, Q = R” \ M (Section 3.3), q is the density of I; with ¢ ~ ¢[0, 1] (Lemma B.3), and for a
measurable f we write E,f := [ f(z)q(z) de = Ei 5y 2, f (1)

By Theorem 3.8, for pg-almost every @ the solution X,(z) of X, = b(X,), Xo = @, stays in Q on
[0, 7(x)) with 7(x) < oo, the limit T'(x) € M7 exists, and Ty = p1. We use these facts throughout.

The occupation measure of the flow started from the prior is

(z)
V(A) = Egmp, / K{X;(x) € A} ds, A C Q Borel, (27)
0

so that [ fdv =E,, [, f(X,)ds for every measurable f > 0 (Tonelli), and v(Q) = E,,.

Theorem 5.2 (Training loss controls sample error). Let Tp : RP? — RP be continuous on RP
and C' on Q, and define the boundary error and the conservation residual

Ebnd () = Ey~p 1To(y) — yll, R(0) := EqHJTebH =Etx,2: HJTs (It) b(It)H~

(1) Barpo||To () — T(2)|| < €vna(6) + [ | Iz, bl| dv.
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(ii) Consequently,
Wi ((To)gmo, 1) < EuollTo =TIl < ebna(8) + R(6). (28)

(iii) The residual is the excess of the DBTM transport loss over its minimum in one regression step:
with E(T;T) = E|T(IL;) — T(I;) — Iz (1) L;||? and E||J1, (I;)1;]* < oo,

R(0)? < Eq|In,bl* = E(Ty;Ty) — min€(T;Ty) < E|Iz, (L)L, (29)

where the minimum is over measurable T with E||T(I;) — Ty(I;)||* < oo, and the right-hand side
is the value of the transport loss Eq. (25) at 6.

(iv) If every block of Ty is c - softmax of logits (vertices scaled by ¢ > 0), then epna(d) <
2¢Ey, >4, CE (Tg’k(xl)/c, :Bf’k/c), i.e. 2¢c times the boundary loss summed over blocks.

The proof follows a trajectory of the exact flow: along it, Ty changes by the residual Jr, b, so the distance
between the learned and the exact end point is at most the integral of the residual plus the boundary error
at the end. The quantity that enters is the residual, that is, how much one further regression step would
lower the loss, and not the loss value, which also contains a variance term that remains positive at the exact
map (Remark 5.4).

Corollary 5.3 (Decoding error). Under the hypotheses of Theorem 5.2(ii) and with vertices scaled
by ¢ > 0, decode a state by the per-block argmaz, dec(x)** := argmax; xf’k (ties broken arbitrarily),
and then by y~—'. Then

(i) for every block, P(dec(Tg(azo))z’k 2 dec(T(azO))Lk) < @ E||T5’k(a}0) — T5*(x0)||;

(ii) the expected number of wrongly decoded tokens is at most @Z[EHTGZ(:BO) — T (xo)|| <
2KL (sbnd + R), where T* stacks the K blocks of position ¢;

@

(iii) the law of the decoded one-step sample is within total variation min{l, ¥25L (¢, 4 + R)} of the
data distribution.

Remark 5.4 (What the bound does and does not say). (a) The transport loss value E||Jz, I;||> does
not vanish at the exact map: it equals the residual E,||Jz,b||? plus the variance E|Jz, (I; — b)||?, which is
positive wherever the map is not locally constant. The quantity that the bound needs is the excess Eq. (29),
i.e. how much one more regression step could still lower the loss; the loss value is only an upper bound. (b)
The bound is a statement about one-step sampling; refinement (Algorithm 1) changes the input distribution
and is not covered. (c) The margin factor /2K /c in Corollary 5.3 equals /2 for flat DBTM and v/2 K for an
energy-matched code (¢ = K -1/ 2), but the residuals of the two models are measured in different coordinates,
so the corollary is not a comparison between them. (d) The bound uses only Theorem 3.8; no assumption
beyond those of Assumption 3.2 is needed.

Level-wise anchor. DBTM anchors Ty(I;) to &1 by cross-entropy after a single commitment time. With a
hierarchy, each level has its own threshold, so we anchor level k after ¢;:

Lanchor(0) = Erzym, » W[t > t5] CE (Ty" (1), 27", (30)
0,k

where TOZ s parameterised as a softmax over vy, classes. The full objective is £ = Liransport + Abnd Lbnd +
AsemiLsemi + AanchorLanchor, With the boundary and semigroup losses of DBTM summed over blocks.

Proposition 5.5 (Anchoring is Bayes-consistent after the level’s threshold). Fizt and a block
(¢,k), and let p“*(x) be the posterior of wf’k given I; = x.
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(i) If every symbol of block (¢, k) has positive probability under uy, then among all maps q into the
open simplez, E CE(q(It),mi’k) is minimised exactly by q = p®* almost everywhere.

(ii) The anchor target differs from this minimiser by E||p®*(I;) — {*||; = 2E[1 — 72*]. Under the

assumptions of Theorem 4.5, for pi(t) > Sq, +2u, E[l—ﬂf’k] < e“/_pk(”k_svk_%)—|—2€‘“2/2+6_“/,
while for pp(t) < sy, —h —u—n, B[l — 72%] > (1 — e=Pen)(1 — e=¥*/2 — g~ Ao (),

The anchor target is the data vertex itself, which is the Bayes-optimal prediction only after the posterior
has committed; before that, the optimal prediction is a distribution over several symbols. With a code the
levels commit at different times, so the anchor is switched on separately for each level.

Before t}; the anchor would pull the predictor away from a non-degenerate posterior, which is the mode
collapse DBTM observes when anchoring too early [47, Sec. 4.3]. A single anchor time is therefore too late
for coarse levels or too early for fine ones. Under correlated data the same statements hold with the shifted
thresholds of Section 4.5 (Corollary 4.21).

Decision budget. The transport loss is an expectation over t ~ U[0, 1], so the share of training states in
which a level is still undecided is the share of interpolation time before its threshold. Only those states teach
the map the level’s decision from noise.

Proposition 5.6 (Decision budget). Assume p1 = @, Unif([vx]) and write ty(p) == 1 — (1 +
oxp) Y%, so that ty = tx(sv,). For a block (¢,k) of a training pair (t,I), t ~ U[0,1], and all
u,u’, h,n,0 > 0 admissible in Theorem 4.2 with sy, —h —u—mn >0,

P(T(f’k < G*Pkﬁ) > tk(svk —h—u— ’I’]) (1 . 67u2/2 _ e*Avk(h))’

P(1—75% < e =79) > (1 ty(s0, +2u+0))(1 -2/ —e~¥).
As v, — oo with fized relative margins, the failure probabilities vanish and both time boundaries differ
from t;, by o(1), so the undecided share is tj, 4+ o(1) and the decided share 1 —tj, + o(1). Consequently
exponent staggering with a fast coarse level (a; > 1) shrinks the budget of the coarse level, 7 =
1 — (14 0154,)" Y, which is decreasing in a1, whereas staggering by slowing the fine levels (ax < 1)
keeps t7 and enlarges ty .

For one-step sampling the map has to determine every level from pure noise, and for the coarse level this
is the hardest step. Under uniform training times, a fraction of about ¢7 of the training pairs show the coarse
level undecided, and exponent staggering with a; > 1 reduces this fraction. Staggering by slowing the fine
levels keeps the order of commitment and leaves the coarse budget unchanged.

Coarse-to-fine refinement. DBTM refines a one-step sample by committing confident positions and renois-
ing the rest [47, Sec. 5|. We commit at the level of blocks and respect the hierarchy: a block can commit
only once the coarser blocks of its position have committed (Algorithm 1).

Proposition 5.7 (Refinement terminates and respects the hierarchy). In every round, either
|A| > n, or every block is committed; after round k all blocks are committed; and no block is ever
committed before a coarser block of the same position. Algorithm 1 uses exactly k evaluations of Ty.

Because commitment is decided block by block, the sampler can fix the cluster of a position while its
word is still uncertain; the next evaluation then chooses among the words of that cluster.

Committing whole tokens. Algorithm 1 counts blocks. A sequence has LK of them, and a fine block can
be committed only together with or after the coarser blocks of its position, so under a budget of k rounds
the floor rule spends the early rounds on coarse blocks and leaves most fine blocks to the last rounds, where
they are decided together and without each other as context. A variant keeps the unit of DBTM: each round
commits whole positions, ranked by the joint confidence ¢° = I, ¢%*, with the threshold rule applied to ¢
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Algorithm 1 Coarse-to-fine refinement with k evaluations of Tj

x4+ x9~N(0,X); Co+ 0 > committed blocks

2: forr=1,...,k do

3: & <+ Tp(x); ¢"F «+ max; if’k for all blocks > one NFE

4: R, + uncommitted blocks; n, + [|R,|/(k—7+1)]; A+ 0

5: for ¥ =1,...,K do > threshold rule, coarse levels first

6: add to A every (¢,k') € R, with qe’k/ > k whose coarser blocks lie in C,_1 U A

7 end for

8: while |A| < n, do > floor rule

9: add to A the frontier block with the largest ¢; the frontier is, for each position, the coarsest block
not in C,_1 UA

10: end while

11: Cr+CriUA; zbF €, max, 20+ 10T (0, k) € Cps x’* «+ fresh N(0,021) draw otherwise

12: end for o

13: return the per-block argmax of &, decoded by v~1

and the floor rule n, = [|R,|/(k —r + 1)] counted in positions. Every level of a position is committed at
once, so no word precedes its cluster, and the argument of Proposition 5.7 shows that the variant terminates
after exactly k evaluations. For a flat code the two rules coincide. In the trained models of Table 3 the
token-level rule is the better sampler for coarse-to-fine codes.

Refinement in the loop. At inference the context of round r is the set the sampler has committed, not a
random set, and a map trained only on random contexts sees it out of distribution. DBTM therefore trains
on the states the sampler visits [47, Sec. 5.2]: it rolls out the sampler without gradients, pins the committed
positions to the data, renoises the others, and adds the cross-entropy of Ty against x; on the uncommitted
positions of every intermediate state. We use this objective with the token-level commit rule.

6 Commitment Profile, Schedule Rule and the Embedding Bottleneck

Proposition 4.24 shows that the code adds no signal, and Theorem 5.2 bounds the error of any learned map
without saying which map is easier to learn. This section isolates three properties that a learner does see:
the shape of a single commitment, the share of training time that a schedule spends on it, and how much
of a token’s state a network can read through its input layer. The first two are statements about schedules
and hold for flat DBTM as well; the third separates the flat and the coarse-to-fine state.

6.1 Profile of the commitment transition

Theorem 4.2 locates the transition at p = s, with a window of width O(1). The next result identifies the
transition itself.

Theorem 6.1 (Commitment profile). In the single-block setting of Theorem 4.2, let n > 3, s = sy,
Jx = gir, and write p = s+ x with p > 0. Let A :=log(m,/(1 — 7)) be the log-odds of the true vertez.
For ally > 0 and w € (0, s), with probability at least 1 —e™Y — e~ An(w)

pgrtsr+L —y < A< pg+p(z+uw), (31)

and for every n > 0, with €, = e~ ¥ + e~ An(w),

—n)(l—e*p”)—en < Eme < P(z+w+n)+e P +e,. (32)

Consequently, as n — 00, SUpP|,|<x |E 7a (80 + ) — ®(2)| — 0 for every X >0, and A/s, — (x+gs) = 0
in probability.
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The proof writes the log-odds as A = pg, + p?> —log S, with S the sum over the n — 1 competitors, and
bounds log S from above by Markov’s inequality and from below by its largest term; what remains random
is the Gaussian g, of the true coordinate, and it produces ®.

In the scale of the signal-to-noise ratio every commitment has the same profile, a standard normal
distribution function centred at s,: the mean posterior mass of the truth rises from 10% to 90% while p
crosses [s, — 1.28, s, + 1.28], for every vocabulary size. A larger vocabulary moves the profile and does not
reshape it. The explicit bounds of Eq. (32) converge slowly, at rate O(log s,/ ), and are loose at realistic
n; in Monte Carlo the profile is already within 0.07 of ®(z) at n = 103, shifted slightly to the left. A
single sample commits much faster, over an interval of p of length O(1/s,,) located at s, — g4; the width
of the population profile comes from the noise on the true coordinate, not from the competitors. We call
{t : |pk(t) — su,| < 2z} the commitment window of level k and its length Wy (2) = ti(sy, + 2) — tr(Sv, — 2)
the level’s window share: the fraction of training states, under ¢ ~ [0, 1], in which the posterior of the level
is neither close to the prior nor close to a point mass. Throughout, z = 1.28 (the central 80% of the profile)
and s,, > z.

6.2 Allocation of training time

Under ¢ ~ U[0, 1] a level learns its decision from noise only on training states inside its commitment window,
so the window share is the quantity a schedule should be designed for. A change of the time coordinate
makes it explicit for every power schedule.

Proposition 6.2 (Gumbel coordinates). Let £(t) = log(—log(1l —t)). Ift ~ U[0,1], then £ has
the density oc(¢) = exp({ — €*) and the distribution function G(£) = 1 — exp(—e’). For a schedule
a(t) = (1 — t)* with prior scale o and s > z > 0, the window {t : |p(t) — s| < z} is the interval
L€ [e,c+ A with

1 glog(l+or(s—z))7 A = Au(0) = log o

c=e a log(1+0(s —2))
The length A is a strictly decreasing bijection of (0,00) onto (0, Ls), Ls := log 2. Hence the windows

of power schedules are exactly the intervals [c,c + \] with ¢ € R and 0 < XA < Lg: the exponent moves
the window, and the prior scale sets its length.

Theorem 6.3 (The largest window share). For every power schedule, the window share of a level
with threshold s > z satisfies

)-en(- ).

W(z) < M(Ls):=sup (G(c+ L) — G(c)) = exp( — 7

ceR els —1
and the bound is approached as o — 0 with a = (els — 1)log(1 + (s — 2))/Ls; the optimal window
contains the mode of pg, i.e. the timet = 1—1/e. Moreover M(L) < L/e, and since Ly = 2z/s+0(573),
a level with n vertices spends at most a fraction = 2z/(esy,) of the training time in its window. The
linear schedule a = 1 reaches at most Wi, = 22/(\/s + 2 + /5 — 2)?, attained at o = (s> — 22)~1/2,
which is ~ e/4 ~ 68% of M(Ls) for large s.

The proof is a one-dimensional maximisation: the share is G(c + A\) — G(c), which increases in A < Ly
and, as a function of the position ¢, is largest where the density ¢ takes the same value at both ends of
the window. The bound is used twice below, for a single flat level (Corollary 6.4) and for several levels that
share the time axis (Proposition 6.5).

For flat DBTM the prior scale is fixed in practice (¢ = 1 in [47]), and only the exponent is free. Then
the optimum is explicit.
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Table 1 Window shares under the best z-ordered exponents (Proposition 6.5), prior scale o = 0.55 for every level,
z = 1.28. Flat: one level of size V with its best exponent. K levels of equal size v ~ Vl/K; every level receives the
share shown. Ezxponents in parentheses, coarse first.

|4 flat K=2 K=3

256 0.188 (a = 0.99) 0.286 (1.16, 0.48) 0.222 (2.65, 0.66, 0.17)
1,024 0.161 (1.07)  0.247 (1.20, 0.58)  0.229 (2.14, 0.75, 0.27)
4,096 0.142 (1.14)  0.219 (1.23,0.65) 0.221 (1.96, 0.81, 0.34)

16,384 0.128 (1.20)  0.198 (1.26, 0.72)  0.211 (1.86, 0.86, 0.40)
(1.24) ( ) ( )

50,257 0.119 (1.24 0.184 (1.29, 0.76)  0.202 (1.81, 0.89, 0.44

Corollary 6.4 (A schedule rule for DBTM). Fizn > 3 vertices, a prior scale o > 0 and z € (0, s,,),
and let A = Ag, (0). Over a > 0, the window share of the schedule (1 —t)® is mazimised exactly at
2=

)\ 9

a*(n,o) = log(l +o(sp — z)) (34)
where it equals M ()\), and the commitment time t* = 1— (1405, )~/ lies in the optimal window, which
contains t =1 —1/e. For o =1, z = 1.28: a* = 1.40, 1.50, 1.58, 1.70 at V = 256, 1,024, 4,096, 50,257,
with t* ~ 0.64 in each case, whereas the linear schedule a = 1 commits at t* = 0.77, 0.79, 0.80, 0.82
and has a window share smaller by 6%, 9%, 12%, 15%.

The rule says that DBTM’s decision should sit near ¢t = 1 — 1/e whatever the vocabulary; the linear
schedule pushes it later as V' grows. The anchor of Eq. (30) moves with it, to ¢*(a*). Section 7 tests the rule
in training.

With several levels the windows compete for the same time axis. Call schedules z-ordered if the windows
are disjoint and coarse first, ti(s,, + 2) < tpg1(54,,, — 2).

Proposition 6.5 (Staggering as interval packing). Fiz prior scales o), and let Ay = A, (ok). The
largest value m* of ming Wy.(z) over z-ordered choices of the exponents ay, is the largest m for which the
following greedy chain exists: eg = —oo and, fork =1,..., K, ¢, = max{ex_1,inf Crp(m)} < sup Cx(m)
and e, = ¢ + A\, where Cip(m) = {c: G(c+ \) — G(c) > m} is an interval. The optimal exponents
are ap, =log(1 + o (8y, — 2)) e~ %, and m* < min{min, M (X\;),1/K}.

Table 1 turns this into a design rule. The best codes place adjacent windows around ¢t = 1 — 1/e, coarse

first, with exponents close to one: a coarse exponent somewhat above one and fine exponents below one.
The exponents of our figures, a = (5, 1), put the coarse window below ¢ = 0.2, where it receives a small share;
this is the effect described by Proposition 5.6. Slowing the fine levels too far pushes their windows into the
thin right tail of g and starves them in turn. Within the power family, every level of a two- or three-level
code receives a larger share than a flat token of the same vocabulary. Staggering through the noise scale
alone (Corollary 4.6) is the case a = 1, in which only the lengths of the windows differ.
Remark 6.6 (What the window share does not show). The window share is a property of the power
family. A general increasing p(¢) can spend any fraction of the training time inside any window, flat DBTM
included, so the share alone is not an advantage of the hierarchy. It is a design rule for the schedules that
DBTM and this paper use, and it explains why a fast coarse schedule hurts.

6.3 The embedding bottleneck

A transformer reads the state of a position through a linear first layer, the soft analogue of a token embedding.
DBTM’s backbone is a DiT of hidden size 768 acting on the (B, L, V') simplex state with untied input and
output embeddings, at vocabularies V' = 30,522, 50,257 and 49,152 [47, App. E-G], so each token’s state
passes through a linear map of rank at most 768 < V. The coarse-to-fine state has ), vj coordinates per
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position, which fits through such a layer. We show that this difference is decisive for the map that DBTM is
trained to learn. Consider a block with n vertices whose state € R™ is read only through Wa, W € R¥*"
of rank r; whatever follows is arbitrary.

Theorem 6.7 (The bottleneck delays commitment). In the single-block setting with a uniform
prior over n > 2 vertices, every estimator i = (W I;) with v measurable satisfies

~ glog(1+p?/n) +log?2

PG #i*) > 1
@#i) > log

(35)

Consequently an error at most € requires p? > 27"((1 —¢)logn — log 2). Without a bottleneck (r =n)
the bound requires only p? > 2((1 —¢)logn — log 2), in agreement with S, .

The proof is Fano’s inequality: whatever follows the layer, the information that W I, carries about i* is
at most that of an r-dimensional Gaussian channel, 5 log(1 + p?/n).

A rank-r reader therefore cannot commit before p ~ s,/n/r, a threshold polynomial in n instead of
logarithmic. At DBTM’s OpenWebText setting (V' = 50,257, width 768) and with e = 0.1, it needs p > 34.4
against sy = 4.65, i.e. ¢ > 0.97 instead of t* = 0.82 for the linear schedule with ¢ = 1. Over the whole
interval t € [t*,0.97] the DBTM anchor asks the network for a decision that no function of its input layer
can make.

Theorem 6.7 limits decisions at a fixed time. The DBTM objective asks for more, namely the transport
map, which for symmetric data is the argmax of the prior draw (Theorem 4.9); the next theorem bounds
how often a rank-r reader can compute it.

Theorem 6.8 (The bottleneck hides the transport map). Let K = 1 and p1 uniform on n
vertices, so that T(%o) = €argmax, zo; 0y Theorem 4.9. Let i(xq) be the vertex nearest to f(Wxq) for
a measurable f : R — R™ and W of rank r. Then

,
2 = o < = 1 — — 7’”'@(7-)
P(i(zo) = arg inax zo,i) < palr) 96(0,11]?%§c§‘r [Hn +Q(r—c)+ nQ(c/\/é) +e }, (36)

and B f(Wxo) — T(xo)|| > (1 — pn(r))/vV/2. Asn — o0, pa(r) < 2rlogn/n + o(1) uniformly in r.

The proof uses that the projection onto the row space of W has trace r, so at most /6 coordinates keep
a weight of at least 6, while the argmax of the prior draw is uniform over all n coordinates.

Corollary 6.9 (A floor for the flat objective). In the setting of Theorem 6.8, every map Ty = foW
that satisfies the hypotheses of Theorem 5.2 has epna(6) + R(0) > (1 — p,(r))/v/2. For a coarse-to-fine

Lk — ¢ ok 18 a function

state read injectively (W injective on RZ«x "% ) the transport map T (xo) argmax, T
i Lo,i

of Waq, and the obstruction vanishes.

At n = 50,257 and r = 768, the setting of DBTM on OpenWebText, p,(r) < 0.157: any network with
a width-768 linear input layer gets the transport map of flat DBTM wrong on at least 84% of noise draws,
and its boundary error plus conservation residual stays above 0.59 however long it is trained. Simulations
put the best achievable value near r/n ~ 1.5%, attained by a layer that reads 768 coordinates exactly; a
random layer does worse (Appendix F). A two-level code with v = 225 per level has 450 < 768 coordinates
per position and is read without loss.

The theorem does not say that flat DBTM produces bad samples: a bottlenecked network can still push
the prior to the data with a different map. It says that the map the DBTM objective defines is out of reach,
so the objective has a floor and Theorem 5.2 cannot certify the flat model, while for the coarse-to-fine state
the obstruction is absent. The statement concerns the symmetric data model of Theorem 4.9; for structured
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Figure 3 The commitment threshold sharpens with n. Monte Carlo estimate of E[r,] (lines) and its 10-90%
range (bands) against p/~/2log(n — 1), from Eq. (11) with 400 draws per point (120 for n = 10°). The transition is
centred at the threshold of Theorem 4.2 and steepens slowly, as the \/logn scaling predicts.

data the transport map is not the argmax, and only Theorem 6.7 applies directly. The bound of Theorem 6.8
becomes informative once 2rlogV/V is well below one, for instance V' > 107 logV'; this is the regime in
which the theorem predicts a handicap for flat DBTM and none for the coarse-to-fine state.

7 Experiments

The statements of Sections 3 to 6 concern exact quantities, so Section 7.1 checks them with exact posteriors
and exact fields, without a network. Whether they matter for a trained map is a separate question: Section 7.2
trains flat DBTM and coarse-to-fine models on a synthetic language with known likelihood, and Section 7.3
measures the cost of a training step. Details are in Appendix G.

7.1 Exact computations

The threshold theorem. Figure 3 evaluates Eq. (11). At p/s, = 0.8, 1.0 and 1.2 the mean posterior mass
of the truth is 0.41, 0.59, 0.72 for n = 10 and 0.15, 0.59, 0.87 for n = 10°: the crossover sits at the predicted
threshold for every n and sharpens as n grows.

Staggered commitment. The bottom row of Fig. 1 reports the Monte Carlo posterior entropy of each level
of a three-level code (a = 3,1.6,1, 0 = 1) for V = v? from 64 to 32,768. The simulated transitions of each
level fall on the times ¢} of Eq. (15), in the predicted order. The flat curve is not energy-matched (see the
caption of Fig. 1). Since the levels are independent under product data, the posterior entropy of a token is
the sum of the entropies of its levels (Remark C.1), so the level curves add up to the token’s.

Exact fields. Figure 1 (top) shows the exact field of Proposition 3.3 on A% x A? with aeuster = 5, Gword = 1.
Every streamline enters the word triangle of a cluster before it resolves a word, and the field is tangent to the
affine hull, as Proposition 3.4 requires. Figure 4 integrates the flow from 900 prior samples: clusters resolve
before words, and hitting times are finite on a slice through the polytope. Figure 5 shows the corresponding
flat DBTM field.

Refinement. Figure 6 runs Algorithm 1 with the exact per-level posterior in place of Ty on the sentence
“the map sends each point to the word” over a 3 x 3 vocabulary. Clusters commit in rounds 1-2 and words
in rounds 24, and blocks below s are committed by the floor rule.

7.2 Trained models

Setup. The language is a first-order Markov chain over V= C' - W = 1,024 tokens with C = W = 32,
written as (cluster, word): the transition factorises as P(¢’ | ¢) P(v' | ¢, u), and every cluster and every pair
(cluster, previous word) has S = 2 successors, so each token has 4 valid successors among 1,024. Sequences
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prior @p ~ N(0,021) contracting clusters form on cluster edges words split absorbed in M,

(b) Hitting time 7(z) and basins (slice z = —0.18) (c) Posterior mass p(zy = w | I;), z; = network (d) Coarse resolves before fine

flat DBTM
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Figure 4 Dynamics of the coarse-to-fine flow on A% x A' (acluster = 5, awora = 1, 0 = 0.55). (a) 900 prior
samples under X, = b(X) collapse onto the cluster edges, then split into words. (b) Hitting time 7(x) on a slice. (c)
Posterior mass P(x1 = w | I) along the interpolant towards network: the flat token stays siz-way uncertain longer
(not energy-matched), the coarse-to-fine token first concentrates on its cluster. (d) Fraction of particles whose cluster
and word are resolved.

have length L = 8, and the exact likelihood gives the validity of every sampled transition and the negative
log-likelihood (NLL) of every sample; the entropy rate is 1.89 nats per token. Every model is the same small
transformer (3 layers, 4 heads) with a linear input layer on the state of each position and one softmax output
per block. The flat model reads 1,024 coordinates per position at width 64; the coarse-to-fine model reads
32 4 32 coordinates and, to match the parameter count (238k against 233k for flat DBTM), uses width 96.
Both are trained for 30k steps with the transport, boundary and level-wise anchor losses (Eqgs. (25) and (30)),
o = 1, energy-matched vertices for the code (Proposition 4.24), and are evaluated on 2,000 samples with
Kk =0.9.

The schedule rule improves DBTM. Corollary 6.4 gives a* = 1.50 for V' = 1,024 and ¢ = 1, against the
linear schedule of DBTM. With standard training the rule raises the valid transitions after four evaluations
from 31.2% to 39.1% and lowers the NLL in every seed (Table 2). With refinement-in-loop training it raises
the valid sequences after eight evaluations from 51.1% to 72.2%, i.e. it removes 43% of the invalid sequences.
The rule changes one scalar of DBTM and nothing else: the network, the losses and the sampler are the
same, and the anchor moves with ¢*.

Coarse-to-fine against flat DBTM. At matched parameters the one-step samples of the two models are
equally valid (Table 3, k = 1). The coarse level is resolved much better: with standard training (a = (1, 1)
against flat a = 1), 71% of the cluster transitions of a one-step coarse-to-fine sample are valid, against 29%
for flat DBTM, and when the true tokens are given at every other position the coarse-to-fine map fills the
gaps with 21.5% exact tokens against 15.1%. The model loses under refinement. With Algorithm 1 its
samples barely improve with more evaluations (18.0% against 31.4% at k = 4): the fine blocks are left to
the last rounds and decided without each other as context, as described in Section 5. Refinement-in-loop
training together with the token-level rule brings it level with flat DBTM under the linear schedule at four
evaluations, but flat DBTM with a* stays ahead, gains more from further rounds, and at eight evaluations

is clearly better. In this experiment the hierarchy therefore helps the coarse decision and the use of context;
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Figure 5 Flat DBTM on one simplex A* (V = 3), com-

puted exactly from Eq. (1) with the linear interpolant and
) = o = 0.6. Ewvery streamline flows directly to one vertex. The
highlighted trajectory Xs(xo) is an integrated streamline end-
ing at models.
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Figure 6 Coarse-to-fine refinement (Algorithm 1) with exact per-level posteriors, after round 2 of 4. Each card
is one token on its own duoprism A% x A?; the exact field is drawn inside and narrows to the committed cluster
(violet word triangle) and then to the committed word. Bars give the cluster (c) and word (w) confidence with a tick
at Kk =0.9.

we conjecture that the remaining gap lies in how the fine level ranks its own proposals during refinement.
The embedding bottleneck of Theorem 6.8 concerns the exact transport map; at V' = 1,024 and r = 64,
2rlogV/V = 0.87 and the bound is not yet informative, so the experiment does not test the regime in
which the theorem has force. The flat model learns a different map that still generates valid sequences. The
exponents a = (1.92,1.09) are the z-ordered packing of Proposition 6.5 for v = 32 at the effective prior scale
o/c = /2 of the energy-matched code; in training they do not improve on a = (1, 1), so for the code the
window rule is not confirmed by this experiment.

7.3 Cost of a training step

The coarse-to-fine state is small: at the GPT-2 vocabulary a position has D = 111 coordinates (K = 3,
v = 37) instead of 50,257. The transport loss differentiates the network forward along I, through the whole
state, and the input and output layers scale with D, so the state size enters every training step. Table 4
measures one full training step with the same transformer trunk for every code. With a width-768, 12-layer
trunk at V' = 50,257, the coarse-to-fine step (K = 3) takes 326 ms against 804 ms (2.5x), uses 1.7 GB against
5.3 GB, has 57M against 134M parameters, and samples in 22 ms against 60 ms. With a small trunk, where
the vocabulary layers dominate, the step is 14x faster and the memory 18x smaller. For the coarse-to-fine
codes the cost is essentially independent of V; for flat DBTM it grows with V. These are costs, not sample
quality; at matched parameters the trained comparison is Table 3.
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Table 2 The schedule rule on flat DBTM (V = 1,024, width 64, 233k parameters, o = 1, 30k steps). Left:
without refinement-in-loop training, mean + standard deviation over 8 seeds; samples from Algorithm 1 after 1 and
4 evaluations. Right: with refinement-in-loop training (seed 0), token-level sampler after 4 and 8 evaluations. Valid
transitions and sequences in %, NLL in nats per token under the true chain (data: 1.89).

schedule trans. k=1 trans. k=4 NLL k=4 | trans. k=4 trans. k=8 seq. k=8 NLL k=8

linear, a = 1 [47] 16.5+£0.8 31.2+1.7 947+0.19 56.5 88.2 51.1 2.92
Corollary 6.4, a* =1.50 20.6+1.1 39.1+£0.7 8.58+0.08 59.5 94.3 72.2 2.25

standard training ‘ refinement in the loop

Table 3 Coarse-to-fine against flat DBTM at matched parameters (V = 1,024 = 32 x 32, seed 0, 30k steps;
flat width 64, coarse-to-fine width 96, energy-matched). Valid transitions (trans.) and sequences (seq.) in %. Standard
training: Algorithm 1. Refinement in the loop: Algorithm 1 at k =4, and the token-level rule at k = 4, 8.

standard training refinement in the loop
model params | trans. k=1 trans. k=4 ‘ blocks k=4 tokens k=4 tokens k=8 seq. k=8
flat DBTM, a =1 233k 16.0 31.4 57.3 56.5 88.2 51.1
flat DBTM, a* = 1.50 233k 20.8 39.5 59.7 59.5 94.3 72.2
coarse-to-fine, a = (1,1) 238k 15.8 18.0 204 55.5 73.5 17.6
coarse-to-fine, a = (1.92,1.09) 238k 15.2 16.5 19.5 53.9 74.6 18.6

8 Related Work

Discrete and simplex-based generative models. Discrete diffusion models corrupt tokens by masking or
uniform noise [5, 29, 39, 42], and discrete flow matching learns continuous-time Markov chains [13, 18].
Continuous alternatives move probability vectors on or around the simplex [14, 16, 46], building on flow
matching and stochastic interpolants [2, 3, 27, 28].

Few-step maps. Counsistency and shortcut models [17, 45] and flow maps [8, 9] learn to jump along the
probability-flow ODE; flow maps have been adapted to discrete sequences [24, 35, 38] and to refinement [1].
Beckmann transport models replace the time-dependent flow by an autonomous one and learn its endpoint
map through a conservation equation [25]; DBTM instantiates them on the simplex for language [47]. Our
work changes the state space and the schedules of DBTM and keeps its training principle.

Hierarchical token models. Class-based language models and hierarchical softmax factor a word into a class
and a word within it [11, 19, 30, 31]. Residual quantisation and semantic identifiers code items as tuples of
codewords [26, 36], and next-scale prediction generates images coarse to fine [23, 48]. Closest to us, HDLM
[52] builds a hierarchical vocabulary for masked discrete diffusion in which tokens move to their ancestors in
the forward process; follow-ups predict over a vocabulary tree [50] or diffuse tokens and clusters jointly in a
continuous model [33]. Our construction differs in the generative mechanism: a time-independent field on a
product of simplices with a one-step map, per-level schedules rather than transitions between vocabularies,
and a commitment theory for the levels. A clustering such as HDLM’s could supply our code +.

Phase transitions in generative models. Diffusion models commit to coarse features in sharp transitions
[4, 6, 37, 51], and on hierarchical data the transition reveals the levels of the hierarchy [40]. DBTM locates
the commitment time with the random-energy model [15]. Theorem 4.2 proves a two-sided, finite-n version
of this threshold with elementary Gaussian bounds [10, 20], Theorem 4.5 orders the thresholds of a code,
and Theorem 6.1 and Corollary 6.4 turn them into a schedule rule for DBTM.

9 Limitations and Conclusion
Limitations. (i) The trained experiments use one synthetic language with 1,024 tokens, small networks and

up to three seeds; they show that the schedule rule improves DBTM in that setting, not on natural language
at scale, where DBTM’s own evaluation uses vocabularies of 3-5 - 10% tokens and generative perplexity. (ii)
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Table 4 Cost of one training step (transport loss with a forward-mode JVP, boundary and anchor losses, backward,
AdamW; sequence length 128; Apple M5 GPU, one process per configuration). Same transformer trunk for every code;
the codes differ only in the input and output layers. D: coordinates per position; step: median over 8 steps; memory:
peak allocation; sample: one evaluation of the map.

V  code D params step (ms) memory (GB) sample (ms)
trunk: width 256, 4 layers, batch 8
4,096 flat 4,096 4.2M 67 1.20 4.6
4,096 K =2 128 2.2M 37 0.25 2.5
4,096 K =3 48 2.2M 36 0.25 2.6
16,384 flat 16,384 10.5M 164 2.23 114
16,384 K =2 256 2.3M 37 0.26 2.7
16,384 K =3 78 2.2M 36 0.25 2.5
50,257 flat 50,257 27.9M 504 4.46 36.0
50,257 K =2 450 2.4M 39 0.29 2.7
50,257 K =3 111 2.2M 37 0.25 2.5
trunk: width 768, 12 layers, batch 4
4,096 flat 4,096 63.1M 347 2.15 23.8
4,096 K =2 128 57.0M 318 1.72 21.7
4,096 K =3 48 56.9M 316 1.71 21.5
16,384 flat 16,384 82.0M 449 3.60 31.0
16,384 K =2 256 57.2M 319 1.73 21.6
16,384 K =3 78 56.9M 316 1.72 21.7
50,257 flat 50,257 134.1M 804 5.30 59.8
50,257 K =2 450 57.5M 316 1.76 22.1
50,257 K =3 111 57.0M 326 1.72 22.0

The coarse-to-fine code of the experiments matches the clusters of the language exactly; codes built from
data, e.g. by clustering embeddings, are not tested. (iii) The embedding bottleneck (Theorem 6.8) concerns
the exact transport map of symmetric data and carries a log V' factor that the simulations of Appendix F
suggest is not needed; the trained models operate at V/r = 16, below the regime in which it has force. (iv)
The window shares of Section 6 describe the power schedules (Remark 6.6). (v) The correlated commitment
theorems (Section 4.5) need bounded conditional odds; hard constraints of language are covered only through
the mixture form, whose context term must be controlled separately. (vi) The coarse-first ordering of the flow
(Corollary 4.13) is proven for product-uniform data and exponent staggering; the flow is absorbed for almost
every, not every, start; and the learning guarantee covers one-step sampling, not refinement; for correlated
data the flow-level order is open (Remark 4.14).

Conclusion. On products of simplices the Beckmann field is explicit, its flow reaches the data for every
schedule, and the time at which each block is decided is located by a non-asymptotic threshold with a
universal Gaussian profile. Reading training time in the coordinate log(—log(1 — t)) turns the choice of
schedule into a one-dimensional problem with an explicit answer, and this answer improves DBTM in training
at no cost. A coarse-to-fine code gives no free signal; what it changes is the order in which a token is decided
and the size of the state a network has to read. In our experiments the first shows up as a better coarse
decision and a better use of context, and the remaining gap to flat DBTM sits in refinement. Testing the
schedule rule and the coarse-to-fine state at language-model scale is the next step.
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A Notation

symbol meaning

V, L, K vocabulary size, sequence length, depth of the code

v, c(k)(w), Vg hierarchical code, level-k symbol of token w, number of symbols at level k
(¢, k) block: position ¢ € [L], level k € [K]

x = (xF), %% e R+ state and its blocks; D = L), v

e; € R i-th vertex (one-hot vector) of A*~*

7= ({er) €T, €; data configuration and its vertex in R”

My, P vertex configurations; product of simplices || ok AvET1

po =N(0,%), ¥ = diag(c71,,) prior

= 7rj5,5j data distribution

ag(t) = (1=1)*, A(t)

I, =A(t)xo+ (I—A(t))z1
p(x | t,3), q(x), w;(t, x)

b, X, T, Jr

pe(t) = (1 — ok(t))/(ax(t)or)
Br(t) = (1 — aw(t)/(aw(t)?07)
T, Sn = 4/ 2log(n — 1)

P, ®,Q=1-9o

level schedule and its block-diagonal matrix

coarse-to-fine interpolant

likelihood, marginal density of I, posterior over (t,7)
autonomous field, flow, transport map, Jacobian matrix of T°
signal-to-noise ratio of level k

inverse temperature of the level-k posterior

posterior mass of the true vertex; threshold

standard normal density, distribution function, tail

B Proofs for Section 3

Throughout this section Assumption 3.2 holds. We write 7 := 1 —t € (0,1], so that ag(t) = 7* and
dp(t) = (1 — )% = —ay(1 — ), hence

le’ (t) o 7@]6(1 775)‘““71 A

k
= (-pm 1ot (€O

For t € [0,1) the matrices A(t) = diag(ay(t)Ly, )ex and A(t) = diag(dy(t)L,, )er are block diagonal with

scalar blocks; for ¢ € [0,1), A(t) is invertible with A(t)A(t)~" = diag (%Ivk>€,k'

(37)

B.1 The law of the interpolant

Lemma B.1 (Likelihood). Fort € (0,1) and j € J, conditionally on t and x1 = e; the interpolant
has the Gaussian law N'((I— A(t))ej, A(t)SA(t)), whose density is Eq. (4).

Proof. Idea. Given t and the endpoint, the interpolant is an affine image of the Gaussian prior sample, so its
law is Gaussian and only the mean and the covariance have to be read off. Because A(t) and X are diagonal
with scalar blocks, the covariance is diagonal and the density splits into a product over blocks, which is the
form of Eq. (4).

Conditionally on ¢t and @1 = ej, I, = A(t)zo + (I — A(t))e; is an affine function of &y ~ N (0,X), with
xo independent of (¢, ;). An affine map z — Mz +m sends N'(0,X) to N(m, MEM ). Here M = A(t),
which is symmetric, and m = (I — A(¢))e;, so the conditional law is N (I — A)e;j, AXA). Since A and X
are diagonal with scalar blocks,

3= A(H)XA(t) = diag (ak(t)za,%Ivk)&k, det X = H (ar(®)?0p)™ >0,
ek

because a(t) = (1—t)%* > 0 for t € (0,1). Hence the law has the density (2)~P/2(det ;) /2 exp(— 3 (z —
m) TS, (& —m)). Block (¢, k) of m is (1 — ay)ej, ., so

_ &% — (1 — ar)ej, . |I?
(@-—m) S (x—m)=_ s
0k

(27T)7D/2(dCt Et)71/2 = H (27‘(0{%0’2)7'019/2,
Q0%

0,k
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using D = L3, v, =), vk Inserting both identities gives Eq. (4). O

Lemma B.2 (Velocity on a fibre). Fort € (0,1), on the event {I; = x, x1 = e;} the velocity is

(1)

I = AWAW) Yz —ej), e IYF=
k(t

a
(wl,k - ejé,k) = li_kt(ejz,k - w&k)' (38)

o

~—

Proof. Idea. The velocity A(t)(xo — ;) involves the prior sample, which is not observed; what must be
shown is that on the fibre {I; = ®, 1 = e;} it is a function of « alone. Since A(¢) is invertible for ¢ < 1,
Eq. (3) can be solved for xg, and substituting the solution gives the formula.

Differentiating Eq. (3) in ¢t with x,x; fixed gives I; = A(t)xo — A(t)z1 = A(t)(xo — 1). On {I, =
x,x1 = e;} we can solve Eq. (3) for the prior sample, since A(t) is invertible for ¢ € (0, 1):

oo =A(t)"(x— T—-A(t)e;) = At) 'z — A(t) 'e; +e;.

Therefore ¢y — @, = ©o —e; = A(t) ' — A(t)"'ej = A(t) "' (x —e;), and I; = A(t)A(t)"'(z — e;). Both
matrices are block diagonal with scalar blocks, so block (¢, k) equals (dy /o) (x"* —e;, , ), and Eq. (37) gives

the last expression. O

B.2 Integrability and smoothness

Lemma B.3 (Integrability). (i) E||I;|| < oo, so the conditional expectation Eq. (1) is well defined.
(ii) For every € RP, q(x) > 0, and for every x ¢ My, q(x) < oo.
(iii) For every x ¢ My, every j and every k, folp(m |t,3) 125 dt < co.
(iv) For every & ¢ M, there are a neighbourhood U > T and, for every multi-index of derivatives

B, a function Gg € L'(0,1) such that supycy [08p( | t,5)| (1 + &5)(1 + ||x||) < Gga(t) for all
€(0,1),j€J, ke[K]

Proof. Idea. Apart from (i), the only danger is the endpoint ¢ — 1, where the prefactor of Eq. (4) grows
like 7= and the speed ay, /(1 —t) like 7=1. At a point x at distance d > 0 from the vertex e;, however, the
Gaussian of configuration j concentrates at scale oy, = 7% around a point close to e;, so p(x | t,j) carries
a factor exp(—c7~2¢min) which beats every power of 7; this one estimate gives (iii), and (ii) follows from
it. Part (iv) repeats the estimate uniformly on a ball around & and for x-derivatives, which are p times
polynomials in quantities of size at most 7~2%m=x and so are still dominated by the same exponential. Part
(i) needs no such estimate: it follows from fol || dt =1 and the Gaussian moments of xg.

Throughout, kg := Hé’k(27m,2€)_”’f/2, Qmin = MiNg Ak, Gmax = MAXE Ak, Omin = MiNy Ok, Omax = MaXy Ok,
and
H (ZWak(t)QU?c)ivkm = Ko Hak(t)_vk =KoT 2 ks ko1 Y, N:= LZ“M« (39)
0,k 0,k &
(i) The event {t = 1} has probability zero, and for ¢t € [0,1) the proof of Lemma B.2 gives I, =

A(t)(xo — x;). Blockwise, using ||w§k|| = [lej,. |l =1

0.k . ok ok . ok
11" || = [ew ()] [leg™ — 27" || < léun ()] (Il

).

The Euclidean norm of a vector is at most the sum of the norms of its blocks, and ¢ is independent of xq, so

).

£,k
E|| <) E|fy ||<ZE|0% ) E(leg"(| +1) /Iak Idt (Ellag*®
£,k
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By monotone convergence, fol |éeg| dt = limypq fg/ ar(l —t)~tdt = limypq (1 -(1- t’)ak) =1 (for ap <1
the integrand is unbounded near ¢ = 1 but integrable). By the Cauchy—Schwarz inequality and a:g’k ~
N(0,021,), B[zt | < (B|zb*)2)1/2 = oy/Vk. Hence E|[ L[| <37, (ok/vk + 1) < oo,

(iii) Fix ¢ M, and j. Since = # e;, there is a block (¢*,k*) with d := ||z’ F" — e;,.
triangle inequality and [[ej,. .| = 1,

> 0. By the

Jk*

[z — (1= apej | = 1(@F — e, ) +aneej |l > d— o

¥

Qo *

Let 9 := min(d/2)"/% A 1. For 7 < 75 we have o+ = 7% < ((d/2)Y/ %)™ = d/2, so the norm above is
at least d/2 and the factor of block (¢*,k*) in Eq. (4) is at most exp(—d?/(8a3.03.)). Bounding every other
exponential factor in Eq. (4) by 1 and using Eq. (39),

d2

N _ —2ak*) < .
exp( 802* T (tr <79)

p@[t,j) < ko7

Since 7 < 1 and ag > Guin, 7 2% > 77 2min; 3ls0 opr < Omax. Multiplying by ag/(1 —t) = ap7 7!,

d2
p(x|t,g) 1a_kt < Cr N lexp(— e 20min), C = ay H(27TU,%/)7”’9'/2, €= 352 (40)
f,k:’ max

for 7 < 79. With y = 1/7 € [1/79,00) the right-hand side is h(y) := CyNTle==""™" a continuous function
with h(y) — 0 as y — oo (the exponential decays faster than any power), hence bounded on [1/7,00). So
the integrand is bounded for t € [1 — 79,1). For t € [0,1 — 79] we have T > 79, s0 g > 73 for every k’;
bounding the exponentials by 1, p(x | ¢,5) <[], k,(ZWTga’“'aﬁ,)*”k’/z, and a/(1—1t) < ag/70. The integrand
is continuous on [0,1) and bounded, hence integrable on (0,1).

(ii) For fixed @ and ¢t € (0,1), every p(x | t,j) is a value of a Gaussian density with nonsingular
covariance (Lemma B.1), hence strictly positive, and » ;7 = 1; so t = > mp(z | ¢,7) is continuous
and strictly positive on (0,1), and its integral g(x) is strictly positive. For @ ¢ My, 1 —t < 1 gives
p(x | t,3) < 2-p(x | t,5)7, so by (iii) (with k =1)

-t
(@)=Y /1(|t')dt<1z /1(|t')a1dt<
x) = 5 x — 5 x — 00.
q : Jop ) A Jop ) 1—¢
3 3
For ¢ = e;js € M, finiteness can fail: since xbk — (1 — ak)eﬁék = apej the term 7 = 3’ equals

mikor N exp(—LY", 1/(202)) by Eq. (39), whose integral over 7 € (0,1) is infinite when 7m; > 0 and N > 1.
We therefore only claim ¢(x) < oo for @ ¢ M, which is all we use (M is a finite, hence Lebesgue-null, set).

(iv) Let d := minj maxy, [|€°* — e;, , ||. For each j, & # e;, so the maximum is positive; d is a minimum
of finitely many positive numbers, so d > 0. Let U be the open ball of radius d/4 around . For € U and
every j, let (¢, k) be a block attaining the maximum for &; then ||z“* — e, || > [|[z°* —e;, .|| - |z — Z| >
d —d/4 = 3d/4. The argument of (iii), with d replaced by 3d/4, therefore holds uniformly in & € U and j:
with 74 := miny,(3d/8)"/* A1 and ¢ := 9d?/(12802,.),

p(x | t,5) < kor N exp( — 0’772‘1”““) (r<719), p(x|t,g) < H (277762‘1’“0,%)_%/2 (r>1)), (41)
0k

forallz € U and j € J.
Derivatives. Fix t and j, and set sj, := 1/(a202) and u2* := s (xf’k — (1 —ax)(ej,,)i)- By Eq. (4),
log p = const(t) — %Zé,k spllzt* — (1 — ar)ej, . ||?, so
6$f,kp = —uf’k D, axf,kuf,’k = Sk (5(5’]@’2‘)’([/&%/), awfk s = 0.
By induction on |8, 32p = p Pg(u, s) with a polynomial Pg of degree at most |3| whose coefficients depend
only on B: Pop=1,and 0 cx(pP) =p (—uf’kP +0_ex P), where —uf’kP raises the degree by one and 0_¢.x P

33



(which replaces a factor u“* by s;) does not raise it. On U and for 7 < 1, with Ry := ||&|| + d/4,

Ckl+1 Ry +1 1
|uf,k| S Hw . |l + g U2+ T*QCLmax, Sk é 5 7_72(11“&,( .
UkT @k O min min

With A := max{1, (Ry+1)/02,,}, each monomial of degree m < |B] is at most A™ 7~ 2amaxm < AlBlr=2amax|Bl
s0 |Pg| < C'77N" with N’ := 2amax|B| and €’ equal to Al8! times the sum of the absolute values of the
coefficients of Pg. Finally (1+ |z]|) <1+ Ry on U and 1 + ax/(1 —t) < (1 + amax)7 * for 7 < 1.

The dominating function. For T < 7§, by Eq. (41),

08

which is bounded in 7 € (0, 7'0] by the argument after Eq. (40). For 7 > 7} the left-hand side is at most
Hz’k(2777’2ak o) TU/2 7y N'(1 + amax/7)(1 + Ry). Both bounds are independent of = € U, j and k, so
their maximum is a Constant Gpg, which lies in L1(0, 1). O

1“_’“ t) (14 &) < C"r NN "Lexp(— /r72min) " := koC'(1 + amax)(1 + Ryy),

B.3 Proof of Proposition 3.3

Proof. Idea. To identify E[I; | I;] it suffices to find a function m with E[I; ¢(I;)] = E[é(I;) m(I;)] for
every bounded measurable ¢. Conditionally on ¢ and the endpoint, both the law of I; (Lemma B.1) and
the velocity as a function of I; (Lemma B.2) are explicit, so we disintegrate over (¢, 1) and then exchange
the order of integration; Lemma B.3(i) is what makes the exchange legitimate. Smoothness is differentiation
under the integral sign in ¢, with the dominating functions of Lemma B.3(iv).

Disintegration. By independence of ¢, xo, x1, for every Borel F : [0,1) x RP x RP — [0, 00] (Tonelli),
and for every F' with E|F(t, g, x1)| < co (Fubini),

1
EF(t, g, 1) :/0 ij /]RD F(t,z,e;) N(0,X)(dz) dt. (42)

If, for ¢ E (() 1) fixed, F'(t,2,e;) = fij(A(t)z + (I— A(t))e;), then by Lemma B.1 the inner integral equals
[ frj(x)p(x|t,5)de (1mage of a measure under the affine map) By Lemma B.2, I, = A(t)A(t) "1 (I; — e;)
When :L'1 = ej, so this applies to F' = I, o¢(I;), coordinatewise, with

fr.j(@) = v j(x) p(x), vi(x) = AW)A{) " (z — ej).

Marginal density. Taking F = Wp(I;) for a Borel set B in Eq. (42) and exchanging the integrals by

Tonelli,
1
P(IteB):/ Zw,-/p(mu,j)dwdt:/q(m)dm,
0 j B B

S0 ¢ is the density of I;.

The field. Let ¢ : RP — R be bounded and measurable. Applying Eq. (42) to F = |||, the function
(t,4,x) — mjl|lve ()| p(x | t,7) has integral E||I;|| < oo over (0,1) x J x RP by Lemma B.3(i). The
integrand of the next display has norm at most ||¢||« times this function, so it is absolutely integrable, and
Fubini’s theorem allows us to integrate over t and j first:

It¢ It / Zﬂ'J/ v j(x Yp(x | t,j)dedt = / ¢(x) n(x) de,

n(x) = / ij plx | t,7)ve () de.
0 g
For « ¢ M the integral n(x) converges absolutely: by Eq. (38), ||vf1k(m)|\ = 2 |lej,, —xtF|| < 2 (14 z|),
and fol p(x | t,5)7%dt < oo by Lemma B.3(iii). By Lemma B.3(ii), 0 < g(x) < oo there, so

._Lm): 1 w;(t, x) A Nz —ej x
m(@) = ) AZJ: it z) AQAR) (z —ej)dt (2 ¢ M)
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is well defined and finite (we use w; = m;p/q), and Borel (partial integrals of jointly measurable functions
are measurable). Since M is Lebesgue-null,

E[f, o(I,)] = / o(z) m(x) (z) dz = E[o(I,) m(I)].

RO\ M,

Moreover E|m(I;)|| = [ |n| dz < E||I;|| < oco. Since the identity holds for every bounded measurable ¢
and m(I,) is integrable and o (I,)-measurable, m(I;) is a version of E[I, | I,]. Thus b = m qdx-almost
everywhere, i.e. Lebesgue-almost everywhere because ¢ > 0; we take the everywhere-defined m as the
definition of b off M;. Block (£, k) of AA~!(x — e;) is %(eﬂ’k — x%*) by Eq. (38), which gives Eq. (5),
and the integrals in Eq. (5) converge absolutely by the bound on n above.

Smoothness. We use the following standard fact. Let U C R” be an open ball and f : U x (0,1) — R
be such that f(-,t) € C*(U) for every t, every 08 f is jointly measurable, and sup,cy |08 f(z,t)| < Hg(t)
with Hg € L'(0,1). Then F(z fo x,t)dt is C* on U and 0P F = fo 0B f dt. Indeed, for a coordinate
direction e and x, x4 he € U the mean value theorem on the segment (contained in the convex set U) gives
|f(x+ he,t) — f(x,t)|/|h| < He(t), so dominated convergence yields 9 F = [ . f dt; continuity of [ 92 f dt
in « follows by dominated convergence with Hg, and induction on || gives the claim.

Fix & ¢ M, and take U and Gg from Lemma B.3(iv). The function p(x | ¢, j) is C* in « and continuous
in (z,t) € RP x (0,1), as are its z-derivatives. For g, the integrand >_; ™jp has z-derivatives bounded on
U by Gg (the factors 1+ a/(1 —t) and 1 + ||| are at least 1). For coordinate i of block (¢,k) of m, the

integrand is ), w1 p ((ej,0)i — zh k) by the Leibniz rule,

021 ((esea)i = 2] = (e = 1) 020 = Beas 987,

where Sy 1 ; is the order of differentiation in xf’k and the second term is absent if 3¢ 1 ; = 0. Since |(ej, , )i —

25| <1+ |||, the B-th derivative of the integrand is bounded on U by (1 + |3) Y p<pGp(t) € LY(0,1).
By the fact above, m and ¢ are C* on U. Since ¢ > 0 on U (Lemma B.3(ii)), b=mn/qis C*° on U. As x
was arbitrary, b € C*°(RP \ My). O

B.4 Proof of Proposition 3.4

Proof. Idea. Part (i) is a regrouping of Eq. (5) by the value of block (¢,k) of the endpoint, and the rest
follows from it. Summing the coordinates of (i) shows that h®* = 1Tx"* — 1 obeys a scalar linear equation
with a nonnegative coefficient, which an integrating factor solves in closed form; the same device applied to
a single coordinate shows that a coordinate cannot become negative. This makes the forward invariance of
P explicit, so Nagumo’s theorem is cited only as the general principle behind the computation.

(i) Group the configurations in Eq. (5) by the value i = jy j, of block (¢, k):

@ = 303 w1 e et / > il

=1 g:j¢ k=1 Jije k=t

- dt) (e; — "),

Af
1-t

(Lemma B.3(ii)~(iii)), and e; — %" does not depend on ¢. The coefficient in parentheses is cf’k(alr:)7 and it is
nonnegative because w; > 0 and ax/(1 —t) > 0.

Continuity of the coefficients. For @ ¢ My, ¥ (x) = q(x)~? D jijen=i i folp(a: | ,5)1%; dt. Near
any & ¢ M the integrand is continuous in & and dominated by Gg of Lemma B.3(iv), so the integral is
continuous by dominated convergence, and ¢ is continuous and positive (proof of Proposition 3.3). Hence
ik and C4F = => coF are continuous on RP \ M.

K2

(ii) Let X, be a solution in RP \ My; it is C* because b is continuous there. Using (i) and 1Te; = 1,

Exchanging the finite sums with the integral is allowed because each t — w;(t, x) is integrable for x ¢ M,

he,k( ) 1TX£ k 1Tbe k Z cl k S 1TXS£,k) — _Cé,k(Xs) hé’k(s).
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The coefficient s — C**(X) > 0 is continuous, so E(s) := exp(f; C**(X,)dr) is C' with E' = C**(X,)E,
and (hOFE) = E(hF + C4%(X,)hb*) = 0. Hence hP*(s) = ht¥(0) exp(— Jy CPR(X,)dr). As CHF > 0,
|h*(s)| is nonincreasing, the sign of h** is preserved, and h**(0) = 0 implies h** = 0; if this holds for every
block, the solution stays in the affine hull, which is therefore invariant.
(iii) Let € P\ My with 2°F = 0. By (i), the i-th coordinate of block (¢, k) is
Uk
b @) = 3 e (@) ((en)i = 27") = 3o (@) e = ¢ (@) 2 0.

i'=1 i

The polytope P = {x : 1Tz = 1, %% > 0 V/, k} is defined by linear equalities and inequalities, so
its (Bouligand) tangent cone at & € P is Tp(x) = {d : 17d"* = 0 V¢, k, d“€ > 0 whenever xlf’k = 0}:
if d lies in the right-hand side, then @ + hd € P for all small h > 0 (coordinates with xe >0 stay
positive), so d € Tp(x); conversely, if € + h,d, € P with h, | 0 and d,, — d, then 1—'—d“C = 0 and
df;,’ﬁ = (2PF + hndfl’ﬁ)/hn > 0 when z% = 0, and both relations pass to the limit. For « € P\ M, (ii) gives
1765 (x) = —C%*(x) -0 =0 (here 1T 2%* = 1), and together with the display above b(zx) € Tp(x).
Forward invariance. Let X, s € [0,5), be a solution in RP \ M; with X, € P. By (ii), 1T X5* =1 for
all s and blocks. For the sign constraints, (i) gives for every coordinate
XGF =0 (Xa) = ¢ (Xa) = OO (X X

5,0

so with E from (ii), (XffE(s))’ = E(s) cf’k(X ) > 0 and Xfic > ng/E( ) > 0. Hence X, € P for all
s € ]0,5). This is the conclusion of Nagumo’s theorem [7, 32] for the locally Lipschitz field b on the open
set O = RP\ M, (it is C* there) and the relatively closed set P N O, on which b lies in the tangent cone;

the computation above makes it explicit. O

B.5 Proof of Proposition 3.5

Proof. Idea. With the product [[, vi, = V fixed, the sum ), vj is smallest when the factors are equal,
which is the arithmetic-geometric mean inequality. The remaining one-variable problem is simpler on the
logarithmic scale, where In(KVY5) =In K +In V/ K has a derivative whose sign can be read off directly.
By the arithmetic-geometric mean inequality, + = 2tk > (I vk)l/ K — V1K with equality iff all vy, are
equal, i.e. iff v, = VI/X for all k; multiplying by LK gives LY, vy > LKV/K w1th the same equality case.
For the second claim (with V' > 2, so that InV > 0), let f(K) = KV/X and g(K) =In f(K) =InK + 2¥

for real K > 0. Then L WV KV

gy L V. K-l

J'(K) K K2 K2
which is negative for K < InV and positive for K > InV. So g is strictly decreasing on (0,ln V] and
strictly increasing on [In V,c0), and g, hence f = e9, attains its minimum over (0,00) at K = InV, where

fV) =V .vV/RV —ny.enV/inV —elnv, O

B.6 Proofs for Section 3.3

The proof of Theorem 3.8 has a local and a global part. Near a vertex, Lemma B.4 estimates the speed
M and the target p of Lemma 3.6, and Theorem 3.7 turns these estimates into absorption in finite time,
with Lemma B.5 handling the non-smooth distance Vj~. Globally, Lemma B.6 shows that the current ¢b
carries g to p1, Theorem B.7 decomposes it into curves from noise to data, and Lemma B.8 together with
Theorem 3.7 identifies these curves with trajectories that end at a vertex.

Throughout, 7 := 1 — ¢, blocks are indexed by (¢, k), and for a configuration j we use

Z;(x) :=7rj/0 MEILD g Qi) ::wj/o p(@ | t,5) dt, (43)

with Z; = Q; := 0 if m; = 0. Since w; = m;p/q and ¢ does not depend on ¢,

w(t,@) 25 Z5() ' wj(t,x) %) ey,
[z BIVOE - DIEES Th

q(x)
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so that, by Eq. (6) and the definition of ¢, ¢ = 32, Q;, M =37, Z;/>°; Q; and piF = >iZi€jen] 25 Zi
(whenever 3 Z; < oo, which is shown below for z € ).

Proof of Lemma 3.0. Idea. None of the three claims needs a new estimate. Configurations with m; = 0
contribute nothing to g, b or Zj;, so the proofs of Lemma B.3 and Proposition 3.3 only need x to avoid the
vertices that carry mass, and this extends them from R”\ M; to Q. The bounds on M come from comparing
Zj with Qj, and Eq. (7) is Eq. (5) split into the term with ej, , and the term with xbF
Domain. In Lemma B.3(ii)—(iv) and in the proof of Proposition 3.3, the condition « # e; is used only
for configurations with m; > 0: every term with m; = 0 vanishes identically. In Lemma B.3(iv) we may
therefore take d := minj..;~omaxyy, [|€°% — e, ||, which is positive for & € Q (since & # e; for every j
with 7; > 0), and obtain the bounds of Lemma B.3(iv) for all j with m; > 0. Hence all statements of
Lemma B.3 and Proposition 3.3 hold with R \ M replaced by €, with Eq. (5) as the definition of b on ;
in particular beC>®(Q),q>0o0nR’ and Z;j(x) < oo for € Q and all j by Lemma B.3(iii) (divide by
a1). Since - < all (1+ %), the integrands of Z; are dominated near each & € Q by Gg/a; together with
thelr x-derivatives, so the argument of the smoothness part of the proof of Proposition 3.3 shows that Z;,
and hence M and ﬁé’k, are C'°° on .
Speed. For x € Q, >, Zj(x) < oo and g(zx) € (0,00), so M(x) =}, Zj(x)/q(x) < co. Since = >1on
0,1), Z; > Qj for every j, s0 > ; Z; > >, Qj = q > 0and M(z) > 1. The weights Z;(x)/ > Z (x) are

. — Z; . . . . —
nonnegatlve and sum to one, so pe’k(w) = E j 72 JZ eje L 1S a convex combination of vertices of Avk 1.
. LGl ’

Formula. Both integrals below converge absolutely: the second equals M (x) < oo, and the integrand of
the first has norm at most that of the second (||e;, , || = 1). Splitting Eq. (5) accordingly,

v @) = o [ ;“’{“’f) o 0t — ax /Zwiff )at* = aeM () p* () — ax M (x) 2,

where the last step uses the definitions Eq. (6). O
Notation near a vertex. Fix e;j- € MY, write el = ej; , 8% = afh — el V = Vju(z) =
maX@,kHée’kHl/aka Z, = Zj*, Q. = Qj*7 Ze = Zj;éj* ij Q. = Zj;gj* ij Gmin = mMing ag,

Omax = MAaXk Ak, Omax = MaxXy Ok, and kg = Hzﬁk(Zﬂ'Uz)_”k/? By definition of V, raising ||6%F|Y/ % <V
to the power aj > 0,

6% < Ve for all (¢, k), with equality for at least one block. (44)
Since ay = 7% and [, , o, " = 7N (Eq. (39)), Eq. (4) reads

5k £,k
Nexp( _ Z I +age" |

20303 )’ (45)

p(w ‘ t7j*) = K/OT_
0,k

because ztF — (1 — ay,)ed™ = 6% + ael®. If vy, > 2 for every k (as in Theorem 3.8), then, since L > 1 and
all terms of N = L Zk ax vy are positive, N > Lvgayg > 2ay for every k, hence

v :=N — Gmax > Gmax > 0. (46)

Without the assumption v > 2, still y > Ounless L=K =v; =1: if L>2or K > 2 or v; > 2, then N

contains, besides one term ap.x, at least one further positive term. In the remaining case D = 1, J has a

single element, so Z. = 0 and p** = eb”.

Lemma B.4 (Bounds near a vertex). There are constants g € (0,1) and Cy > 1 (depending on
i+, (ag, ok, vk), L) such that for all © with 0 < Vj«(x) < &¢:

(a) Z.(x) < Cy and Q.(x) < Cy;
(b) Co VN < Z(x) < CoV—N;
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(c) Q*(m) Co'VIN 4if N > 1; and Q.(x) < CoVI™N if N > 1, Q,(x) < Co(1 + log(1/V)) if
S 1)

x) — e || < CoVN for every block;
> Cy 'Vl and M(x) < CoV™L if N > 1; M(x) > Cy 'V N /(1 +log(1/V)) if N < 1.

(@ 15
(e) M(x)
Proof. Idea. All five bounds concern the four integrals Z,, Qy, Z¢, Q., since M and p are ratios of them. A
competing configuration differs from j* in some block by a distance close to /2, so its likelihood at x is
exponentially small as 7 — 0 and its integral stays bounded, which is (a). For 5* itself, V' is the natural time
scale: for 7 > V every deviation ||§%*| is at most ay and p(z | t,5*) is comparable to 7=V, while for 7 < V
the block attaining V' lies many standard deviations away and the likelihood is negligible; the substitution
7 = V¢ turns this into (b) and (c). Parts (d) and (e) then follow by taking ratios.
Choose
€0 := min { mkinéfl/a’“7 9~ U/N 9= V/(N=1) (the last only if N > 1)} € (0,1).

Then V < g¢ implies ||6%F|| < V@ < 1/4 for all blocks by Eq. (44), V™V > 2 and V=¥ > 2/if N > 1.
In particular € Q (indeed ¢ M;): & # ej« as V > 0, and « # e; for j # j* because some block has
e, — ey k|| =+/2 > 1/4. So M and p are defined at . In integrals over ¢ we substitute 7 = 1—¢, dt = —dr,
SO fol f@) fo f(1 —7)dr. Constants C1,Cs, ... depend only on the data listed in the statement.

(a) Let 7 ;é J* with m; > 0 (the other terms vanish), and pick a block (£o, ko) With je,,k, # J7, 1, Write
€= e€j, ., &= ak,. Two distinct vertices of a simplex are at distance V2, so by the triangle inequality,
J8toko| < 1/4 and [le]] = 1,

zfoko — (1 —a)e| = ||(efoF0 —e) + 5% fae|| > V2-1—a.
I " 1

Let 7 := ming 2=/, For 7 < 7 all ap, = 7% < 1% < 1/2, so the norm is at least V2 —3/4>1/2, and
a = 7%0 < 7omin (a5 7 < 1). The factor of block (¢y, ko) in Eq. (4) is therefore at most exp(—*zlr) <

8a Tko

exp(f&jgm%) Bounding the other exponential factors of Eq. (4) by one and using Eq. (39),

p(x |t 5)

1
- SKOT_N_leXp( 7) (r < 1)

2 2am;i
80’max7— min

The right-hand side is integrable on (0, 7]: substituting y = 1/7, dr = y~2dy,
i —2amin e 2amin
/ SN (802, g / N =10 (8530 4y < oo,
0 /71

For 7 € [r1,1], ax > 7, so p(x | t,5) < [1, (277" 03)~"/? and 1/(1 — ) < 1/7;. Both bounds are
independent of @, so (with m; < 1) Z;(x) < C}, and summing over the ﬁmtely many j gives Z, < |J|Cy.
Since p < p/(1 —t), also Q. < Z..

(b) lower bound. For 7 € [V,1] and every block, oy, = 7% > V% > [|§%%| by Eq. (44), so ||6°* +
§%F|| + ax < 20y, and the exponent in Eq. (45) is at least — Yoepdai/(20307) = =32, 1 2/0% =
—cp. Hence p(x | t,5%) > koe 7~ on [V, 1] and, dropping the (nonnegatlve) contribution of 7 < V,

1 V-N_1
_ _N— _ Tj*xKo€
Z, > mixkoe 7Nl dr = mjekpe 0 J
v N 2N

—co

V*N

using V- — 1> 3V~ which is V-V > 2.
(b), upper bound. Let (£*,k*) be a block with equality in Eq. (44), so [|§¢ *"
Ty 1= 2 Yamin )/ < V. For 7 < To, Since apx /amin > 1,

= V% > (, and set

Qe = FOk* < 27ak*/aminvak* < VR — %H(sg*’k*n

)

1
2
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so [|6°F + apeel T > 167K = g > $Ve= . The factor of this block in Eq. (45) is then at most

exp(— V2@ /(872%*¢2,)), and bounding all other factors by one,

. Vv 2ap=
et < mr e~ CET) <),
80max
Substituting 7 = V¢, dr = Vd¢, 7 N-ldr = V- NgN-1gg,
T2 P o—1/amin s .
/ —dr < H(]V_N/ ENLe= 877 /(8onad ¢ < CL VN,
o T 0
where Cy is kg times the maximum of the integrals over the finitely many values ag~ € {a1,...,ax}; each

integral is finite, as the substitution y = 1/¢ turns it into f;o/amin yN—le=v*"* /(8onaddy. On [T2, 1], bounding

the exponential in Eq. (45) by one, p < ko7~ and leg 7 N=1dr <7, NV /N = 2N/emin V=N /N With i <1,
Z, < (Cy + ko2N/amin NV N,

(¢) The same two estimates without the factor 1/7 give the following. Lower bound for N > 1: on [V, 1],

! Vi-N _1 Tjxkpe O

—c —N —c
Q. > mjxkKoe O/VT dr = mjxkoe™ N-1 = 2N-1)

1-N
Ve,

using V=" > 2. Upper bound: substituting 7 = V¢ on (0, 7] (1~ Vdr = VI=Ne¢=Ndg),

9—1/amin 1

N7 /Bonad de + kg / 7 Ndr.

T2

Q* § HOV17N/

0

The first integral is finite (as in (b)) and bounded by a constant Cs. If N > 1, the last integral is at most
70 N (N — 1) = 20V =D/amin V1=N /(N — 1), 50 Q, < CyVI"N. If N <1, then 7~ < 7! on (0, 1] and the
last integral is at most f:z 7717 = log(1/73) = log(1/V) + (lfm%f; the first term is at most koC3VI™N < koCs
because V' < 1 and 1 — N > 0. Hence Q, < C5(1 +1og(1/V)) if N < 1.

Let C] > 1 be the largest of the constants obtained so far in (a)—(c) (for upper bounds) and of their
reciprocals (for lower bounds). Then (a)—(c) hold with C] in place of Cy.

(d) By the formula for p** after Eq. (43) and > Zjef’k/ >iZi= etk

0,k L,k
.k Lk _ ZJ ZJ (ejl,k — € ) _ ZJ;&J* ZJ (ejz,k — € )
. > 7 7, + Z, ’

pr—e

and |lej, , —e%*|| < V2. By the triangle inequality, (a) and (b), ||p** —e%"
VACRVN.

() M = (Zy + Z.)/(Q« + Qc). Lower bound: M > Z,/(Q« + Q). For N > 1,V < 1 gives V1=V > 1,
so by (a) and (c), Q. + Q. < C}VI=N 4 1 <201V~ and with (b)

| <V2Z:)(Z+Ze) <N2Ze)Z, <

ci-ty-N oyt
M>= = .
= 20VI-N T oCp

For N <1, Q.+ Q. < O (1+log(1/V))+C4 < 2C; (1+1og(1/V)) (as log(1/V) > 0),s0 M > V=N /(2C12(1+
log(1/V))). Upper bound for N > 1: using V=V > 1,

Lt Ze _CVNEC]  20VN

M Q. ~ Cy'vieN T olyieN

=207V

Set Cy := 2C12 > C}. All upper bounds in (a)—(e) are of the form (constant at most Cp)x (function of V')
and all lower bounds of the form (constant at least Cy ) x (function of V), so (a)—(e) hold with Cj. O
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Lemma B.5 (Dini derivatives). Let f : [s1,s2] = R be continuous with upper right Dini derivative
D* f(s) := limsupy,o(f(s + h) — f(s))/h < —r for all s € [s1,s2). Then f(s) < f(s1) — k(s —
s1) on [s1,82]. If f = maxes fi for finitely many functions f; that are C' near s, then DT f(s) <
max;cy(s) fi(s) and Dy f(s) := liminfyo(f(s + h) — f(s))/h > max;c(s) fi(s), where I(s) = {i :
fi(s) = f(s)}.

Proof. Idea. The distance Vj+ of Theorem 3.7 is a maximum of finitely many smooth functions and is not
differentiable where the maximum switches, so its monotonicity has to be argued with one-sided derivatives.
The first claim is the mean value inequality for the upper right Dini derivative, proved by looking at the
largest point up to which a slightly weaker linear bound holds. The second claim reduces to the observation
that near s only the indices active at s matter, and a maximum of finitely many C' functions has a right
derivative.

Here k € Ris arbitrary. Fix ' < k and let S = {s € [s1, 2] : f(s) < f(s1)—K'(s—51)}; it is closed because
f is continuous, and it contains s;. Let s* := max .S and suppose s* < s3. Since DT f(s*) < —k < —#/,
there is hg > 0 with (f(s* + h) — f(s*))/h < —&' for all h € (0, hy), hence

F(s*+h) < f(s*)=Kh< f(s1) = K(s"—s1) —K'h=f(s1) = K'(s"+h—s1),

so s* + h € S for small h > 0, contradicting the maximality of s*. Hence so € S. Applying this on [s1, s] for
each s € (s1, s3] gives f(s) < f(s1) — &'(s — s1), and letting £’ T k gives the claim.

For the maximum: f is continuous near s. An index with f;(s) < f(s) satisfies f; < f on a neighbourhood
of s by continuity, so near s, f = max;c(s fi. Fori € I(s), fi(s+h) = f(s)+hf](s)+ri(h) with r;(h) = o(h),

so for small h > 0
f(s+h)_f(3) /

—~—

- : < — =0
h irgla(f) fis)] < irgla(f) h
Thus the right derivative of f at s exists and equals max;c(,) fi(s), which gives both inequalities. O

Proof of Theorem 3.7. Idea. We need a quantity that decreases along trajectories near e;j» and reaches zero
in finite time, and the distance V' = Vj« serves as this Lyapunov function. The exponents 1/a; in its
definition are matched to Eq. (7): since b"F = ap M (p** — 2%*), each ||64*||}/@* shrinks at the same relative
rate M, up to the error p“* — ef’k, which is of order V¥ by Lemma B.4(d). Step 1 turns this into the
differential inequality Eq. (48); Step 2 shows that trajectories stay near the vertex and, because M blows up
fast enough as V' — 0 (Lemma B.4(e)), reach it in finite time; Step 3 uses the two-sided bound M =< V1
for N > 1 to obtain the rates.

Let €9,Cp be as in Lemma B.4. If v > 0, choose € < gy so small that Cye? < %, with v from Eq. (46);
in the degenerate case ¥ = 0 (then D = 1 and p = e, see after Eq. (46)) take ¢ := gp. Let W :={x: 0 <
Vj«(®) < €}, an open set since Vj« is continuous. Then W C Q: x € W is not e;j« (as Vj«(x) > 0), and
every other vertex e; € M{ has a block with ||e;, , — etF|| = 2 > e, whereas ||zt — e%F| < g% on W
by Eq. (44); so W N M{ = ). The same argument shows

{Vje <efn M ={ej}. (47)

By Lemma 3.6, b is C°°, hence locally Lipschitz, on €, so for every xy € €2 there is a unique maximal solution
of X, = b(X,), Xo = xo, in Q; we write [0,7(x0)) for its interval of existence, 7(zo) € (0, oc].

Step 1: a differential inequality. Let X be a solution in W on an interval, and V(s) := Vj«(X). For a
block with §%*(s) # 0, the map s — ||§%%(s)|| is C! near s, and since §“F = X4*F = b*F(X,), Eq. (7) gives

d ook ok 0.k 0,k ok ¢k 0k
&”5 H:<W7b (Xs)>:akM(*||5 ||+<W7p —e, >),

because pOF —zlF = (ptF —el™) — 4k and (§9F, §F) /||64F|| = ||6F||. Let for = [|6%%|/* . By the chain
rule, the Cauchy-Schwarz inequality [(§¢% /|| 65F ||, pF — ex*)| < |p* —e"|| and Lemma B.4(d) (applicable
since 0 < V < e < gg),

1 1 1 d 1 _1 11
for = QIIJMII k &H‘SMH € M| — for — 8°%1% " CoVN, —for + ||6°F| 7 COVN]
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Fix s and let (¢, k) be an active block, i.e. fox(s) = V(s) > 0. Then §“*(s) # 0, so fr . is C! near s (X is
C*, the norm is smooth away from 0, and 7 — /% is smooth on (0,00)), and [|§%*|*/ax—1 = V1= Ag
N—ar >N —apax =7vand V < 1,

Vicae VN = 0V - V=% < OV - VY < CpVeY < Ly

1
2
(in the degenerate case the error term is 0 because p = e,). Hence f; ;. (s) € M[-3V,—1V] for every active
block. Inactive blocks have frx(s) < V(s), and near s, V is the maximum of the active fy; (proof of
Lemma B.5), each C! near s. Lemma B.5 applied to this maximum gives

DYV(s) < —IM(X)V(s),  DyV(s) > —2M(X,)V(s). (48)

Step 2: invariance and absorption. Let @y € W, let [0, s*) with s* = 7(xg) be the maximal interval of
existence of the solution in Q with Xy = @, and s; := sup{s < s* : X, € W Vr < s}; s1 > 0 because W
is open and X continuous. On [0, 1) the solution lies in W and Eq. (48) holds. On a compact subinterval
[s,s"] C [0,s1) the function s — M (X,)V(s) is continuous (M is continuous on © by Lemma 3.6) and
positive, so it has a positive minimum &k, and Lemma B.5 gives V(s") < V(s') — k(s — §') < V(5'). So
V is strictly decreasing on [0, s1), whence V(s) < V(0) < e. Suppose s; < s*. By continuity V(s1) =
limgps, V(s) < V(0) < g, and V(s1) > 0 because X, € Q and V;» = 0 only at e;+ ¢ Q. So X, € W and,
W being open, X, € W for all r < s; + h for some h > 0, contradicting the definition of s;. So s; = s*,
X, € W for all s < s*, and V is strictly decreasing on [0, s*).

Finite time. By Lemma B.4(e), M > m(V) with m(V) = Cy*V='if N > 1 and m(V) = C; 'V /(1 +
log(1/V)) if N < 1. Let G(v) := [ du/(3um(u)) for v € (0,¢). The integrand is 2Cy (if N > 1) or
2CouN~1(1 + log(1/u)) (if N < 1), both continuous and positive on (0,¢) and integrable at 0 as N > 0; so
G is finite, G > 0, and G is C' and increasing on (0,¢) with G'(v) = 2/(vm(v)) > 0. For s < s* and h > 0
small, the mean value theorem gives G(V (s + h)) — G(V(s)) = G'(&,)(V (s + h) — V(s)) with &, between
V(s) and V(s + h); as h | 0, G'(&,) — G'(V(s)) > 0 by continuity of V and G’. Hence, by Eq. (48) and
M > m(V),

2 1 M(X;)

DT (GoV)(s)=G'(V(s)) DTV (s) < T 5M(XS)V = < 1.

Lemma B.5 on [0,s] gives G(V(s)) < G(V(0)) —s. Since G > 0, s < G(V(0)) for every s < s*, so
s* < G(V(0)) < oo.

Limit. For n € (0,V(0)) let K, :={x : n < Vj«(x) < V(0)}. It is closed (Vj+ is continuous) and bounded
(Jlz%*]| < 14 V(0)?* on it by Eq. (44)), hence compact, and it is contained in  (by Eq. (47), as Vj= > 1 > 0
on it and V(0) < £). A maximal solution of an ODE with locally Lipschitz right-hand side on an open set
Q with finite existence time s* eventually leaves every compact subset of Q: there is s, < s* with X, ¢ K,
for s € (sy,s*). Since V(s) < V(0), this means V(s) < n for s € (s, s*). Hence V(s) — 0, and by Eq. (44)
[ XEF —ebF| < V(s)™ =0, ie. X, — ej- as s T s* = 7(xo). This proves (i).

Step 3: rates for N > 1. By Lemma B.4(e), C; V=1 < M < CoV ™1, so Eq. (48) gives

DTV <3GV = =5k =1 —¢,  DyV > -3C V'V =-3C) = —C,
and 0 < ¢ < C as Cp > 1. Lemma B.5 applied to V with x = ¢ gives V(s) < V(0) — ¢s. Since DT (-V) =
—D,V < C, Lemma B.5 applied to =V with k = —C gives =V (s) < =V (0) + Cs, i.e. V(s) > V(0) — Cs.
Letting s 1 7(xg), where V' — 0: from 0 < V(s) < V(0) — ¢s we get s < V(0)/c for all s < 7(x¢), so
T(xo) < V(0)/¢; from V(s) > V(0) — Cs we get 0 > V(0) — C7(xg), so 7(xg) > V(0)/C. For fixed
s < 7(xg), Lemma B.5 applied to =V on [s,s'] gives V(s') > V(s) — C(s' — s); letting s’ 1 7(xo) yields
V(s) < C(r(xo) — s), and Eq. (44) gives | X5F — || < V(s) < (C(r(x0) — 5))*. O

Lemma B.6 (Continuity equation). The current 3 := qb lies in L*(RP;RP) and V - 3 = po — i1
in the sense of distributions: [V¢-gdx = [¢dus — [ ¢dug for all ¢ € C°(RP).
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Proof. Idea. The identity is a statement about the interpolant averaged over time, and it is easiest to
prove it path by path and average afterwards. Along a single path the fundamental theorem of calculus
gives ¢(x1) — d(xo) = fol Vo(I,) - I, dt; taking expectations and replacing I; by its conditional expectation
b(I;) (tower property) produces [ V¢ - gbdx. Integrability of ¢ b is Jensen’s inequality for the conditional
expectation.

The norm is convex, so the conditional Jensen inequality gives |b(I,)| = |E[I; | L] < E[|L] | L]
almost surely. Since g is the density of I; (proof of Proposition 3.3), [ ¢||b]| de = E||b(L})| < E|/I;|| < co by
Lemma B.3(i).

Fix ¢ € C° and (@, z1). On [0,1), t — I, is C* with derivative I, = A(t)(xo — x1), so t — ¢(I;) is C*

on [0,1) with derivative Vo(I;) - I, and for ¢’ < 1

o(Iy) — dlo) = /0 V(L) - I, dt,

using Iy = @o. The integrand is bounded by [[V¢lleo D24 |é (£)|(||&5 " || + 1), which is integrable on (0, 1)
(proof of Lemma B.3(i)). Letting t' 7 1, Iy — I = @1 since ax(t') — 0, and dominated convergence on the
right gives fol Vo(I,) - I, dt = (1) — p(x0). Taking expectations over (xq, ), and using that ¢ is uniform
on [0,1] and independent of (xg, ;) together with Fubini’s theorem (applicable because |V¢(I;) - I;| <
IVlso|| I¢] is integrable by Lemma B.3(i)),

1
E[Vo(L) - I,] =E /O VO(L) - I, dt = Bp(1) — Eo(xo) = / b — / b o,

Since V@(I;) is bounded and o(I;)-measurable and I, is integrable, the tower property and Eq. (1) give
E[Vo(L) - I] = E[V(Ly) - E[I; | IL]) = E[V$(I) - b(IL)] = [ V¢ - bgdw. O

We use the following decomposition theorem for normal one-dimensional currents.

Theorem B.7 (Smirnov [43]; Paolini—Stepanov [34, Prop. 3.8, Thms. 4.2 and 5.1]). Let T
be a normal one-dimensional current in RP (finite mass M(T) and finite boundary mass). Then:
(i) there is a cycle C of T, i.e. 0C =0 and M(T') = M(C) + M(T — C), such that A :=T — C is
acyclic; in particular A = 0T and ||T|| = ||A]| + |C||;
(ii) every acyclic normal one-dimensional current A is decomposable in curves: there is a finite

Borel measure 1 on the space © of (equivalence classes of) Lipschitz curves, concentrated on arcs
(injective curves), with

A:/[G] dn(6), M(A)=/€ed77(9), (e)xn=(0A)T, (s)4n=(04),
© ©

where s,e are the start and end points of a curve and (DA)* the positive and negative parts of
the measure dA; moreover || A < [g |16]]| dn(6).

Theorem B.7 is stated in [34] for Ambrosio—Kirchheim currents in complete metric spaces; R is complete
and separable, so no set-theoretic assumption is needed, and in RP normal metric currents coincide with

classical normal currents. We parametrise each arc by arc length, 6 : [0, fs] — RY with [|¢|| = 1 a.e.; then
[0(w) = [y w(O(1)) - 0'(1) dl, M([6]) = Lo and [|[6]]| = 04(L[0, (o).

For z € Q we write [0,7(x)), 7(x) € (0,00], for the maximal interval of existence in Q of the solution
X, () of X, = b(X,), Xo = « (unique, as b is locally Lipschitz on Q by Lemma 3.6), as in the proof of
Theorem 3.7. We set 7 := 0 on M. The set {(z,s) :x € Q, 0 < s < 7(x)} is relatively open in  x [0, o)
and (xz,s) — X;(x) is continuous on it (continuous dependence on initial data); in particular 7 is lower
semicontinuous on 2, hence Borel.
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Lemma B.8. Let € Q. Then || X5%(x)|| < max{1,|z"*||} for all s < 7(x) and all blocks. If
7(x) < 00, then limy, (o) Xs(x) exists and lies in MT .

Proof. Idea. Two things are needed: trajectories stay bounded, and a trajectory that ceases to exist in finite
time must end at a single point of M7 . Boundedness follows from FEq. (7): each block is pulled towards a
point of its simplex, which lies in the unit ball, so || X%¥||? decreases while it exceeds one. For the second
claim, a maximal solution with finite existence time leaves every compact subset of €2, so within the bounded
region it must approach /\/lf; as the points of Mf are at mutual distance at least /2, connectedness of the
trajectory forces it to approach one of them.

Fix a block and let u(s) := | X5¥||2. By Eq. (7), |p%*| < [|[p**||1 =1 (p** € A¥*~1) and the Cauchy—
Schwarz inequality,

u = 2(X0F bR (X)) = 24k M(XS) ((XEF, pUF(X5)) — u) < 20 M(X,) (Vu — u),

which is negative whenever u > 1 (as M > 1). Let R := max{1l,u(0)} and suppose u(s) > R for some s.
With s’ := sup{r < s : u(r) < R} we have u(s’) = R by continuity and v > R > 1 on (¢, s], so u is strictly
decreasing on [s', s] and u(s) < u(s") = R, a contradiction. This proves the first claim.

Now let 7(x) < oo and let B := {y : [|[y**| < max{1,|="*||} V¢, k}, a compact set containing the
trajectory. Distinct points of /\/li|r differ in at least one block, where they are distinct vertices of a simplex,
so their distance is at least v/2. For § € (0,1/2/2) the set K5 := {y € B : dist(y, M) > &} is a compact
subset of , so (as in the proof of Theorem 3.7) there is s5 < 7(z) with X, ¢ K, i.e. dist(X,, M]) < d, for
s € (s5,7(x)). The open balls of radius & around the points of M are pairwise disjoint, and the connected
set X ((ss,7(x))) lies in their union, hence in a single ball Bs(es). For ¢ < ¢ and s > max{ss,ss },
X, € Bs(es)N Bs/(es) C Bs(es) N Bs(es), so esr = es =: e. Hence || X5 —el| < 0 for s > ss, for every small
§,ie. X, —ec M. O

Proof of Theorem 3.8. Idea. Theorem 3.7 says nothing about trajectories that start far from the data, and
the flow cannot be integrated, so we argue with measures instead of single trajectories. By Lemma B.6 the
current ¢ b has boundary u1 — g, and Theorem B.7 writes its acyclic part as a superposition of curves whose
starting points have law po and whose end points have law puq; this is the right tool because it produces paths
from noise to data out of the conservation law alone. It remains to show that these curves are reparametrised
trajectories of b traversed in finite time: Steps 1-2 set up the decomposition, Step 3 shows that the curves
are tangent to b because the current is, Step 4 bounds the expected travel time by [ ¢ =1, Step 5 identifies
the curves with trajectories and uses Theorem 3.7 to exclude continuation through a vertex, and Steps 6—7
read off the four claims.

Step 1: the current. Let T(w) := [w - gde with 3 = ¢gb. By Lemma B.6, M(T) = sup, . <1 T(w) =
Jqllb]l < oo and, for ¢ € C, IT(¢p) = T(Vo) = pu1(¢) — po(¢), so T = py — po. As po and py are
mutually singular probability measures (Step 2), 9T has mass pio(R?)+ 1 (RP) = 2, and T is normal. Apply
Theorem B.7. A current of finite mass is given by a finite R”-valued Borel measure (Riesz representation),
and we use this measure to evaluate A and C = T — A on bounded Borel forms. The right-hand side
of A = [[]dn is likewise integration against the vector measure B — [q Ofe K¥g5(0(1))0'(1)dl dn(8), whose
total variation is at most [fgdn = M(A) < oo. Two finite vector measures that agree on C¢° forms
agree (by uniform density of C$° in Cy and uniqueness in the Riesz representation), so the identity A(w) =
Jol0l(w) dn(#) extends from smooth to bounded Borel forms.

Step 2: start and end points. 0A = 0T = pu1 — po. The measure pg has a density, so it vanishes on the
finite set M7, which carries p1; hence g L ji1, and by uniqueness of the Jordan decomposition (0A)* =
and (0A)~ = pg. Theorem B.7(ii) gives

S47 = lo, exn = p1; (49)

in particular 7(©) = uo(RP) = 1. We write 1’ for 1 below, to keep the notation of the following steps.
Step 3: the curves follow the field. Let N := {b = 0} U M{ and 9 = b/||b|| off N, ¥ := 0 on N;
1 is Borel because b is continuous on 2. The measure ||T|| = ¢||b|| dx gives N zero mass (¢||b]| = 0 on
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{b = 0} and M{ is Lebesgue-null), so [ -dT = fRD\NTgH ~bgdx = [q||b]| = M(T). Since ||9|| <1,
[ -dA <M(A) and [ -dC < M(C), and by Theorem B.7(i)

— [v-das [ga0 <ma)+ 1) - ueo)

so both inequalities are equalities; in particular [t -dA = M(A). Also || Al < [|A||+|C|| = |T| = ¢||b|| dz
by Theorem B.7(i). Next, by Step 1 and 1 - 6" < ||9||||¢']] < 1,

/zp dA = //Zezp 1) dl dn(6 /zgdn_

Hence [g fo (1=1(0(1))-0'(1)) dl dy = 0 with a nonnegative integrand, so for n-a.e. 8: 1(6(1))-¢'(l) = 1 for a.e.
I. As ||9p]| <1 and ||0’|| = 1, equality in the Cauchy—Schwarz inequality forces |4 (0(1))|| = 1, i.e. (1) ¢ N,
and /(1) = $(6(1)) = b(OD)/[bEW)]|, for ac. 1. Finally, |A]l < A = [ 8]y = [ 64(C [0, fs]) dn
by Theorem B.7(ii), and the total masses agree: ||A[|(RP) = M(A) = [fpdn = A(RP). So A — [|A] is a
nonnegative measure of total mass 0, i.e. |A| = X. For Borel g > 0, [gd\ = [g Oe" g(0(D))didn(8) (by
definition for indicators, then for simple functions by linearity and for g > 0 by monotone convergence), and

with [[A] < q[}b]] de, e
/@ / 9(0(1)) dl.dy(0) = / gd]A] < / 946l de. (50)

Step 4: finite time along the curves. Define the travel time T() = OZQ di/|b(0(1))]] (with 1/|/b]| :== 0
on N, irrelevant by Step 3). By Eq. (50) with the Borel function g = Wgp\s/[|b]| > 0, and since ¢ is a
probability density,

Ly
/Tdn:// g(@(l))dldn(@)ﬁ/ deﬁ/ gdz =1.
o e.Jo o\ |[Bl RD

Hence T(#) < oo for n-a.e. . Let G C O be the set of arcs (injective curves) with T(0) < oo, the properties
of Step 3, (0) ¢ M{ and 6(¢y) € M. Each of these properties holds for n-a.e. 6: injectivity by Theo-
rem B.7(ii), the next two by Steps 3-4, and the last two by Eq. (49), since n(s € M{) = po(M{) = 0 and
nle ¢ M{) = 1— (M) = 0. Hence /(€ G) = 0.
Step 5: curves are trajectories. Fix 0 € G, x := 0(0), g(I) := 1/||b(6(1))| (with the convention of Step
4), and r(l) := fol g. Then g € L1(0,4y) (as T(A) < 00), 1 is absolutely continuous with 1’ = ¢ a.e., and r

is strictly increasing because g > 0 a.e. (6(1) ¢ N for a.e. [), so r(I') —r(l) = fll/ g > 0 for | < I'; moreover
r(lg) = T(A). Let A :==1~1:[0,T()] — [0,%¢] (continuous, strictly increasing) and ~(r) := §(\(r)), so that
~(x(1)) = 6(1). The set {r € [0, T(0)] : v(r) € M7} is closed (v is continuous and M is finite) and contains
T(0), as v(T(0)) = 0(Ly) € MT; let 7o < T(6) be its minimum. Then 7o > 0 as v(0) = z ¢ M7, and
~(r) € Q for r < rg. Fix r < rg. The set v([0,7]) is a compact subset of 2, on which the continuous field b
is bounded, so h(r’) := b(y(r')) is bounded and continuous on [0,7]. Since @ is Lipschitz, hence absolutely
continuous, and by Step 3 ¢'(1) = b(0(1)) g(I) = h(x(1))1'(l) for a.e. I,

A(r) A(r) A(r) r
y(r)—x = /0 o'(1)dl = /o bO())g(l)dl = /0 h(x(l))r'(1)dl = /0 h(r")dr’,

where the last step is the change-of-variables formula for the absolutely continuous increasing map r [41],
applied to the positive and negative parts of each coordinate of h (note ||h(r(l))1'(I)|| = 1 a.e.), and r(0) = 0,
r(A(r)) = r. The integrand h = b o« is continuous on [0,70), so v is C! on [0,79) with v/ = b(v) and
~(0) = @. Since b is locally Lipschitz on €2, uniqueness gives v = X.(x) on [0,79) and 7(x) > ro. If 7(x) > ro,
then X,,(x) € Q and, by continuity, X,,(z) = lim4,, ¥(r) = ¥(ro) € M{, a contradiction. Hence the
maximal solution in € is defined exactly on [0,7¢): 7(x) = ro < co and T'(x) = lim,4, ¥(r) = ¥(r0).

No continuation through a vertex. Suppose ro < T(#) and let ej« := ~(r¢), with € from Theorem 3.7.
Since Vj«(7y(ro)) = 0 and Vj» o is continuous, there is p € (0, T(8) — ro] with ~v([ro,70 + p]) C {Vj» <
e}. As 0 is injective and A strictly increasing, ~ is injective, so ~(r) # e« for r # ro; by Eq. (47),
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Y((ro,m0 + p]) C W = {0 < Vj« < e} C Q. For r1 € (ro,r0 + p), the computation above on [A(rq), A(r)]
gives y(r) —v(r1) = f:l b(~(r")) dr’ for r € [r1,r0 + pl, so -y is an integral curve of b on [r1,ro + p| starting
in W; by uniqueness and Theorem 3.7(i), r — Vj«(7y(r)) is decreasing on [ri,79 + p]. As 7y is arbitrary,
Vi ((r")) < Vs (7(r)) for ro < r <7’ < ro+p. Letting v | 7o, Vi (v(r)) = Vj+(ej+) =0, so Vi« (y(r")) <0,
ie. v(r') = ej» = v(ro), contradicting injectivity. Hence ro = T(6) and, as v(T(0)) = 6(¢s),

7(0(0)) = T(0),  T(0(0)) =0(ls) (0 €9). (51)

Step 6: openness and local constancy. Let x € A. By Lemma B.8, T'(x) exists and equals some ej« € ./\/lf
Since X (x) — e;+ and X, (x) € Q, there is 51 < 7(x) with X, () € W = {0 < Vj+ < ¢} (¢ and W from
the proof of Theorem 3.7). The trajectory segment Xy ,,j(x) is a compact subset of €2, so by continuous
dependence on initial data the map y — X, (y) is defined and continuous on a neighbourhood U C Q
of &, and since W is open, shrinking U we get X, (y) € W for y € U. By Theorem 3.7(i) applied at
X, (y) and the semigroup property X, 1+4(y) = Xs(Xs, (y)), every y € U has 7(y) = s1 + 7(Xs, (y)) < 00
and T'(y) = ej«. So U C A, A is open, and T is constant on a neighbourhood of each point of A; hence
T e C>®(A) with J7r =0, and Jrb =0 on A.

Step 7: conclusions. A is open, hence Borel, and s~*(A) D G by Eq. (51) (for § € G, #(0) € Q and
7(6(0)) = T(d) < ), so by Eq. (49) and Step 4, uo(A) = n'(s71(A)) > 7'(G) = 1. As ug has a strictly
positive density o, 0 = ug(RP \ A) = fRD\Agdm forces RP \ A to be Lebesgue-null; with Step 6 and
Lemma B.8 this proves the first part of (i) and (ii). By Eq. (51), Tos=eand 7os =T on G, hence n’-a.e.
(T is Borel on A, being locally constant; we extend it by a constant on the po-null set R” \ A). Therefore

Tyupo = Tusun' = (T os)un =eun' = p1,

which is (iii), and E,,7 = [Tosdy = [Tdy < 1 by Step 4. For (iv), fix Borel ¢ > 0. The map
T — fOT(w) ¢(X,(x)) dr is Borel on Q2 by Tonelli’s theorem, as (x,r) — ¢(X,(x)W{r < 7(x)} is Borel (the
flow is continuous on its relatively open domain). For 6 € G, X,.(6(0)) = ~(r) for r < 7(6(0)) = T(6) (Step
5), and the substitution » = r(l) of Step 5 (change of variables for the nonnegative Borel function ¢ o~y [41])
gives fOT(G(O)) d(X,-(0(0)))dr = 0“ #(0(1)) g(1) dl. Integrating over 7', using sgn’ = po and 7'(© \ G) = 0,
and applying Eq. (50) with the Borel function ¢¥go\ /| bll,

- ) salbl i
B | ‘“X”d’”‘/g/o 16O ‘”d”(“S/RD\N o< [ oade =

C Proofs for Section 4

C.1 Proof of Proposition 4.1

Proof. Idea. The posterior is prior times likelihood divided by a normaliser, and prior and likelihood are
both products over blocks, so the numerator factorises at once. What must be shown is that the normaliser,
a sum over the product set 7, is also a product, and that each factor is the posterior of a single block: the
distributive law of Step 4 gives the first, and integrating out the other blocks in Step 6 gives the second.

Write B := [L] x [K] for the set of blocks and b = (¢, k) € B for a block, with size ny := vy, schedule
value ap := ay(t) and prior scale o := oy; let N := |B| = LK and fix an enumeration by, ...,by of B. The
ambient space is the orthogonal direct sum

R” = @Rnb7 = @wb’ (z,y) = Z<wb7yb>’ ”33”2 = Z ||:l:bH2, (52)
beB beB beB beB

the configurations form the product set J = [],.glns], and the vertex of j = (ju)s is €; = @, e;,. The

hypothesis p1 = @, b with p} = Y"1, 72, means

mi=m(les}) = (Q@uh) (TTHen}) =TTt (enh) =TI 7 e (53)

beB beB beB beB
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Step 1: Bayes’ rule at fized t. Since t is independent of @1, conditioning on ¢ does not change the law of
x1, and the conditional density of I, given (t,z1 = e;) is p(- | t,5) (Lemma B.1). For every = € R,

Plxy=e; | I =x,t) = W, Z(x) == Z mj plx | t,7"). (54)
Jj'eg

Step 2: the likelihood is a tensor product of block likelihoods. The conditional covariance is the direct sum
AXA = P, aio}l,,, and the conditional mean is (I— A)e; = @, (1 — ap)e;,. For a direct sum of matrices
the determinant and the inverse act blockwise, det @, M;, = [[, det M, and (@, M;)~' = P, M, ', so with
ri=xz—(I-Aej=P,r", r*=z"— (1 - w)e,,,

plx|t,j)= (271-)*D/2(det @CM?JEI”J_IQ exp ( - %<r, (@agaglnb)_lr>)
b b
= <2w>*2b”b/2(H<aiaz>”b)_” Cep (- FE (" el e)

b
_ H(2ﬂ,)fm>/2 (a —np/2 HG‘XP< H"' ) Hp b | £, 5b), (55)
b

where D = ), ny, the inner product was split by Eq. (52), exp turns the sum into a product, and

b||2

ly — (1 — ap)eil

2ab O’b

PP(y | t,i) = 2rado?) ™/ % exp ( - ), y € R™, i€ [ny,

is the density of N'((1 — ap)e;, afo?l,,). In operator form, the conditional law of I; is the tensor product

R, N ((1 — ap)ej,, afoil,,) on @, R"™.
Step 3: the numerator. By Eqs. (53) and (55), with f°(i) := 70 p®(z® | t,i) > 0,

73 p(x | 1,5) (H%) (TIr"@" 1 t.30) =TT 7°Gi). (56)
b beB

Step 4: the distributive law over the product set. We claim that for any finite index sets and any functions

o] = R, .
> 1760 =11 X rra. (57)
jeHbeB[m’] beB beB i=1

We prove this by induction on the number m of blocks, writing J,, = [, <,,[ns,]. For m =1 both sides are
>, f21(i). Suppose Eq. (57) holds for by, ..., bm,—1. Every j € J, is a unique pair (j<m, jb,.) € Tm—1 X [N, ],
so the sum over 7, is an iterated sum, and
m MNby, m—1
ST G= > S (II/G)) s
JEITm r=1 J<m€ITm—1 =1 r=1
m—1 Nboy
= > (II0) (X o)
i=1

F<m€Im—1 r=1

-( X I ) (35 1)) = (m_l S 0) (35 7))
J<m€Im—1 r=1 i=1 r=1 i=1 i=1
IS0
r=11i=1

where the second and third equalities pull factors that do not depend on the summation variable out of the
sums and the fourth is the induction hypothesis. Applied to the f* of Step 3, Eqs. (56) and (57) give

= > 160 =] 2=, Zw x| i) > 0. (58)

Jj'eg b beB
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Step 5: the joint posterior is a product. Dividing Eq. (56) by Eq. (58) factor by factor,

1L, f°Gs) bri | b m pP(x’ | 1)
(x1=e; | I; =x,t) = Zba;b bLqu Gy | x°), q"(i | x%) ST b (b | £,7)

i.e. the posterior law of x; is the tensor product &, >, ¢*(i | °)de,: given I, and ¢, the blocks of @, are
independent, and block b depends on « only through x°.
Step 6: each factor is the block posterior. It remains to identify ¢* with P(z} = e; | I} = x°,t). First,
=

the marginal of ¥ is p%: summing Eq. (53) over all configurations with j, = i and applying Eq. (57) to the
remaining blocks,

(59)

Ty

P(x Z HW][)—W”H Zﬂ'/—ﬂ'

Jigp=1 b b'#£b i'=1
Second, the conditional density of I? given (t,x% = e;) is p?(- | t,4): by Bayes’ rule and Eq. (55), integrating
out the other blocks (Fubini, all integrands nonnegative),

Pt = e)ppmvl )= Y m [ plyes|td)ds
J:gp=t b/ #b v
Z (HWJM) (y|t.9) H/ 2 | t,jy) dz
J:jp=i b/ #£b
Ny
=pltiyrt > [ 1=p@ltox I Db =xlp(y | t.),
(]b’)b’;&b b’ #b b'#b i'=1

using that each Gaussian density integrates to one and Eq. (57) once more. Bayes’ rule for the single block
then gives P(x} = e; | I} = xb,t) = nbpb(x® | t,4)/ >, nopb(2b | t,4') = ¢b(i | =°), which proves the first
claim.
Step 7: the softmaz for uniform blocks. Let w2 = 1/n; for all i. Using ||e;||> = 1 and (x°, e;) = 2?,
l” — (1 = aw)eil* = [|2°]* — 2(1 — aw) (@, &) + (1 — a)?[leil|* = |&°||* — 2(1 — aw) a7 + (1 — aw)?,
so that

) 1 _ 2?12 + (1 — ap)? 2(1 — o) ¥ b
ﬂfpb(a:b | t,1) = - (27ra12,0§) /2 exp ( — 204%05 ) - exp (WEZ) = cb(wb) P

=:c?(x?), independent of i

with 8, = (1 — a)/(a20?) = Bi(t). Substituting into Eq. (59), the factor c®(x?) > 0 cancels between
numerator and denominator:

b( by Bpa? Byt
x i i
(i | x*) = cl@)e == — = softmax(ﬁbmb)i,

Z:Lb cb(wb) Bya?, Zzb 165bm

which is Eq. (10). Combining with Eq. (59), the full posterior in log form reads

logP(x1 = €; | I} = @, t) = Z (ﬂk JM logZeﬁkt)z )

(6,k)eB
O

Remark C.1 (The posterior entropy is additive). For a product law ¢(j) =[], ¢°(js) on J, log q(j) =
>, log ¢° (), so by linearity and Eq. (57) (with all but one factor summing to one),

Ny’

Z(Hq ]b/)ZIqu jv) ZZq Yog*(i) [T - d (@) =" H(¢")

jeg v b'#bi'=1 beB

Under the hypotheses of Proposition 4.1, H(xy | I; = x,t) is therefore the sum of the block entropies: the
uncertainty about a token is the sum of the uncertainties about its levels, position by position.
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C.2 The posterior of the true vertex

Lemma C.2 (Log-odds representation). In the single-block setting of Section 4, let g := xo/o ~
N(0,1,), so I, = (1 — a)e;« + acg. Then for every j # i*,

l—«
logP(x1 = e; | I;) —logP(w1 = e | I) = p(g; — gix) — p°, p=—

and consequently m, = P(x1 = e;« | I}) is given by Eq. (11).

Proof. Idea. By Proposition 4.1 the posterior is a softmax of 51, so in the ratio of two posterior probabilities
the normaliser cancels and only 3(x; — x;+) remains. It suffices to insert the coordinates of I on {x; = e;+}
and to recognise p and p? in the result; summing the odds over j then gives 1/7,.

The single-block setting is Proposition 4.1 with K = L = 1, v; = n, uniform p, @ = a1(¢) € (0,1) and
o = o1 > 0; in particular p > 0. Since ¢ ~ N(0,0°L,), g = zo/c ~ N(0,1,), and I, = axg + (1 — a)x; =
(1 - a)e; +aocg on {x; = e;+}. By Eq. (10), with 8 = (1 — a)/(a?0?) and = I;, the normalising sum
cancels in the ratio of two posterior probabilities, so

logP(x1 =e; | I;) —logP(x1 = e+ | I) = fj — By = P(aj — zix ). (60)

The coordinates of « = I; are z; = aog, for j # i* and z;» = (1 — ) + @0 g, because (eix); =W{j =i}
Hence, for j # i*, using Bac = (1 — a)/(ao) = p and B(1 —a) = (1 — a)?/(a?0?) = p?,

1-—« (1 - a)?

ao 997 90) = T

2

B(xj —xp) = Bao(g; — gix) — B(1 —a) = =plg; — gix) — p°.

For j = i* the left-hand side of Eq. (60) is 0. Since the posterior probabilities over j € [n] sum to one and
P(x; = e;+ | It) > 0 (a softmax has positive entries),

——Z—wl:eﬂ[t —1+Zexp gi) = p%):

where the term j = i* equals 1 and the terms j # i* are the exponentials of the log-odds just computed.
Taking reciprocals gives Eq. (11). O

C.3 Gaussian tools

Let g ~ N(0,1), o(z) = (2m)~ /2 —a*/2 , () =P(g <z)and Q(z) =1—P(z) =P(g > x). Since @ is even,
®(—x) = Q(x) for all x € R; since the law of g has no atoms, P(g < ) = ®(x) and P(g > z) = Q(x).

Lemma C.3 (Upper tail). Forz >0, Q(z) < e=*/2.

2

Proof. For = 0 the claim is Q(0) = % < 1. Let z > 0 and A > 0. Completing the square, \z — % =
)\72 . (zf)\)2

2 2 , SO

Ee = / eMop(z)dz = 6/\2/2/ plz—=A)dz = X2,
R R

As y + e is increasing, {g > x} C {e > e’} and Markov’s inequality for the nonnegative variable e*?
gives
Q(CE) < P(ekg > e)\x) < e—)\z ]Ee/\g — €_>\w+>‘2/2.

Taking A = 2 > 0 gives Q(z) < e~ v H+a?/2 — g—a?/2, 0
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Lemma C.4 (Maximum, upper tail). Let gi,...,9n be independent standard normal, m > 1,
= 2logm and u > 0. Then P(max; g; > s+ u) < e—u’/2.

Proof. Since m > 1, s > 0 and s +u > 0. As {max; g; > s +u} = J;{g: > s + u}, the union bound and
Lemma C.3 (with x = s+ u > 0) give

P(maxg; > s+ u) < ZP(Qi >s4u)=mQ(s+u) < me—(s+w?/2.

i=1

Since su > 0, (s +u)? = s + 2su + u? > 52 + u?, and s2/2 = logm, so me=(TW?/2 < e=57/20—u%/2 =

67u2/2 :€7u2/2. L]

me~ logm

Lemma C.5 (Truncated exponential moment). For p € R and M € R, E[eri¥{g < M}] =

e 120(M — p).

2
Proof. Completing the square, pz — % = %2 — @, S0 eP?p(z) = epz/an(z — p) for all z; in particular the
nonnegative integrand below is integrable. Therefore, with the substitution y = z — p,
M—p

M
E[er9{g < M}] = / P p(z)dz = ePQ/Q/ p(z—p)dz = e”z/z/ ply) dy = e” 20(M — p). O

— 00 — 00 — 00

M

Lemma C.6 (Mills ratio, lower bound [20]). Forz >0, Q(z) > 157 ¢(2).

Proof Let r(z) = Q(x)—ﬁgp(x) forz € R. Weuse Q' = —¢, ¢'(z) = —2¢(x) and 2 T T = (1:1@2—)?2 =

By the product rule,

m
1—a? z? (1+x2)2—|—( ) z2(1+ 2%)
/ — _ = — .
The numerator is 1 + 222 + 2% + 1 — 2% — 22 — 2% = 2, so 7/(z) = —2p(x)/(1 + 2%)? < 0, and 7 is strictly
decreasing. As z — 00, Q(z) — 0 and 0 < 755 p(z) < SD( ) = 0, so r(z) — 0. Now fix z > 0. For every
y>xz+1, r(x+1) > r(y); letting y — oo gives r(x + 1) > 0, and hence r(z) > r(z + 1) > 0. O

Lemma C.7 (Maximum, lower tail). With g1,...,gm as in Lemma C./ and x € R, P(max; g; <

z) < exp(=mQ()).

Proof. Since {max; g; < z} =(),{¢9: < z} and the g; are independent with P(g; < z) = ®(z) =1 — Q(x),

m

P(mzaxgi < :I:) = HP(gi <z)=(1-Q(z))™.

i=1

Since 1 —y < eV for all real y (convexity of y +— e ¥, whose tangent at 0 is 1 — y), we have 0

1-Q(x) < e~9@®) and raising these nonnegative numbers to the power m preserves the order: (1—Q(z))™
o—mQ(x).

O INIA

C.4 Proof of Theorem 4.2

Proof. Idea. By Lemma C.2, m, = 1/(1 + X) with ¥ = e”’gi**fﬁS, where S is the sum of e?97 over the
m competitors, so both parts compare the size of S with the advantage e”” of the true vertex. For (a) we

49



need S to be small. Above the threshold the mean of S is carried by values g; ~ p that the maximum of
the competitors does not reach, so we truncate at M = s + u, which no competitor exceeds except with
probability e—*"/2 (Lemma C.4), and bound the truncated sum by Markov’s inequality, its mean being
explicit by Lemma C.5; the truncation improves the exponent from (p? — s?)/2 to p(p — s). For (b) we need
S to be large, and one term suffices: by independence and the Mills ratio (Lemmas C.6 and C.7) the largest
competitor exceeds s —h with high probability, and this single term already outweighs e”” when p<s—h—u.

Throughout, m =n—-1>1, s = s, = v2logm > 0, g ~ N(0,1,,), so that gi,...,g, are independent
standard normal and the m variables (g;);-:+ satisfy the hypotheses of Lemmas C.4 and C.7. The signal-to-
noise ratio p = (1 — a)/(ao) is a deterministic positive number. By Lemma C.2, factoring e=?9* =" out of

every term,
1

BT

. N Z eP9i=9i)=0" — g=pgis—p" g S .= Z ePYi (61)
J# JF#

(a) Fix u,u’ > 0 and p > s + 2u, and let M := s+ u. Define the events
A={gs>—-u}, B={maxg; <M}, C={Su<e"ESu}, Su:=Y e{g <M}
77 J#ir
Probabilities. P(A°) = P(gi» < —u) = ®(—u) = Qu) < e~"*/2 by symmetry and Lemma C.3 (u > 0).
B¢ = {max,x;» g; > s+ u}, so P(B°) < e~ /2 by Lemma C.4. By Lemma C.5 and linearity of expectation,
ESy = Y E[e?l{g; < M}] =me? /2 &(M — p) € (0,00). (62)
JF#i*
Since Sy > 0 and C¢ = {Sy; > e“ESy} C {Sy > e“ESy}, Markov’s inequality gives P(C¢) <
ESy /(e ESp) = e~ . By the union bound,

’

P(ANBNC)>1—P(A°) —P(B°) —P(C) > 1—2e%/2 — ¢~

The truncated sum. Because p > s+2u > s+u= M, wehave p— M > 0and (M —p) =Q(p— M) <
2 2 2 2 2
e~ (p—M)*/2 by Lemma C.3. Inserting this into Eq. (62) and expanding & — (P_ZM) — P=r +22prM _
pM — M2
2
2 - M 2 M2
ESMSmeXp<%—%> zmexp<pM—7>. (63)

The bound on the good event. Work on ANBNC. On B, every g; with j # i* is at most M, so all indicators
in Sy equal 1 and S = Sy On C, Sy < e“/IESM. On A, —g;» < wu, so —pg;» < pu as p > 0. Since X > 0,
1-m =%/(14+%)<X. Combining these with Eq. (61) and Eq. (63),

1—m, <X =PI —st’M < epu—pz e"/ ESy < epu—p2 e"/ mepM—M2/2
= eXP(U’ +pu— p* + pM + (logm — MTZ))

using m = €!°8™ in the last step. Now logm = s2/2 and M? = (s +u)? = s% + 2su +u?, so logm — M?/2 =
—su —u?/2 < 0. Dropping this nonpositive term and substituting M = s + u,

1— 7, <exp(u' + pu—p? + p(s +u)) = exp(u' — p(p — 5 — 2u)).

Thus ANBNC C {1 —-m <exp(u —p(p—s—2u))}, and the probability bound for AN B N C proves
Eq. (12).

(b) Fix u > 0, h € (0,s) and n > 0 with p < s — h —u — n; in particular s > h > 0, so logm > 0 and
m > 2. Let G := max;z;« g; and define D = {g;+ <u} and E = {G > s — h}.

Probabilities. P(D¢) = P(gi» > u) = Qu) < e~ %/2 by Lemma C.3. Let z := s —h > 0. Then
E¢ = {G < z}; Lemma C.7 bounds its probability, and Lemma C.6 (as = > 0) together with the monotonicity
of y — e7Y gives

P(E®) = P(G < z) < exp( —mQ(z)) < exp( -m 1—i:—U7902 cp(x))
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Since (s — h)? = 52 — 2sh + h? and me="/2 = me~loem = 1,

m 2 m 2 2 1 2
—(s—=h)*/2 —s%/2 sh—h*/2 sh—h*/2
mo(r) = —e = —e e = — ¢ .
<p( ) V2T V2T V2T

s—h  esh—h?/2

Hence my7">p(z) = T e = A, (h) and P(E®) < e~ A, By the union bound, P(D N E) >
1— e u/2 — g=An(h),

The bound on the good event. The maximum G is attained at some jo # ¢*. The sum ¥ in Eq. (61) has
nonnegative terms, one of which (the term j = jo) is €* with z := p(G — g;+) — p?. Hence ¥ > € and, since
14+ €% > e?,

1 1

Te= e <

<e %
1+X 1+e* —

OnDNE,G—-gp >(s—h)—u,so,as p>

22 p(s—h—u)—=p*=p(s—h—u—p)=>pn,
where the last step multiplies s — h — u — p > n (the hypothesis p < s — h —u —1n) by p > 0. Hence
me<e*<ePonDNE, ie. DNE C {m <e P}, which proves Eq. (13). O

C.5 Proof of Corollary 4.3

Proof. Idea. Both statements follow from Theorem 4.2 once the free parameters are chosen as fixed fractions
of s = s,,: the margins u, h,n then grow with n, while the hypotheses p,, > s+2u and p, <s—h—u—n
still follow from p, > (1 +¢)s and p, < (1 —¢)s. Every failure probability and every bound on the good
event becomes a function of s alone, and it remains to check that each tends to zero as s — co; the slowest
is the term 1/s that comes from u’ = log s.

For each n, 7, is the random variable Eq. (11) with p = p, and g ~ N (0,1,,), and 0 < 7, < 1. As
n— 00, s =8, = +/2log(n — 1) — oo; forn >3, s > /2log2 > 1. Fix § € (0,1) (for § > 1 the events below
are empty). Convergence 7, — 1 (resp. — 0) in probability means P(1 — 7, > §) — 0 (resp. P(my > §) — 0)
for every such 4.

Above the threshold. Let p, > (14 ¢)s and n > 3. Apply Theorem 4.2(a) with v = es/4 > 0 and
u’ = logs > 0. The hypothesis holds: s+ 2u = (1 +¢/2)s < (1 +¢)s < p,. Moreover p, — s — 2u >
(I4+e)s—(14¢/2)s=es/2>0and p, > (1+¢)s >0, so the product of these two nonnegative quantities
satisfies pn,(pn — s —2u) > (1 +¢)s-es/2 and

by = u' — pp(pn — s —2u) <logs — wgz — —00,

because log s/52 — 0. Hence there is ng with e’ < § for n > ng, and for such n, {1—7, < e’} C {1-m, < 6}.
By Eq. (12), with u?/2 = £25%/32 and e™% = 1/s,

1
Pl—7, >6) <P(l—m, >e)<2e=5/32 42 4 0,
S

Below the threshold. Let ¢ < p, < (1—¢)s (so s > 0, i.e.n > 3). Apply Theorem 4.2(b) with h = u = es/4
and 1 = es/2. The hypotheses hold: u,7 > 0,0 <h <sase <l,and s—h—u—n=s—es/d—es/d—es/2 =
(1—¢€)s > pp. On the event of Eq. (13), 7, < e Pr" < e~/ using p, > ¢ and 5 > 0; as e~ **/2 — 0, it is
< 9§ for all large n, and then

P(m, > 6) < P(W* > 67”"’7) < e~ W/2 4 gmMn(h),

First, e™**/2 = ¢=¢"*/32 0. Second, let # = s —h = (1 —¢/4)s; then # < s, and > 1 for s > (1 —g/4)~1,

i.e. for all large n. For = > 1, 222 > 1 4 22, i.e. T 2> ﬁ > i Since 0 < € < 1 gives €2 < ¢,

h?  es? 28 es? es® Tes €s
sh— DD _es et e Tes e
2 4 32 T 4 32 32 — 8
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Therefore, by the definition of A,, in Eq. (13),

r  esh—h?/2 ee5°/8
A, (h) = > — 00,
() L+22 2r = 2V27s
since 6552/8/5 — 00 as s — oo. Hence e~ — 0, and P(r, > §) — 0. O

C.6  Proof of Corollary 4.4

Proof. Idea. For the power schedule p(t) is an explicit increasing function of ¢, so the threshold time is
found by solving p(t) = s,, and every statement of Theorem 4.2 about p becomes a statement about ¢ by
monotonicity. The proof computes the inverse, reads the dependence on n, ¢ and a off the closed form, and
translates the two regimes.

Let a > 0 and ¢ > 0. With «(t) = (1 —t)* € (0,1] for t € [0, 1),

l—at) at)t-1 (1A-t)*-1

plt) = a(t)o B o - o

By the chain rule, £(1 —#)7% = —a(1 —¢)7*"! . (=1), s0 p'(t) = a(l —t)=*" /o > 0 on [0,1). Moreover
p(0) =0 and p(t) — oo as t — 1, since (1 —¢t)~% — oo. A continuous strictly increasing function on [0, 1)
with these boundary values is, by the intermediate value theorem, a bijection [0,1) — [0,00). For p > 0,
solving p= (1 —t)=% —1)/o gives (1 —t) *=1+o0p,ie. 1 —t=(1+0p) Y sot(p)=1— (14 0cp)~ /2.
With p = s, = y/2log(n — 1) > 0 this is t* = t(s,), i.e. Eq. (14).

Monotonicity. Write t* = 1 — exp(—y) with y := In(1 + 0s,)/a > 0; the map y — 1 — e™ ¥ is strictly
increasing. The map n +— s, is strictly increasing on n > 2, and In(1 + os,,) is nondecreasing in ¢ and in s,
(strictly when the other factor of os,, is positive). Hence y, and with it ¢*, is increasing in n and in o; and
since y = In(1 + 0s,) - @~ with In(1 + os,,) > 0, y is nonincreasing in a, strictly when os,, > 0, i.e. n > 3.
(For n =2, sy =0and t* =0 for all a,0.)

Time windows. Fix t € (0,1), so «a(t) € (0,1) and Theorem 4.2 applies with p = p(t). Because
p(+) is strictly increasing with inverse ¢(-), for every py > 0 we have t > t(pg) <= p(t) > po and
t < tlpy) <= p(t) < po. Let u,u/,0 > 0 and ¢ > t(s, + 2u + 6). Then p(t) > s, + 2u + J, so
p(t) — sp — 2u > § and p(t)(p(t) — s — 2u) > (85, + 2u + §)d, and Eq. (12) gives

/

P(l —m < exp(u' — (8p +2u+ 5)5)) > 1-— 9e~ U /2 _ g

Let u,n >0, h € (0,s,) with s, —h—u—n>0,and ¢t € (0,¢(s, —h —u—n)]. Then p(t) < s, —h—u—n,
and Eq. (13) gives P(m, < e P1) > 1 — e=v"/2 — ¢=An(h) These are the two stated regimes. O

C.7 Proof of Theorem 4.5

Proof. Idea. We must reduce each block to the single-block problem of Theorem 4.2. Two facts are needed:
the posterior of a block depends on I; only through that block, which is Proposition 4.1, and the noise of
the block is a standard Gaussian vector independent of its true symbol, so that wf’k(t) has exactly the law
Eq. (11) with n = v, and p = pg(¢). Steps 1-3 establish this; Step 4 applies Corollary 4.4 level by level with
a union bound over positions, and Step 5 compares the closed-form thresholds.

Throughout, v, > 2 for all k£ (implicit in Eq. (15)), and we write s, := /2log(v — 1).

Step 1: conditional independence structure. Fix t € (0,1). Since ¢ is independent of (xg, x1 ), conditioning
on t does not change the joint law of (zo,z1). Under 1 = ), ;, Unif([vg]) the blocks x* are independent
and uniform on {ey, ..., ey, }. The covariance X is diagonal, so the coordinates of the Gaussian vector x are
independent, and the blocks g“* := a(" /o, ~ N(0,1,,) are independent. As x and @, are independent,
the joint law of the family ((:ci’k,ge’k))Z . 1s the product of the laws of its members, i.e. the pairs (a:i’k, g"")

are independent across blocks, and within each pair m?’k and g“* are independent. By Eq. (3),

0k
I = (1—ar)es;, + arorg””, ag = ag(t),

52



where 47, € [v] is the random index with i eir -

Step 2: the block posterior. By Proposition 4:17 the posterior of x; given I; = « is the product
Hf,’k, qe/’k/(jg/’kf | :c[/’k/) of the block posteriors Eq. (10). Summing over all configurations with jy , = i and
using Eq. (57) for the other blocks, each of whose factors sums to one,

P(zi* = e | I = x,t) = ¢"F(i | 2"%) = P(at" = e; | I/ = xF ¢).

So mik(t) = qz”“(iz,C | I'*), whether one conditions on Iy or on I1**. Define, for n > 2, p > 0, i € [n] and
y € R,
-1
U, (0 y) = (1 + ) exp(ply; — i) — pz)) : (64)
Ji
The block posterior is the single-block softmax with n = vx, & = a, 0 = o, so the computation in the
proof of Lemma C.2 (which uses only the representation of If *in Step 1) gives

. 1-— ak(t)

lk % 0,k
Ky =0, .g"")., t) = . 65
T (1) koPk () (zl,k g ) Pr(t) ag(t)ok ()

Step 3: the law. Since g“F is independent of i} 1, conditionally on {zzk = i} the vector g“* is still
N(0,1,,), and ﬁf’k(t) has the law of W, .. (+)(i,g) with g ~ N(0,1,,). This law does not depend on i: if
P is the coordinate permutation exchanging ¢ and ¢, then (Py); = y; and {(Py); : j # i’} = {y; : j # i}
as multisets, so ¥(¢/, Py) = U(i,y), while Pg ~ N (0,1,,). Averaging over 1, ﬂf’k(t) has the law of Eq. (11)
with n = vy, and p = pi(t). By Eq. (65), 72" (t) is a measurable function of the pair (wi’k,ge’k); as these
pairs are independent across blocks (Step 1), so are the 72 (t).

Step 4: thresholds and the union bound. Theorem 4.2 is a statement about the law of Eq. (11), so it applies
to each 75 (t) with n = vy, and p = pi(t). Since ay(t) = (1 —t)*, Corollary 4.4 with (a,0,n) = (ag, o, k)
shows that py(-) crosses s,, at tf = 1 — (1+ 015, )~ /@, which is Eq. (15). For the simultaneous statement,
fix k, u,u’ > 0 and t with pg(t) > s,, + 2u (the same condition for every position ¢), and let E; be the event

in Eq. (12) for block (£, k). Then P(ES) < 2e~%"/2 4 ¢~ for each £, and by the union bound

L L
1}»( N Ee) >1- 3 P(E)) 21— L2 4ev)
=1 =1

(no independence is needed here).
Step 5: the ordering. Let Xy, := 1+ oys,, > 1,50 In X, > 0 and ¢} = —X,;l/ak =1—exp(—In Xy/ag).
Since y — 1 — e™¥ is strictly increasing,

In X In X}/
<ty = AP
ar (07

Let k < k'. Since os,, is nondecreasing in k, X, < Xjr and In X, < In Xy since ar, > apr > 0, 1/ag < 1/ays.
Hence

lnXk S lnXk/ < thk/

ag ag ag’
where the first step divides In X} < In X/ by ar > 0 and the strict inequality multiplies 1/a; < 1/ax by
In X > 0. The latter holds because k' > 2 gives vpr > 3, s0 s,,, > /2log2 > 0 and oyss,,, > 0. (For
a binary level, s, = \/2log1 = 0 and the threshold is t* = 0: two vertices are distinguished as soon as p
exceeds the margin 2u.) This proves ¢} < --- < t}; when vy > 3 for k > 2. O

)

C.8 Proof of Corollary 4.6
Proof. With a, =1, Eq. (15) reads

_ 1+O‘k8k)—1 OkSk
* — 1_ 1 1 — ( —
k (I+oxsi) 1+ orsg 1+ orsy

= flovs),  f) =i =1- ﬁ

Since f'(y) = (1 +y)~2 > 0, f is strictly increasing on [0,00), and oys, > 0. Hence, for k < k', ops <
ok sk implies ¢f = f(ogsk) < f(owsk) = t§,. (Theorem 4.5 is not needed here: its ordering hypothesis
ay > -+ > ag fails for equal exponents, and the ordering follows directly from Eq. (15).) O
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C.9 Proof of Proposition 4.24

Proof. Idea. Everything reduces to the signal-to-noise ratio. If scaling the vertices by ¢ multiplies py by
¢ and leaves the posterior otherwise of the form Eq. (11), then Theorem 4.2 gives both thresholds directly
and the comparison becomes the elementary inequality (v — 1)% < v® — 1. The scaling claim is proved by
dividing the interpolant by ¢, which turns it into the unit-vertex interpolant with prior scales oy /c.

Signal-to-noise ratio under scaling. With scaled vertices ce;, the data are ] = cax; with x; as in
Assumption 3.2, and the interpolant is I} = A(t)xo + (I — A(t))cay; its block (¢, k) is I, “F = (1 — ag)cesm +
arorg, with g = g®* as in the proof of Theorem 4.5. Dividing by ¢ > 0,

Ij/c= A(t)(xo/c) + (I — A(t))x1, xo/c ~ N (0,diag((o%/c)*Lu,)ek),

which is the interpolant of Assumption 3.2 with unit vertices and scales oy, /c. Since & — x/c is a bijection of
RP | conditioning on I} is the same as conditioning on I!/c (in Bayes’ rule with densities, the Jacobian factor
¢~ P is common to all configurations and cancels). Hence Proposition 4.1 applies: the posterior factorises
over blocks, and the block posterior given It'e’]c = x is Eq. (10) evaluated at x/c with scale oi/c, i.e. a
softmax in & with inverse temperature

l—ar 1 c(l—ay)

!/ __ —
B = P 2 2

aZ(o/c)? ¢ aio?

Equivalently, the likelihood of vertex i is proportional to exp(—||@ — (1 — ax)ce;||*/(2ai03)), and ||z — (1 —
ag)ceil|? = ||z]|? — 2¢(1 — ag)x; + (1 — ag)?, where only the middle term depends on i. The coordinates
of x = It' " are x; = apogg; for § #4* and x4 = ¢(1 — o) + @pokgi+, so as in Lemma C.2, for j # i* the
log-odds of j against i* are

1— 2 1— 2
(o i) = 7 owenlay = ae) =l = o)) = L (g — ) - L (g =) = (o)

Summing the exponentials as in the proof of Lemma C.2 and arguing as in Step 3 of the proof of Theorem 4.5,
7% has the law of Eq. (11) with p replaced by cpy, (which is also the signal-to-noise ratio (1 — ay)/(oxok/c)
of the rescaled model).

Thresholds. With vy = v, ax = a and o = o for all k, all levels have the same pg(t) = p(t) =
(1 —t)=® —1)/o. With ¢ = K~'/2 every block, in particular the finest one, is a single block with n = v
and signal-to-noise ratio p/v/K, so by Theorem 4.2 its threshold is p/vK = s, = y/2log(v — 1), i.e. p =
VK s, = /2K log(v — 1). A flat token is a single block (K = 1, ¢ = 1) with n = V vertices, the same
schedule and scale, hence signal-to-noise ratio p and threshold p = sy = /2log(V —1).

Inequality. Let K > 1. By the binomial theorem, keeping only the terms ¢ = K and i = 0 (distinct as
K > 1) of a sum of nonnegative terms,

K
K ,
VUK((U1)+1)KZ< ,)(01)22@1)K+1,

i—o N\
sol < (v—1)K <V -1 (as v >2). Since log is increasing, K log(v — 1) = log(v — 1)% < log(V — 1); both
sides are > 0, and multiplying by 2 and taking square roots (increasing on [0,00)) gives the first part of
Eq. (24).

Limit. Fix K > 1 and let v — oo (for v > 3 all logarithms below are positive). Since v —1 =v(1 — 1/v)

and v — 1 =0&(1 — v~ K)

Klog(v—1)= Klogv + K log(1l —1/v), log(v® — 1) = Klogv + log(1 — v ),
and dividing numerator and denominator by K logwv > 0,

Klog(v—1) 1+ log(1—1/v)/logv

log(vK —1) 1 +log(l —v=K)/(Klogv)’

As v — oo, log(1 — 1/v) — 0, log(1 — v=%) — 0 and logv — oo, so both correction terms tend to 0; the
numerator and the denominator tend to 1, and the ratio tends to 1. O
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C.10 Proofs for Section 4.4

The proofs build on one another as follows. Theorem 4.7 rescales time so that every block relaxes linearly
towards its target, which gives the prior noise remaining in each block exactly, for any data. Theorem 4.9
uses the symmetry of product-uniform data to fix the vertex that each block approaches, and Theorem 4.10
combines the two results into lower and upper bounds on arrival times. The upper bound requires the
integral K, j to be finite, which Proposition 4.12 derives from the local analysis near a vertex; Corollary 4.13
then compares the bounds of two levels as € — 0.

Throughout, Assumption 3.2 holds, O := RP \ My, and w;, q are as in Eq. (4). Since M{ C My, we
have O C Q, so Lemma 3.6 applies on O. If p1 = ), ;, Unif ([vg]), then mj =[], , vy ' > 0 for every j, hence

M7 = M; and Q = O. We use the conventions In0 := —o00, In oo := co and inf @) := cc.

Lemma C.8 (Continuity of the speed and the targets). M and p** are continuous on €.

Proof. Idea. Both functions are ratios of time integrals of the likelihood, so it suffices that these integrals
depend continuously on & and that the denominators are positive. Continuity follows from dominated
convergence, with the local bound of Lemma B.3(iv) as the dominating function.

With Zj,Q; from Eq. (43), M = Y, Z;/ >, Q; and p** = 3. Zje;, . /> Z;. Fix & € Q and let U
and Gg be as in Lemma B.3(iv), in the version on € established in the proof of Lemma 3.6. For € U,
t € (0,1) and every j, taking 8 = 0 and k = 1 there,

p(@|t.4) _ Go(t)
1—t — a

p(a) | tvj) < GO(t)v

and ¢ — p(x | ¢,7) is continuous. By dominated convergence, Z; and Q; are continuous on U. The
denominators are positive: 3 . Q; = ¢ > 0 (Lemma B.3(ii)) and > _; Z; = Mq > ¢ > 0 (Lemma 3.6). Hence
M and p®* are continuous on U, and Z was arbitrary. O

Lemma C.9 (Dini derivatives under composition). Let I,J C R be intervals, g : J — R contin-
uwous, and sy € I not the right endpoint of I.

(a) If o : I — J is continuous, strictly increasing and differentiable at ¢y with o'(s) > 0, and
D*g(o(0)) < 00, then DF(g o 0)(s0) = o' (c0) DT g(o(c0))-

(b) If G : I — R is continuous with DTG(sy) < 0o, and ¢ is C* on an open interval containing G(I)
with ¢ > 0, then D (¢ o G)(s0) = ¢'(G(s0)) DTG(s0).

(c) IfG:I— R and H : I — R is differentiable at <y, then D(G + H)(sp) = DT G(so) + H'(<p)-

Here ¢- (—o0) := —o0 for ¢ > 0.

Proof. We use: if by, — b > 0 and limsup;, g ap, = A € [~00,00), then limsupy, o anby = bA; and lim sup(as +
bp) = limsup ap + lim by, when lim b, exists in R. (a) For small h > 0 put k(h) := o(s + h) — o(sp) > 0.

hen
! 9(o(so+ 1)) = g(a(0)) _ g(o(so) +k(h)) = g(o(s)) Kk(h)

I - k(h) h
The map h + k(h) is a continuous strictly increasing bijection of some (0, ko] onto (0, k(ho)], so the lim supy, |
of the first factor equals D g(o(sp)), and the second factor tends to o’(sp) > 0. (b) By the mean value
theorem, ¢(G(sp + h)) — ¢(G(sp)) = ¢'(&n) (G(so + h) — G(sp)) with &, between G(sp) and G(sp + h); by
continuity of G and ¢', ¢’ (&) — ¢'(G(s0)) > 0. (¢) The difference quotient of H converges to H'(5p). O

Proof of Theorem 4.7. Idea. We cannot integrate the flow, but by Lemma 3.6 each block moves towards a
point of its own simplex at the rate ap M, with one scalar M for all blocks. Measuring time in units of 1/M
removes this common factor and leaves for each block the linear equation dZ%*/ds = ax(f — Z**) with a
forcing f in the simplex, which variation of constants solves exactly (Steps 1-3); this is Eq. (16). It remains
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to show that the flow time does not stop at a finite value: the hull coordinate decays only like e~%** by
Eq. (70), which keeps the trajectory a positive distance from M;j on every bounded flow-time interval (Steps
5 and 6).

Step 1: existence and the flow time. b is C*° on the open set O (Proposition 3.3), hence locally Lipschitz
there (mean value inequality on closed balls in O). By the Picard-Lindel6f theorem and the standard
continuation argument there is a unique maximal forward solution X : [0,5) — O, S € (0,00, with
Xy = mp; it is C! because b is continuous. By Lemma C.8 and Lemma 3.6, the functlon r »—) M(XT) is
continuous on [0,.5) with M(X,) > 1. By the fundamental theorem of calculus, (s fo »)dr is CF
with

J(s)=M(Xs) > 1 (s €10,9)). (66)

Hence ¢ is continuous and strictly increasing with ¢(0) = 0; the limit ¢pax := limgrgs(s) € (0, 00] exists by
monotonicity, and by the intermediate value theorem ¢ is a bijection of [0, S) onto [0, ¢pnax). By the inverse
function theorem in one variable (the derivative Eq. (66) is continuous and nonzero), the inverse s(-) is C'!
with
P e S (5 € [0, 6ma)) (67)
<(s(c))  M(Xy) o
Step 2: the equation in flow time. Z(<) = Xy € O is C' as a composition of C' maps. By the chain
rule, Eq. (67) and Eq. (7) (valid on O C ),

d ok Lk
T2 = X 89 =

bk (Z(<))
M(Z(s))

Step 3: wvariation of constants. Fix a block and write f(s) := p“*(Z(s)). It is continuous on [0, Gmax)
(Lemma C.8) with values in AV*~! (Lemma 3.6). By the product rule and Step 2,

= a (P (Z(<)) - Z2"*(<)).

d
dg

4z’

( ars Z 4k (¢ )> :eakq(asz,k 4 -

) = e%* (akZe’k +apf — akZe’k) = are™* f(<).

The right hand side is continuous, so the fundamental theorem of calculus on [0,¢] and Z**(0) = X Z(’S) =
Xg’k = 1:0 give e ZHk(¢) — xé’k = foc akea“/f(d)dg’; multiplying by e~*¢,

<
Ze’k(C) _ e_akgwg,k +/0 ake—ak(<—< )f(§/) d§l. (68)

For fixed ¢ the kernel (¢') := are~ (") is positive on [0, ] with

< I
/ Re(s)ds’ = [emo=] o e =1 (o). (69)
0 ¢’'=0
For ¢ > 0 we have 1 — A\;(s) € (0,1) and set yek( ) = (1= Ag(s fo ko f; for ¢ = 0 set y““(O) =
F(0) = p“*(xp). Coordinatewise yf’k =(1- [ kefi >0, and by 17f =1 and Eq. (69) Z y

(1= Xp)" ! [ ke = 1; so y*(s) € AL, For S > 0, Eq. (68) reads Z%F = )\ka:“f + (1 — \g)y"*, which
is Eq. (16); at ¢ = 0 both sides of Eq. (16) equal a:f;’k because A\, (0) = 1. For ¢ > 0, Eq. (16) determines
Yok () = (Z5%(s) — )\kwg’k)/(l — Ak) uniquely, and y ¥ is continuous on [0, ¢max): it is continuous for ¢ > 0
by this formula, and [ly“*(c) — £(0)] < (1 — )™ fo kel f = FO)| < maxp g [|f = F(O)| = 0as < ] 0.

Finally, with ¢t ;=1 —e7¢ € [0,1), Ap(c) = e %< = (e7)* = (1 — t)** = ay(t).
Step 4: the hull coordinate. Since lTy““ =1, Eq. (16) gives
hER(Q) = 1T Z5F () = 1= M1 Tag® + (1= ) — 1= \(o) (1 Ty — 1), (70)

in agreement with Proposition 3.4(ii). For y € A"~ 0 <y; <1 gives ||y||? = >, ¥? <>, v; = 1. Hence,
by the triangle inequality and A; € (0, 1],

1Z“ ()l < Axllzg™ || + (1= M) ly“* 1| < llag™ ] + 1. (71)
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Step 5: Smax = 00. Fix a block (£, ko) with hg := 1T:1:€°’k° — 1 # 0 and suppose, for contradiction,
Smax < 00. For s < S we have ¢(s) < ¢max, so by Eq. (70)

[nforto(s(s))] = 7o Oho| = ™05 x|hg| =i 3> 0.

The affine function H(x) := 1Tz — 1 vanishes on M; (as 1Te; = 1), and by Cauchy-Schwarz |H (z) —
H(z')| =17 (z—a') 0| < /og, ||z —2'||. For m € M; therefore n < |H(Xs) — H(m)| < /v, || Xs —ml,
i.e. dist(Xs, M1) > n//Uk,- By Eq. (71) and Minkowski’s inequality in REX

X = (0291) 7 < (S a1+ 1)) < (S hetie) " 4 (320) = ol + VIR,
L,k 0,k

0,k 0,k

Hence X lies, for all s € [0,5), in K := {x: ||z < ||zo| + VLK, dist(x, M;) > 1/+/Vko }> Which is closed
(both defining functions are continuous) and bounded, hence compact, and disjoint from Mj, so K C O. A
maximal forward solution of a locally Lipschitz ODE on an open set that stays in a compact subset of that
set exists for all times, so S = co. By Eq. (66), (s) > s = 00 as s — oo, contradicting ¢(s) < Gpax < 00.
Hence ¢pax = 00.

Under po, 25" ~ N(0,021,,), so 175" is a sum of v, independent N'(0, 02) variables, i.e. N'(0,v,02)-
distributed with vyo? > 0; a nondegenerate Gaussian has no atoms, so P(1T&5* = 1) = 0 for every block.
Also po(M1) =0, as M is finite and po has a density.

Step 6: distance to the simplex. By Eq. (16), Z%F —y*k = )\k:vg’k + (1= X\p)ybF — gy = )\k(:cg’k —ybk).
Since y“* € A1 and |ly**|| <1 (Step 4),

dist (2%, A% 1) < [|Z5% =y = Mllzg™ — yO I < M (g™ + 1),

for every ¢ > 0 (as ¢max = 00), and Ag(s) = e %*° — 0 as ¢ — o0. Since ¢uax = 00, Z(s) € O is
defined for every finite ¢; moreover, for ¢ < ¢ < oo the argument of Step 5 with ¢y, replaced by ¢ gives
dist(Z (), M) > e~ *0¢|hg|/\/Uks > 0. So the solution neither reaches nor accumulates at M; at a finite
flow time. O

Proof of Corollary 4.8. Idea. Both parts are identities between closed-form expressions. Part (i) compares
powers of e~. For part (ii) it suffices to observe that the flow-time ratio pr(s) equals the interpolant ratio
pr(t) at t = 1 — e, so its threshold crossing is that of Corollary 4.4 transported by the increasing map
t — —In(1 — t), which preserves the order of the levels.

(i) g = e” %< = (e‘ak‘)ak/ak’ = /\Zf“/a’“/. If \. = ¢ € (0,1), then \; = £%//% and for a; < a. the
exponent p := ay/a,. lies in (0,1), so A\f/e = &P~ > 1 because ¢ < 1 and p — 1 < 0. By Eq. (16) the prior
component of block (¢, k) is exactly /\k:cf;’k, a fraction A\ of the prior sample.

(ii) Multiplying numerator and denominator by e®**,

1—eons  ears ]
pr(s) = = .

e~ %Sop Ok
By Corollary 4.4 with a = ag, 0 = op, pp(t) = (1 —t)"** —1) /o, and at t =1 —e~°, (1 — )" % = %, s0
pr(l—e™%) = pr(s). The map ¢ — pr(s) is strictly increasing and continuous with g (0) = 0 and pi(s) — oo;
it equals s,, = v/2log(vy —1) > 0 iff e®* = 1 + oys,,, ie. iff ¢ = In(1 + 048y, )/ak, which is the first
expression in Eq. (17). By Eq. (15), 1 — t§ = (1 + 0§58y, )/, hence
In(1 v
(1 —#f)=—1n ((1 + O'ksvk)_l/ak) _ In(l+0ws0,) _ o
ak
The map t — —In(1 — ¢) is strictly increasing on [0,1), so ¢f < ¢}, iff ¢{ < t},, and the order is that of
Theorem 4.5. O
Proof of Theorem 4.9. Idea. The order of two coordinates can change only if the trajectory crosses the

hyperplane on which they are equal, so it suffices to show that this hyperplane is invariant. The tool
is symmetry: exchanging the two symbols leaves the data, hence the field, unchanged (Step 1), so the
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reflection of a solution is again a solution, and by uniqueness a solution that touches the fixed hyperplane of
the reflection stays in it (Step 2). For product-uniform data this holds for every pair of symbols, which fixes
the order of the coordinates at time zero; parts (ii) and (iii) follow because the targets are time averages of
softmaxes, which preserve the order, and a vertex has a strictly largest coordinate.

Step 1: equivariance. Let II € RY**¥* be the permutation matrix of the transposition @ of ¢ and ¢/, so
Ile,, = eg(m), and let P € RP*P act as IT on block (£, k) and as the identity on all other blocks. Let
0 : J — J replace the entry jor by w(jek). Then P is orthogonal and symmetric, 6 is an involution of
J, Pej = eyj) (block (£,k): Tle;,, = €x(j,,); other blocks unchanged), hence PM; = M; and PO = O.
With D(t) := diag({%5L,,,)e w, PD(t) = D(t)P, because D(t) is a scalar multiple of the identity on each
block and P maps each block to itself.

The likelihood is invariant. For a block (¢/,k") # (£, k), (Px)"* = & ¥ and 0(j)y 1 = je p; for block
(¢, k), by orthogonality of IT,

||(P$)e7k - (1 - ak)e9(.7')e,kH = ||H(wz’k - (1 - ak)ejz,k)H = Hw&k - (1 - ak)ejz,kH'

Since Eq. (4) depends on  and j only through these norms, p(Px | t,0(j)) = p(x | t, 7). The invariance of
11 means Zj Tj0pe; = Zj mjde;; as Pej = eg(;) and the vertices are distinct, mg(;) = m;. Reindexing the
sum by the bijection j — 6(j),

o(P) = /meppwue /wau — g(a),

and therefore wy(;)(t, Px) = mop(Px | t,0(3))/q(Px) = w;(t,z). In matrix form Eq. (5) reads b(z) =
fo jwi(t,x)D(t)(e; — x)dt (block (¢',k') of D(t)(e; — x) is 15 (ej,, ., — z!*")). For « € O, reindexing
J — 0(J4), then using wy;(t, Px) = w;(t,x), eg;y = Pej and DP = PD, and finally pulling the constant
matrix P out of the absolutely convergent integral,

P:r:):/o ng(j)(t,Pa:)D(t)(eg(j)—P:B)dt:/ > wj(t,z) PD(t)(e; — x)dt = P b().

0

Step 2: invariance of the hyperplane. Let H := {x : ok = 2t P }, then H = {x : Px = x}. Let

3

X : (s—,s4+) = O be the maximal (two-sided) solution through a pomt X, € HNO. Then X, := PX, €
PO = O, and by Step 1 X, = Pb(X,) = b(PX,) = b(X,), with X,, = PX,, = X,,. By uniqueness
for the locally Lipschitz field b on O, X = X on (s_,sy), ie. Xy € H for all s € (s_,s4). Now let
X :[0,S) — O be a solution with xy ¢ H. If X,, € H for some s1, the two-sided maximal solution
through X, extends X (uniqueness), so it passes through @y at time 0, and xy € H by what was just
shown, a contradiction. Hence the continuous function s — X’ 5 k - X, L k, never vanishes on [0, S), and by the
intermediate value theorem its sign is constant. If sco € H, it Vanlshes identically.

Step 3: product-uniform data. Then m; = He &V ! does not depend on j, so pq is invariant under every
exchange of two symbols at every block, and Step 2 applies to all blocks and all pairs ¢ # 4. Under pq,
xélf — xé ]f, ~ N(0,203) has no atom at 0, and there are finitely many triples (¢, k,i,4’), so almost surely the
coordinates of every block of x( are pairwise dlstlnct also o ¢ M almost surely. For such xg, for every
pair i # 4’ the sign of Xe y Xek, is that of 9501 xOZ # 0 for all s € [0,5), so the strict order of the
coordinates of every block 1s preserved which is ( ).

For (ii), let # € O and t € (0,1), and let Z;(z) := >, myp(x | ¢,5") > 0 be the normaliser of Eq. (54).
With the time posterior v(t | ) := Z;(x)/q(x), which is positive and finite (Lemma B.3(ii)),

mip@|t,3) _ Zix) mip(x|t,j)
q(z) q(z) Zy(x)

w;(t,x) = vit|x)P(x: =e; | I = x,t).

By Proposition 4.1, P(z1 = e; | I; = =,t) = [[, ¢°(j») with ¢**(i) = softmax (B (t)z**);, and by Eq. (57)

)]
applied to the blocks other than (£, k), each of whose factors sums to one, 3. .  _; I, @ Gp) = ¢“F ().
Summing Eq. (6) over the configurations with j, 5 = ¢ (a finite sum of nonnegative integrable functions, so
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sum and integral commute),

ok, 1 o wilt 2 df — — Yult|z)  exp(Br(t)alt)
W@ = g [ 1o X wteat= g [ S oxp (5 ()75

Jije =t

For ¢ € (0,1), ag(t) € (0,1) and s0 Bi(t) = (1 — ag)/(a202) > 0. If 2% > 25 then efeoi" > 00" g0

dt > 0,

2,k
0k 0k 1 Lyt | @) ePeal” — oPrt)zy
P () = Dy |

(@) = M(x) 1—t S Py
because the integrand is strictly positive on (0,1) and the integral is finite (at most fol v/(1—t)dt = M(x)).
By (i), X, > X0 for all i # i* == i}, and all s, so p“F(X,) has its strictly largest coordinate at i* for
all s. Hence f(¢') := p“*(Z(s")) satisfies fi« — fir > 0 on [0, Gmax). For ¢ = 0, y**(0) = £(0) (Step 3 of the
proof of Theorem 4.7); for ¢ > 0,

0,k 0.k
Yir (S) =y (<)

S
1o L SO0 = ) >0
as the integrand is continuous and strictly positive on [0,<].

For (iii), let X5 — ej- € My as s TS and suppose m := j;; # i; ; for some block. By (i), Xf:f* fo:fn >0
for all s, so the limit satisfies (ep,)i» — (€m)m > 0, i.e. 0 —1 > 0, a contradiction.

Finally, fix a block. For a permutation matrix IT of [vy], TIz5* has the same law N(0,021,,) as x5*,
and the almost surely unique argmax satisfies arg max,, (Ilz),, = w(arg max,, <,,) for the permutation w
of II. Hence P(arg max,, xf;]fn = 1) does not depend on ¢, and as these probabilities sum to one, each equals
1/vg. Since X is block diagonal, the Gaussian blocks of &y are independent, so the blockwise argmax map
T — (eargmaxm 40 )ek pushes po to @, 5 Unif([vx]) = p1. For @p € A in the full-measure set of Step 3,
T (x0) = limgpr(zg) Xs € MT C My (Theorem 3.8; the solution in Q = O is the one considered here), so
(iii) identifies T'(x¢) with the blockwise argmax. O

Proof of Theorem 4.10. Idea. Both bounds come from the variation-of-constants formula Eq. (68). For
the lower bound we need a quantity that the flow cannot reduce faster than the schedule; the hull coordinate
17 Z%* 1 is one, since it decays exactly like A\, by Eq. (70), and by Cauchy—Schwarz it bounds the distance to
any vertex from below. For the upper bound we subtract the vertex from Eq. (68) and bound the remaining
integral by AKy ;. Solving A\ (s) ¢ = € for ¢ turns both bounds into bounds on the arrival time, and the order
carries over to the original time because s(-) is increasing.

Write e* = €7, A = M(s), f(<') = p"*(Z(¢")) and k. as in Eq. (69). The almost-sure conditions of
Theorem 4.7 give ¢max = 00, so Eqs. (68) and (70) hold for all ¢ > 0; those of Theorem 4.9 make 7 ;, hence
e*, well defined.

Lower bound. By Cauchy—Schwarz, [1Tu| < ||1]|[|u| = \/vx||u| for w € R". Take u = Z*(¢) —e*. As
1Ter =1, Eq. (70) gives 1Tu = 1T Z0k(¢) — 1 = A1 T25" — 1), so A1 Taf" — 1] < /o5 2% () — e*], the
left inequality of Eq. (19).

Upper bound. By Eq. (69), e* = Xe* + (1 — N)e* = \e* + fog ke(s")e*ds’. Subtracting this from Eq. (68),

<
Z8k (o) — e = MNaxh" — e*) —i—/ are” T (f(S) — e*)ds’
0

For a continuous g : [0,<] + R and v i= [ g £ 0, [v]? = [(v.9) < [v] [ gl so | [ gll < [ lgll. Hence,
as the integrand of Eq. (18) is nonnegative,

o0

S S
H / are D (f—er)dd/|| < e / are™ | F(</)—etlde’ < e / are™ | £(<") el s’ = A Ko
0 0 0

The triangle inequality gives || Z%F(¢) — e*|| < )\||:B€’k — e*|| + MKy, the right inequality of Eq. (19) (trivial
if K&k = OO)
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Arrival times. Write B := |17 (" —1|/\/vr and A := |5 —e*||+ Ky Let s > 0satisfy | Z4%(q)—e*|| <
€. By the lower bound, e~ **°B < e. If B =0 the left inequality of Eq. (20) reads —oo < Sk otherwise
taking logarithms gives —axs+In B <lIng, ie. ¢ > ln . Taking the infimum over all such ¢ gives the left
inequality (if there is no such ¢, ¢f, = oo).

For the right inequality let Ky < oo (if Ky = oo the right side is 00). If A > ¢, then ¢y := ﬁ In ? >0,

Me(so) = €/A, and the upper bound gives || Z%*(¢0) — €*|| < (o)A = ¢, so S < so- I A < e, then

| Z5%(0) — e*|| = ||w€’k —e*|| < A <e, 5065, =0. In all cases, which is the right inequality of Eq. (20),
ek
1 zy" — el + Kok
S < max{(), —1In o il } (72)
’ ag e
e % T4 f
Order. Fix two levels ¢, f of position ¢, let U, := (Tlc In w and Ly := % In %, and

assume, as in the statement, that the upper bound for ¢ is smaller than the lower bound for f: max{0,U.} <
L. In particular Ly > 0. By Eq. (72) and the left inequality of Eq. (20),

Si.e < max{0,U.} and Ly <g ;.

Hence <7, < max{0,Uc} < Ly < ¢j ;. Both arrival times refer to the same trajectory. Since ¢ — (<) is a
continuous strictly increasing bijection of [0, 00) onto [0,5) (Theorem 4.7), {s € [0,5) : | X2* —ef || <e} =
s({c>0:]Z%() - er il < e}). The latter set is closed in [0, c0) by continuity of Z, so when nonempty its
infimum ¢;, is attained, and the first time in s at which block (¢, k) is within € of its vertex is s(s7 ) (and
there is no such time if ¢, = o0). As s(-) is strictly increasing, s(s7 ) < s(s7 ;) (with s(o0) := o0). O
Proof of Corollary 4.11. Idea. By the order part of Theorem 4.10 it suffices that max{0,U.} < Ly, and
Eq. (21) is chosen so that this holds whenever |1Ta:€’f -1 > r, Ha:é’c| < R and Ky, < K. The first
two events concern Gaussian quantities and are bounded directly, the first by the maximal density of a
one-dimensional Gaussian and the second by Markov’s inequality; the probability of the third is kept as it
stands.

Consider the events By = {|1Tai! — 1| > r}, By = {||lz°|| < R} and B3 = {K;. < K}, and let E,
be the full-measure event of the almost-sure conditions of Theorem 4.10. The variable G := 1Tz Z T 1is
N(=1,vf0%)-distributed (Step 5 of the proof of Theorem 4.7), and its density is at most (27vs07 ) 172 50

2r
1/2’/T’Uf0’f'

By Markov’s inequality applied to |z5°||? and E[zg°|]> = S10° lE(sz) = v.02, P(ES) < P(||lzyC|? >
R?) < v.02/R?%. On EyN Ey N Ey N Es, using ||f° — e .l < x5 +1< R+1 and the monotonicity of In,

PES)=P(—r <G <r)<2r (2mfgj2€)71/2 _

|25 —e; |+ Kee 1 R+14+K 1 7 1Tl
n——

U.= —l <—Ih——— < —n

Q¢ € Qe € af  EUf T af €\/Vs
where the strict inequality is Eq. (21) multiplied by the number In(r/(e,/v7))/ac, which is positive because
r > ¢,/vy. For the same reason Ly >
Ue < Ly and Ly > 0 give max{O,UC} < Lf, ge)c <<y on EgNEyNE>;N Es. Since P(EF) = 0, the union
bound gives

Theorem 4.10, applicable because

2r V.02
A /27va of R2

Proof of Proposition 4.12. Idea. The integrand of Eq. (18) is ape®s||p®* — €/ I, so Ky < oo once the
target approaches its vertex faster than e~ ?+<. Near the limit vertex Lemma B.4(d) bounds this distance by
CoVN, with V the schedule-weighted distance Eq. (8) and N > amax, so it suffices to show that V' decays
like e™¢ in flow time. This is the differential inequality behind Theorem 3.7, rewritten in flow time, where
the speed M drops out (Step 1); Steps 2 and 3 insert the decay into the bound for the targets and into Kj .

P(Sie <siy) = 1= P(B]) - P(E5) — P(E5) > 1 ~P(Kpo > K). O
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Let x satisfy the almost-sure conclusions of Theorems 3.8, 4.7 and 4.9 (a countable intersection of full-
measure events). Since Q = O for product-uniform data, the maximal solution of Theorem 4.7 is the one
of Theorem 3.8, so S = 7(xzp) < oo and X; — ej+ := T(xg) € M7 as s T 7(xp). By Theorem 4.9(iii),
Jix = iy for every block, so € in Eq. (18) is block (£, k) of the limit. Let €, Cp,v be as in the proof of
Theorem 3.7, s0 € < &g < 1 and Coe? < 1. As Vj. is continuous with Vj«(e;+) = 0, there is s; < 7(@o) with
Vi« (Xs,) < €; and Vj«(X,,) > 0 because X, € O is not the vertex. So X, € W = {0 < Vj» < ¢}. By
uniqueness, s — X, 4 is the solution started at X, , so by Theorem 3.7(1) X, € W for all s € [s1,7(x)).
Put ¢, := ¢(s1), V(s) := Vj«(X,) and V(<) := V;+(Z(s)) = V(s(s)). By Theorem 4.7, s(-) maps [s1,00) onto
[s1,7(20)), 50 0 < V(s) < € for ¢ > .

Step 1: decay in flow time. Let s € [s1,7(xo)). In Step 1 of the proof of Theorem 3.7, an active block
(fer(s) =V(s) > 0,50 for is C* near s) satisfies, with [|§6F||1/ax—1 = V1=ax

Fir(s) S M(X,) (= V+CoV V) < M(X,) (= V + CoV'H),

because 1 —ap + N = 1+ (N —ag) > 14+ (N — amax) = 1 + v and 0 < V < 1. The inactive f
are continuous, which is all the proof of Lemma B.5 uses about them, so Lemma B.5 gives DTV (s) <
M(X,)(=V(s)+CoV(s)!T7) < 0o. By Lemma C.9(a) with o = s(-) and s'(s) = 1/M(Z(s)) (Eq. (67)), and
since CopV7 < Cpe? < %,

DIV<-V(I-CV)<-iV  (s>q). (73)
By Lemma C.9(b) with ¢ = In (which is C* with ¢/ > 0 on (0,00) 3 V(c)), DT InV = DTV/V < —1 and
Lemma B.5 with k = % on every interval [¢1, 2] gives In V(¢) < InV (1) —3(s—c1), i.e. V(5) < V(s )e (s=s1)/2,
Hence

00 50 ‘ 9 y
B = / C()V’Y d¢ < COV(Cl)’y/ e—’)’(%—<1)/2d< — M < 00
S1 S1

Now let F(¢) :=InV(s)+(s—s1)— f:l CoV7. The last two terms are differentiable with derivative 1—CoV ()
(fundamental theorem of calculus; V' is continuous). By the first inequality in Eq. (73) and Lemma C.9(b),
DTInV =D'V/V < -1+ CyV7, so by Lemma C.9(c)

DTF < (=1+CoV") + (1-CoV7) =0.

Lemma B.5 with k = 0 gives F(¢) < F(s1) = nV(s), i.e. nV(s) < InV(s) — (¢ — 1) + f:l CoV7 <
InV(s1) — (¢ — 1) + B. Exponentiating,

V() < V() ePe ™) = e (s >¢1), Cy = V(s)ePt < 0.

Step 2: the targets. For ¢ > 61,0 < V(s) < & < g9, so Lemma B.4(d) and Step 1 give [|[p“*(Z(c))—e} ;|| <
CoV ()N < CoONe=Ns. With C := max{Cy,CoC{} this proves the two displayed bounds of the statement.
Moreover N = LY, apvi > viai > 2ay, for every k (as vp > 2), 50 N > 2amax.

Step 3: K. The integrand of Eq. (18) is continuous and nonnegative; split the integral at ¢;. For
w,v € A% Ju; — | < Tand Yo Jug — v < 2, 50 flu —of]* <3 |up —vi| <25 as pYF and e, lie
in Av+~1 the integrand is at most v/2ape®< < v/2axe®™<t on [0,61]. On [g1,00), by Step 2, it is at most
ake“’“gC’OC{Ve’Nq = akCOC’{Ve*(N’“’“)g < akC’OC{Ve’VC, because N — ap, > N — amax = v > 0 by Eq. (46)
and ¢ > 0. Hence

o) C, CN —S1
Ko < V2aks et + akC’oC{V/ e ds = V2ay6 % + W1 € < 0. O
Y

S1

Proof of Corollary 4.13. Idea. By the order part of Theorem 4.10 it suffices that U. < Ly and Ly > 0 for
all small . Up to constants that depend on xq, U, is ai lné and Ly is é In %, two linear functions of lné
whose slopes satisfy 1/ay > 1/a., so the comparison holds for small € as soon as the constants are finite.
This is Proposition 4.12 for A., and the almost-sure condition 1T33€’f # 1 for By.

Fix g as in Proposition 4.12 which also satisfies the almost-sure conditions of Theorem 4.10 and 1Tw€’f #*
1 for all £; each of these is a pp-null exception (Step 5 of the proof of Theorem 4.7), and there are finitely many.
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(a) a= (5, 1): distance to the endpoint vertex (b) exponent staggering a = (5, 1) (c) noise staggering o = (0.3, 0.8)

2.0 A 2.0 A
control a = (1,1), o=0.55 control a = (1,1), o=0.55
\ ............... ” + coarse first: 99.8% w coarse first: 76.4%
NN —
_ A T E 154 g 1.5
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. ‘£ 1.0 ‘E 1.0
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N 5 f 5
= g . ]
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..... e word block b
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flow time ¢ word arrival time s word arrival time s

Figure 7 The flow removes the noise of each level on its own schedule (A% x A?, exact field). (a) Distance
of the cluster and word blocks to their endpoint vertex along 40 trajectories against the flow time ¢, with the slopes
e %< of Theorem 4.7; the grey line is € = 0.05. (b, ¢) Arrival times within £ of the vertex in the original time s
for 500 prior samples, cluster against word, with the unstaggered control in grey. Exzponent staggering separates the
arrivals; noise staggering orders them only weakly, as Theorem /.10 predicts.

Fix £ and write A, := ||sc€’c—ezc||—|—Kg,c, which is finite by Proposition 4.12, and By := [1Taf! —1|//77 > 0.

f1D5+11175:

In the notation of the proof of Theorem 4.10, U, = ai In % and Ly = é In %. Subtracting — 7= a;

—(2£ = 1) In? from both sides shows that U. < Ly is equivalent to

ar  ac
1 1 1 In A In B
(7_7)111, > Ry:= b et § € [—o0,00).
af G € Qe af

Here d := é — L > 0 because a. > ar > 0, and Ry < oo because Ac < oo and By > 0. Let ¢/ :=

ac
min{By, e~ ma{Re.0}/d} > 0. For e € (0,e,) we have dIn 1 > max{Ry,0} > Ry, so U. < Ly, and £ < By, so
Ly > 0. By the order part of the statement of Theorem 4.10, applicable because U. < Ly and Ly > 0 give
max{0,U.} < Ly, block (¢,c) comes within ¢ of its vertex strictly before block (¢, f), in flow time and in
the original time s. Take g := min; e, > 0, a minimum over the finitely many positions. Finally, K. < oo
almost surely by Proposition 4.12; the events {K, . > K} decrease as K 1 co with intersection {K/ . = oo},
a null set, so P(K, . > K) — 0 by continuity of probability from above. O

Numerical check. On A? x A? with uniform data on the nine vertex pairs we evaluate the exact field
Eq. (5) with M and p®* from Eq. (6) (time integral on a logarithmic grid in 1 —¢ € [107%, 1], squared
distances evaluated directly to avoid cancellation). (a) Integrating in the original time s (RK4, step limited
by 0.1/(amaxM)), the identity n(h¢/hg)/a. = In(hf /h})/as implied by Eq. (16) holds to within 6- 105 on
24 trajectories for a = (5,1), 0 = 0.55, down to Ay = 1073, and no coordinate order changes (Theorem 4.9).
(b) Integrating dZ/d¢ = b/M (RK4, A¢ = 0.02) from 500 prior samples per setting, with arrival radius
e = 0.05:

setting coarse first endpoint = argmaxaxo median (acs;, aps;) median / 99% of (K., Ky)
a=(51), o = 0.55 99.8% 100% (3.20, 3.26) (0.55,0.53) / (8.6,1.8)
a=(1,1), o = (0.3,0.8) 76.4% 100% (3.06, 3.42) (0.27,0.76) / (2.0,5.3)
a = (1,1), o = 0.55 (control) 47.6% 100% (3.26, 3.22) (0.54,0.55) / (4.3,4.9)

The integrals K change by less than 5-107% (relative) between the cut-offs A\, = 10~* and 1075, so they are
finite on every trajectory; the two-sided bound Eq. (19) holds at every recorded step of 120 stored trajectories
(largest ratio of distance to upper bound 0.999), and axsf ~ In(1/¢) + O(1) = 3.0 + O(1) for every level, as
Eq. (20) predicts. In the original time s the median arrival times are (0.47,0.95) for exponent staggering,
(0.92,0.94) for noise staggering and (0.95,0.95) for the control (Fig. 7).
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C.11 Proofs for correlated data

Every statement below is reduced to Theorem 4.15, the threshold theorem with positive weights on the
competitors, whose proof repeats that of Theorem 4.2. Theorem 4.16 shows that for any data the posterior
of a block has this weighted form, with weights determined by the other blocks and hence independent of
the block’s own noise. Proposition 4.17 bounds the weights when the support of the block does not depend
on the context, and Proposition 4.18 and Theorem 4.19 handle context-dependent supports by conditioning
on the context. Corollary 4.20 uses the first route for the cluster and the second for the word of a two-level
code.

Throughout this subsection ¢ € (0, 1) is fixed, so every signal-to-noise ratio pp: = (1 — ap/)/(apop’) is
a deterministic nonnegative number. Write j* for the true configuration (z; = e;«). Since P(mj» = 0) =
ijﬂjzo m; = 0, we work on the almost sure event {mj« > 0}. On it, the true symbol i* of B satisfies
mg(i*) > mj» > 0, and the true context o* := j* 5 satisfies 7(i*,0%) > 0, so 0* € O* # 0.

For the conditional statements we use the following standard fact.

Lemma C.10 (Freezing). Let g be a random vector in R™ independent of a o-algebra F, let 6 be
an F-measurable random element of a measurable space (E,E), and let H : R™ x E — [0,1] be jointly
measurable. Then h(9) := EH(g,9) is measurable and E[H(g,0) | F] = h(0) almost surely.

Proof. Measurability of h is part of Tonelli’s theorem. Let F' € F. The pair (6,FF) is F-measurable, hence
independent of g, so the law of (g, (0,#F)) is the product Py & P4 ). By Fubini’s theorem,

E[H (g, 0)r] = / (/H(z,ﬂ) Py(d2)) @ P(o e, (a0, da) = E[R(O)F 5]
As h(0) is F-measurable, this is the defining property of E[H (g,0) | F]. O

Proof of Theorem 4.15

Proof. Idea. The weights enter 3, linearly, so the proof of Theorem 4.2 goes through with two changes: in
(a) the mean of the truncated sum acquires the factor w, and in (b) the single dominant term carries a weight
of at least w. The conditional version follows by applying the unconditional statement at frozen values of
the index sets and weights, which is legitimate because they are independent of g (Lemma C.10).

. . PR — 2 — —_ 2 .
Write g, = gi» and § := s,,41 = v/2log m. Since eP9i=9:)=F" = e=P9x—P" P95

Yuw = e PI—P’ SY, SY = ij el9i, (74)
jeJ
and since ¥, > 0,
P
1—m, = Y <Y, 75
T Irs, (75)

(a) Fix u,u’ > 0 and p > s + 2u; let M := s + u. Define

A={g.>-u}, B= {r;lgfgj <M}, C={Sy <e“ESy}, Sij:=) w;jerk{g; <M}
jeJ
Probabilities. By symmetry of '(0,1) and Lemma C.3, P(A%) = P(—g, > u) = Q(u) < e="*/2 Since i* ¢ J,
the variables (g;)jecs are m > 1 independent standard normals, so Lemma C.4 with s = \/2logm gives
P(B°) < e~%*/2_ Fach term of S lies in [0, wje?M], s0 0 < S < mwe!M, and ESY, > 0 by Eq. (76) below
(all w; > 0 and ® > 0). Markov’s inequality gives P(C¢) = P(S% > ¢*'ESY) < e~*. By the union bound
over A¢, B¢,C°, P(ANBNC)>1—2e%/2 _ ¢t
The truncated sum. By linearity, Lemma C.5 applied to each g;, and ZjeJ wj = mw,

ES}; = ij E[er9i{g; < M}]| = ij ep2/2<1>(M —p) =mw epz/zq)(M —p). (76)
jeJ jeJd
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Asp>s+2u>M,®(M—p)=Q(p— M) with p— M > 0, and Lemma C.3 gives ®(M — p) < e~ (P=M)*/2,

Hence ) ) )
- M M
ES}; < mwexp (% — (p?)) = MW exp (pM — 7),

which is Eq. (63) with the extra factor w.
The bound on the good event. On B, W{g; < M} =1 for all j € J, so S* = S}y; on C, S}; < e* ES});
on A, —pg, < pu because p > 0. By Eq. (74),on ANBNC,

S = e PP GU < opuh U oM —MP/2 wexp(u/ + pu— p* + pM + (logm — M72)>

Since logm = s2/2 and M? = s% + 2su + u?, logm — M?/2 = —su — u?/2 < 0. Dropping this term and
substituting M = s + u,

Y <wexp (u + pu—p® + p(s+u)) = wexp (v — p(p— s — 2u)).

Together with Eq. (75), the chain 1 — 7, <X, < wexp(u — p(p — s —2u)) holds on ANBNC.
(b) Let ' := syr41 = +/2logm/, which is positive because m’ > 2, and let G’ := max,c; g; and j € J'
an index attaining it. All terms of ¥, are nonnegative and j € J' C J, so with z := p(G’ — g,) — p?,
1 1 e *

2
N > w; eP979)7P" — e > qpe? T, = < < .
=" = ’ L4 Y, T e T

Let D = {g, <wu}and E = {G > s — h}. By Lemma C.3, P(D) = Q(u) < e~"’/2. The variables (95)jer
are m’ independent standard normals, so Lemmas C.6 and C.7 with z := s’ — h > 0 give

P(EC) =P(G' < z) <exp (—m'Q(z)) < exp ( —-m’ ﬁ @(x))

; e 272 _ o 1,—logm’ _ _ m —52/2 s'h—h%/2 _ 1 es'h— h%/2
Using m’e m'e 1, m'o(z) N

, so m/ 4o 2<P( ) =
Ay y1(h) (the function of Eq. (13) withn=m/+1, s, = ') and P(E°) < e’Am’H(h) By the union bound,
P(DNE)>1—e" 12 _e=Ami) On DNE, G —g, >5 —h—u, so, asp>0and p<s —h—u—mn,

2> p(s' —h—u)—p® = p(s' —h—u—p)>pn,

and m, < e */ < e /0.

Conditional version. We allow *, J, J' and the weights to be F-measurable. Collect them in 6 :=
(¢*,J,J", (w;)jes), an F-measurable random element of the space E of such tuples, a finite disjoint union
(over the choices of (¢*, J, J')) of open orthants with their Borel o-algebras. For fixed (i*, J, J'), the quantities
Yw, T, W and @ are continuous in (g, (w;);), so the indicator H,(g, V) of the event in (a) and the indicator
Hy(g,9) of the event in (b), evaluated at the parameter ¢ € E, are jointly Borel. For deterministic
satisfying the hypotheses of (a) (resp. (b)), the statements proved above say EH,(g,v) > 1 — 2e~w/2 _ g=v
(resp. EHyp(g,9) > 1— e—w/2 e A1) "because g ~ N(0,1,,). By Lemma C.10, almost surely on the F-
measurable event that § satisfies these hypotheses, P(event of (a) | F) = E[Hg(g, 9)]y—g > 1 -2~ /2 —e~¥'
and likewise for (b). O

Proof of Theorem 4.16

Proof. Idea. Without the product structure the posterior no longer factorises, but the likelihood still

B ) ,BB//w

does, into one factor kg (x ip per block. The joint posterior of (i,0) is therefore proportional

to ﬁ(i,o)eﬁzf’kL(o), and summing out the context leaves the single-block softmax with an extra factor
N; = >, m(i,0)L(0), which becomes the offset A;. It then remains to check that the offsets depend only
on x1 and on the noise of the other blocks, which is independent of g because the prior covariance is block
diagonal.

For a block B” write ngr,apr,op, Bgr for its size, schedule value, prior scale and inverse temperature,
and pB” (- | i) for the density of N'((1—apn)e;, a2B,,0'B,,I) By Lemma B.1, p(z | t,5) = [[ 5, p® (&P | jpr).
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Expanding the square as in Step 7 of the proof of Proposition 4.1, ||y — (1 —ap~)e;||* = |y||* —2(1 —ap»)y; +

(1 —apr)?, so

2 2
" . 1Y _ // + 1 —apn
pB (y | Z) = KB (y) CBB y'l7 KRB (y) = (27'('0[23//0_23//) nprr/2 exp ( - Hy” 2 2( ) B ) ) > 07
QpnOpn

with Kk~ independent of i. For j = (4, 0), separating the factor of B from those of the blocks B’ # B,
mip( | t,j) =7(i,0) HfiB”(fBBN) Por i = = k(x) 7(i,0) eﬂ””f'kL(o)7 HHB” @) > 0. (77)
B,/ B//
Bayes’ rule at fixed ¢ (Eq. (54), whose derivation does not use the product structure) and summation over

the contexts give, with N; := > _7(i,0)L(0),

x)m By * 55" N
]P(jf,k :j | It :SE) — Zo ( ) (]7 ) L( ) — NJ . (78)

>, 0, w(@)m(i,0)ef L) Y, PN,

As L(o) > 0 for all o, N; > 0 iff w(j,0) > 0 for some o, i.e. iff j € Sp. Hence the probability vanishes for
j ¢ Sp, while N;» > 0 because i* € Sg. For j € Sg both probabilities in Eq. (23) are positive and

P(jes =J [ 1) Gk Lk N ok 0k
log ——~—————% = fB(z;" —z3") +1 = B(a7" —2") + A
8 Bl =i [ 1) Blay" —ai2") + log N Blay™ — i) + 4
Since z“* (1 - a)ep + aag7 iLe. 2% = (1 — aWW{i = *} + aog;, and Bac = (1 — a)/(a0) = p,

B(1—a) = (1~ 0)*/(a%0%) = g%, for j # i*
Bas* — xfik) = Bao(g; — gir) = B(1 — a) = plg; — gi+) — p°, (79)

and for j = ¢* both sides of Eq. (23) vanish (A;« = 0). This proves Eq. (23). As the block posterior sums
to one over Sp,

1 P(j(k:let) A g ) —p2
- E J =1 E i oP(95—9ix)—p
bk = P(jor =i | I) * . o ’
* jE€SB ’ J€SB\{i*}

which is Eq. (22) with J = Sp \ {i*} and w; = 2 = N;/N;» € (0,00). (If J =, then 7" = 1 and there
is nothing to prove.)

Measurability and independence. For B’ # B, xB = IF =(1- aB/)a:{B + ozB/cco/ is F_g-measurable,
hence so are L(o) for every o, all N;, and the Aj; ¢* is a function of w?’k, so J = Sp\{i*} is F_ g-measurable
as well. The prior &g ~ N(0,X) is Gaussian with block-diagonal covariance, so a:f)’k and (zf")pixp are
uncorrelated jointly Gaussian, hence independent; and xg is independent of x;. For Borel sets U,U’, U”
therefore

P(.’I)é’k cU, (mOB/)B/;ﬁB ceU x € U”) = P(mé’k S U)]P’((mo )B’;&B S U) P(x, € UN),

so g = :co ¥ /o is independent of F_p. Since mi* has the form Eq. (22) with F_p-measurable (i*, J, (wy)),
the conditional version of Theorem 4.15 applies with F = F_p. O

Proof of Proposition 4.17

Proof. Idea. The offset compares N; with N;«, two sums over contexts with the same evidence weights and
different prior weights, and a ratio of two such sums is at most the largest ratio of corresponding terms. For
F = () this gives I'g directly. For general F we first replace the evidence of the blocks in F' by its maximum
or its minimum over their symbols, at the cost of the factor e, and then compare the marginal weights
m(i,7). The tail bound on the evidence range is Lemma C.4 applied to the maximum and to the minimum
of the block noise.

Write N; = >, 7(i,0)L(0) as in the proof of Theorem 4.16, so e® = N;/N;+. Splitting the product
defining L(o) into the blocks of F' and the remaining blocks B’ ¢ F U {B}, L(o) = Lp(f)L,(r) with
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B’ —
Lr(f) = Ilger ¢’®"f5r and L, the product over the remaining blocks; both are positive. Let Lp :=

maxy Lp(f) and Lp := ming Lp(f) over all f € [[p/cplvp]. Since Lr(f) = exp(}_pcp 53@}3;,)’ exp is
increasing, and each summand depends only on its own coordinate fg, of the product set,

_ , / L
LF:eXp<ZmaXﬂB/a:ZB), LF:eXp(ijnﬁB/mf), L—F:eDF.
per ' Ber ' =F

For every 4, since 7 > 0 and Ly < Lr(f) < Lr,

LpY Le(r)w(i,r) < Ny=> L.(r)Y_ w(i, f,r)Le(f) < Lr Y Le(r)7(i,r). (80)
r r f r

Let R :={r:>_,m(i,r) > 0}. For r ¢ R, n(i,r) = 0 for all ¢, so the sums in Eq. (80) may be restricted to
R. Fix j € Sp. For r € R, rectangular support gives 7(¢*,7) > 0 and 7 (j,r) > 0 (both ¢*,j € Sp), and
the definition of I'g|p (a maximum over r € R) gives 7(j, ) < T'ppn(i*,7). The set R is nonempty since
it contains the true r. Hence, by the upper bound in Eq. (80) for ¢ = j and the lower bound for i = i*,

eAj _ Nj < fF' ZTER LT(T)T((jv T) < fl ) ]-—‘B\F ZTGR LT(T)W(’i*,T) _ GDF FB|F7

Nix = Lp Y, e Le(r)m(i*,7) = Lp > orer Le(r)m(i*,7)

the denominators being positive. The same computation with j and i* exchanged (it uses only j,i* € Sp)
gives e~ = N« /N; < eDFFB|F. Taking logarithms, —log'pjp — Dr < Aj <logl'p|p + Dp. For F' = 0,
f is the empty tuple, r = o, Lr =1, Dy = 0 (empty sum), and for o of positive mass 7 (i,0)/m (i, 0) = 7 (i |
0)/m(i' | 0) (divide numerator and denomlnator by >, m(i",0)).

Evidence range. Let B’ have v’ vertices, true symbol i’ and g’ := xf /03/ ~ N(0,1,/). Then 2P =
(1 — CVB/)%{Z' = i,} + OLB/O'B/gé, and as in Eq. (7()) 63/(1 - aB/) = pB’ and 53/0&3/0’3/ = pPB’, SO ﬂB/(ﬂ =
pe{i =i} + pprg.. For any reals, max;(a; + b;) < max; a; + max; b; and min,(a; + b;) > min; a; + min; b;;
with a; = pLH{i =i'} € [0, p%/] and b; = pp: g, (recall pp > 0),

B’ . B’ 2 / .y
max fpx; —minfpa; < ppo+ pp(max g; — ming;).
1 1 1 1

The vectors g’ and —g’ both have i.i.d. standard normal coordinates, so L( mma C.4 with m = v’ gives
P(max; g; > v2logv’ +u) < e */2 and P(—min; g; > 2logv’ +u) < e */2. By the union bound, with
probability at least 1 — 2¢~%"/2 neither event occurs, and then max; g; — min; g} < 2(v/2log v’ + u), which
together with the previous display gives the claim. O

Proof of Proposition 4.18

Proof. Idea. The identity is the law of total probability over the context. Given the context o, block B sees
only the prior weights 7(- | 0) and its own evidence, so its conditional posterior is a single-block expression
with weights w;(0). The two inequalities follow because 7oF is an average of the m, (o) with weights P(o | I)
that sum to one.

Let @ = I,. By Eq. (77) and Bayes’ rule, P(jop = 4,0 | I; = ) = ﬁ(m)w(i,o)eﬁIf’kL(o)/Z(m), so the
posterior of the context is

ol k=m) = Zp(j&k =to|l =)= rle)Lo) Zﬂ(i,o)eﬁxf’k,

which is positive iff Y, w(i,0) > 0, and ) P(o | I;) = 1. By the law of total probability over the context,

=3 ,Plo]| L) P(jor = i* | 0, 1;), the sum running over contexts with P(o | I;) > 0. For such o, dividing
the joint posterior by the context posterior, cancelling k(x)L(0)/Z(x), and then dividing numerator and
denominator by >, (i, 0) > 0,

7(i,0) efei” (i | o) B

- j 0,k Y
S 7', 0) e” > ires(o) (i [ 0) i

P(j(,k =1 | O,It = iL') =



where the terms with ¢’ ¢ S(o0) vanish. If o ¢ O*, then 7(i* | 0) = 0 and this vanishes for i = i*. If 0 € O*,
dividing numerator and denominator by 7 (i* | o)e’BIf’*k > 0 and using Eq. (79),

- 75 10) st —atiny
P(er =" |0, I;) = (1+ L L P T = 7. (0).
t ( jesg{ﬁ} w(i* | 0) )

This proves the identity.
Let G C O*. Using > P(o | I;) = 1, the identity, and G C O*,

1—nbk = ZIP(O | 1) (1 —¥{o € O*}m.(0)) + ZP(O | I) (1 — 7. (0))

0¢G o€g
<Plo¢ G| I)+sup(1—mo)) ZIP’(O | I,) <P(o¢ G| I,) +sup (1 — m,(0)),
Y 0eg o€g
where the first inequality uses 0 < m,(0) < 1 and the second »_ ;P(o | I;) < 1. Finally, since m,(0) > 0,
mot = 2oco- P(o | 1) (0) < supyeox me(0) 2oy Plo | It) < supyeps ma(0). O

Proof of Theorem 4.19

Proof. Idea. By Proposition 4.18 it suffices to bound 1 — 7, (o) uniformly over o € G for (a), and 7. (0)
uniformly over o € O* for (b). Each (o) is a weighted threshold expression, so we compare it with a single
expression that does not depend on o: for (a) we enlarge the competitor set to Sg and raise all weights
to I'g, for (b) we shrink it to J’ and lower all weights to 1/I". Theorem 4.15 applies to these expressions
conditionally on 1, because given x; the sets and weights are fixed and g is still standard Gaussian.

Condition on x;. Then i*, O*, the sets S(0) and the weights w;(0) are fixed (they depend only on 1
and ¢*), as are G, Sg, J', I'g and I (we take G o(x1)-measurable). As xg is independent of 1, g ~ N (0,L,)
conditionally on @7, so Theorem 4.15 applies conditionally on F = o (x1).

(a) Let 0 € G. Then S(o0) \ {i*} C Sg and w;(0) <Tg for j € S(0) \ {i*}. By Eq. (75) applied to m,(0),
and since all terms are nonnegative,

1—m, (o) < Z wj(o)ep(grgw)*f <Tg Z ePl9i—gi0)—p* _. I Yo, (81)
j€S(0)\{i*} Jj€Sg

a bound that does not depend on 0. Xg is the sum Eq. (22) with J = Sg C [n]\ {¢*}, |J| = m > 1 and unit
weights (w = 1). By Theorem 4.15(a), conditionally on @1, the event {¥¢g < exp(u' — p(p — ;41 —2u))} has
probability at least 1 —2e~%"/2 — ¢=%'. On this event, Eq. (81) gives sup,eg(1 —my(0)) < T'gexp(u’ — p(p —
Sm+1 — 2u)), and the first inequality of Proposition 4.18 gives the claim. The context term P(o ¢ G | I) is
not estimated: the inequality of Proposition 4.18 holds pathwise.

(b) Let o € O*. By definition of J' as an intersection, J C S(0)\{#*}, and by definition of I, w; (o) > 1/I"
for j € J' (I" € (0,00), as the weights are positive and there are finitely many contexts). Dropping the
nonnegative terms with j ¢ J’ and bounding the remaining weights from below,

1 —1
7T*(0) S (1 + ﬁ Z ep(gj—gi*)—pQ) = ﬁ'*a
jeJ’

uniformly in o € O*. Now 7, is the m, of Theorem 4.15 with J = J’" and constant weights w; = 1/T".
Part (b) of that theorem, applied with J' itself as the subset (m’ > 2, @ = 1/TV), gives 7, < IVe™#" with
conditional probability at least 1 — e~ /2 _e=Amriai(h) On this event, the last inequality of Proposition 4.18

gives bk < SUP,e+ Tx(0) < T < TVe™ P, O

Proof of Corollary 4.20

Proof. Idea. The two levels need the two routes of the preceding results. The cluster block has full support
in every context, so (i) is Theorem 4.16 with offsets bounded by Proposition 4.17, taking for F the word
block of the same position, which costs its evidence range Dy and a tail bound for it. The support of the
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word block depends on the cluster, so (ii) and (iii) use the mixture over contexts and Theorem 4.19, with G
the contexts that contain the true cluster; the posterior mass outside G is exactly the cluster error 1 — Wf’l,
which is why the bound for the token contains the bound for its cluster. The first paragraph derives from
(H1) and (H2) the support properties that these choices require.

At position ¢ the blocks are the cluster block (¢, 1) and the word block (¢, 2); a configuration has positive
mass only if wy € S(cp) at every position £. Two consequences of the hypotheses are used repeatedly. First,
I';,Ty > 1 (take ¢ = ¢, resp. w = w’). Second, if T’y < oo, then for every r of positive mass and every
d € [v], P(cg = | r) > 0: some ¢ has P(cy = ¢ | r) > 0 because these probabilities sum to one, and
P(¢; = ¢ | r) = 0 would make the ratio for (¢, ¢’) infinite. In the same way, (H2) gives

Ples =c¢,r) >0 = {w:P(c; = c,w = w,r) >0} = S5(c), (82)

since the conditional law of w, given (c; = ¢, ) is carried by S(c) and, by (H2), cannot vanish at a point of
S(c).

(i) Take B = (¢,1) in Theorem 4.16 and F = {(¢,2)} in Proposition 4.17. Then f is the word index at
position £ and r the symbols at all other positions, so 7(c,7) = Y 7(c,w,r) = P(c; = ¢,r) and, for r of
positive mass, w(c,r)/7(c',r) =P(c; = ¢ | r)/P(ce = ¢ | 7). By the second consequence above, every cluster
has positive probability in every context of positive mass; hence Sp = [v1], rectangular support holds, and
I'prp =T'1. Proposition 4.17 gives A, <logT'y + D for all ¢, with D, the evidence range of block (¢,2), so
we = e®¢ < TyeP? and w < I'jeP2. By Theorem 4.16, Theorem 4.15(a) applies conditionally on F_p with
J =[]\ {c*}, m=v1 — 1 and Spi1 = su,: on an event &, with P(E¢ | F_p) < 2e /2 4 e~

1 — 75t <wexp (v = p1(p1 — 50, — 2u)) < I'eP? exp (v = p1(p1 — 0, — 2u)).

Taking expectations, P(ES) < 264 /2 4 =¥, By the last part of Proposition 4.17 with B" = (¢,2), v/ = va,
pp = pa, the event &, := {Dy < Dg} has P(&f) < 2¢=%*/2. On E. N &y the bound of (i) holds, and by the
union bound P(,N&) > 1— de=u/2 o=, (Both bounds also hold conditionally on @;: the first because
o(x1) C F_p, the second because z? s independent of x;.)

(i) Take B = (¢,2), i* = w*, with context o = (¢, 7), which contains the cluster of the same position.
Let G := {o = (c¢*,r) : P(cg = ¢*,7) > 0}. For o € G, Eq. (82) gives S(0) = S(c*) 3 w*, so w(w*,0) > 0 and
G C O*; moreover, for j € S(c*) \ {w*}, w;(0) =P(we = j | ¢, r)/P(we = w* | ¢*,7) < Ty by (H2). Since G
contains the true context, Sg = S(c*) \ {w*}, of size m =nex —1> 1, 50 Spq1 = Sy, and I'g < T'y.

By the proof of Proposition 4.18, P(o | I;) > 0 iff o has positive prior mass, and for o € O*, P(wy = w
0,I;) = m.(0). The contexts of positive posterior mass with ¢, = ¢* are exactly those in G, and the token is
correct iff ¢y = ¢* and w, = w*, so

*

TR =3 "Plo| L)m(0), Plo¢G|L)=Ple,#c |I;)=1—7l"
oeg

Therefore, as in the proof of Proposition 4.18,

1-ml*=Po¢ G|I,)+ > Plo| L)(1—m.(0) < (1—xb") +sup (1 - m,(0)).
0€g o€
By Eq. (81) and the proof of Theorem 4.19(a), conditionally on x; and with probability at least 1— 2e=v"/2
e SUpP,eg(l — me(0)) < T'gexp(u’ — p2(p2 — sn,. —2u)), and I'g < I'y. This gives (ii); averaging over x;
gives the unconditional probability bound.
(iii) Here O* = {(c,7) : P(ce = c,we = w*,7) > 0}; every (c,r) € O* has positive mass and w* € S(c)
(validity), so S((c,7)) = S(c) by Eq. (82). Hence, for every o = (¢,r) € O*,

J= () S\ {w} € S\ {w}=5(0)\ {uw},

" wreS ()

and for j € J', since j,w* € S(c), (H2) gives w;(0) = P(we = j | ¢,7)/P(we = w* | ¢,7) > 1/T'3. These are
the only two properties of J' and T used in the proof of Theorem 4.19(b). Repeating it with 'y in place
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of I": m(0) < (14Tt e er2(9i=922)=P3) =1 for all 0 € O*; Theorem 4.15(b) with J = .J', weights 1/T
and m’ = |J'| > 2 bounds the right-hand side by I';e™?2" with conditional probability (given x1) at least
1—ev'/2 e_AmUrl(h); and Proposition 4.18 gives ﬂ'f’Q < sup,co- me(0) < Tae™P2m,

Simultaneity. Let § € (0,1) and suppose p1(p1 — 8y, — 2u) > log 'y + Do +u’ +1og(1/5). The right-hand
side is at least v/ > 0 (as T'; > 1 and Dy > 0), s0 p; > 0 and p; — s, — 2u > 0, i.e. the hypothesis of (i)
holds; rearranging,

TieP? exp (u' = p1(p1 — s, — 2u)) = exp (logT1 + Do +u' — pi(p1 — s0, — 2u)) < e~ 081/ =5

so 1 — 7! < & on the event of (i). The condition on py(t) is the hypothesis of (iii). By the union bound,
both events hold with probability at least 1 — Bew'/2 — v _ e~ Mm1(M) and on their intersection both
statements hold at the same t. O

Proof of Corollary 4.21

Proof. Idea. By Proposition 5.5(ii) the anchor error is 2E[1 — 7-%], so it suffices to bound the expected

posterior error. The high-probability bounds of Corollary 4.20 turn into bounds in expectation because
1 — 7, lies in [0, 1]: on the good event we use the bound, and off it we pay at most the probability of the
bad event.

The identity E||p®*(I,) — 5" ||, = 2E[1 — 7%*] in Proposition 5.5(ii) holds for any ; (its proof uses only
that p®* is a probability vector), so it remains to bound E[1—7,]. We use, as in the proof of Proposition 5.5(ii):
if0 <X <1land X < bon an event &, then X < bl¥g + Wee, hence EX < b+ P(E°) (for b > 0). All
bounds below hold conditionally on @; (see the proof of Corollary 4.20), which fixes the true token (c*,w*)
and hence n.«; the token bound, which involves n.«, is to be read in this sense, and averaging over x; gives
the unconditional version with the second term averaged over c*.

Cluster. If p1 > sy, + 2u, apply the fact above with X =1 — 741 and the event of Corollary 4.20(i),
whose complement has probability at most 4 /2 v If O < p1 < 8y, + 2u, then py(p1 — sy, — 2u) <0,
so the claimed bound is at least TjeP2e? > 1 > E[1 - ﬂf’l] and holds trivially.

Token. Suppose ne« > 2 and pe > s, + 2u, and let € be the event of Corollary 4.20(ii), with P(E° |
@) <2 /24 On &, 1—7tok < (1—qbl) 4 Tget P2lp2—sne —2u). o ge ] _glok <1 < (1 —7bl) 41
because 1 — ﬂf’l > 0. Hence

L= m < (L mpt) 4 Toet P22 —one =2Wlke 4 ke,

and taking conditional expectations, E[1 -7tk | 1] < E[1—ab! | @q]+Dge? ~r2(p2—snee —2u) 4 9p—u?/2 4 o=u’
If po < sp,. + 2u, the term Fge“,_p"’(m_s"c* —24) > ¢v" > 1 makes the bound trivial. If n. = 1, then
S(0) C S(¢*) = {w*} for every o € G, so me(0) = 1 and the identity in the proof of Corollary 4.20(ii) gives
mtok = Yoocg Plo| It) = 7! the second term is then absent. O

Proofs of Remarks 4.22 and 4.23

Proof. Idea. Both remarks evaluate the constants of the general results for a specific 1. For product data
the context factor is common to N; and N;» and cancels, so the weights are the prior odds p;/p;+, and the
shifted threshold is the root of a quadratic. For a Markov chain the conditional law of one token given all
others depends only on its two neighbours, so the ratios in (H1) and (H2) are controlled by the range [a, ]
of the transition probabilities.
Zipf. For product data, 7(i,0) = p; m_p(0) with 7_p the law of the context. In Eq. (23),
A, = log L 2om-OLO) _\ i
pir >, m-5(0)L(0) Pix

the common factor being positive (L > 0 and 7_p is a probability vector). Here Sp = {i : p; > 0}, so
ZjGSB\{i*}wj = ZjGSB\{i*}pj/pi* = (1 —pi*)/pi* and, with m = |SB| — 1, w = (1 —pi*)/(mpi*). The
crossover p,, solves we P(P=*) =1, i.e. p? — sp — logw = 0, whose larger root is p,, = (s + /s2 + 4log )
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(when s? +4logw > 0). With A := logw fixed and s — oo, the expansion /1 +xz =1+ % — % + O(z?) at
x = 4)/s? gives V/s2 + 4\ = 51/1 + 4)\/s2 = s + 2\ /s — 2% /s> + O(s™°), hence p, = s+ \/s + O(s73).

Markov. Let the tokens 1, ...,z form a Markov chain with initial law v and transition matrix P, all
of whose entries lie in [a, ], so P(x1,...,21) = v(x1) Hé;ll P(zg,xp41). Let 1 < € < L and let r = (xx) ke
have positive mass. Exactly two factors contain x,; the others form a constant C(r) > 0, so

_ C(r)P(zg—1,7)P(T,2041) _
ZT’ C(T)P('T@*h T/)P(Tlv forl) ZT’ ar’

Identify token 7 with its code (c,w), w € S(c); we assume every cluster is used, npmin > 1 (otherwise
Nmax/Nmin = 00 and there is nothing to prove). Then P(c, = ¢ [ ) = 3_, cg(¢) d(e,w)/ 2 ¢ With numerator

Plzg=1|7) Gr := P(axy_1,7)P(T,2041) € [a2,b2].

in [n.a?,n.b?], so for any clusters c, ¢’

]P)(CZ =cC | T) < ncb2 < Mmax (§>2
Pleg=c |r) = nea? = ngin \a/

which bounds I'y. Within cluster ¢, P(we = w | ¢o = ¢,7) = q(e,w)/ Dures(e) Uewr)s SO for w, w’ € S(c) the
ratio is q(c,uw)/q(e,w) < b%/a?, which bounds T's. O

Scope of the bounds. (1) The constants are worst case over contexts. Language has hard constraints
(m(i | 0) = 0 for most ¢); Theorem 4.19 handles them by shrinking the competitor set Sg, but (H1)-(H2)
and rectangular support fail whenever a symbol of the block is impossible in some context of positive mass,
and then only the mixture form with a smaller G applies, whose context term must be controlled separately.
(2) The cluster bound pays eP2 for the evidence of the word block; it is informative only while the word
level is still noisy (p2 small), which is the staggered regime, and not if the word level is resolved first. (3)
The results are at a fixed interpolation time and per position (with union bounds over positions); they say
nothing about the autonomous flow itself.

D Proofs for Section 5

Lemma D.1 (L? projection). Let z be a random vector, Y a random vector with E||Y||?> < oo, and
m(z) := E[Y | z]|. For every measurable f with E||f(2)||? < oo,

E|f(z) - Y|* = Ellf(2) — m(2)|* + Ellm(2) - Y||*.

In particular f = m almost surely is the unique minimiser.

Proof. Idea. The identity is Pythagoras’ theorem in L?: the error m(z) — Y of the conditional mean
is orthogonal to every square-integrable function of z, so the cross term in the expansion of the square
vanishes. The tower property gives this orthogonality; the rest of the argument checks that every term is
finite, which is why it begins by showing that m(z) is square integrable.

By the Doob-Dynkin lemma a version of E[Y | 2] is a measurable function m of z. The map y ~ ||y||?
is convex, so the conditional Jensen inequality gives ||m(z)||? < E[|Y||? | 2] almost surely, and taking
expectations, E||lm(z)]|? < E||Y]|?> < co. Put g := f(z) — m(z) and h := m(z) = Y; by |la + a|* <
2||a]|? + 2||a’||? both are square integrable. Expanding f(z) - Y =g + h,

E||f(z) = Y|* = Ellg|* + E|h|* + 2E(g, h) = B[ f(2) — m(2)|]* + E[m(z) = Y|* + 2 E[gihi],
where each product g;h; is integrable by the Cauchy-Schwarz inequality, E|g;h;| < (Eg?)Y/2(Eh?)'/2. Each
g; is a function of z, so by the tower property and the pull-out property,

Elgihi] = E[Elg;hi | 2]] = E[gi E[h; | 2]] = E[gi (mi(2) — E[Y; | 2])] =0,
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since E[Y; | 2] = m;(z). This proves the identity. The second term on its right does not depend on f, and
f = m is admissible because E|/m(2)||? < oo; the first term is nonnegative and vanishes iff f(z) = m(z)
almost surely. O

The regression target contains the velocity I; multiplied by a function of I, that need not be bounded
or integrable on its own. Its conditional mean is computed through a regular conditional law.

Lemma D.2 (Conditional mean of an affine function of the velocity). Let ¢ : RP — R™ and
G :RP — R™*P be Borel and assume E|c(I;) + G(I;)I;|| < co, under the joint law of t ~ U[0, 1], x,
x1. Then

Elc(I;) + G(I)I, } L] = ¢(I;) + G(I,) b(IL) almost surely. (83)

Proof. Idea. If G(It)ft were integrable on its own, the claim would follow by pulling the I;-measurable
factor G(I;) out of the conditional expectation. Only the sum ¢(I;) + G(I;)I, is assumed integrable, so we
pass to a regular conditional law of I, given I,: for a fixed value @ the conditional expectation becomes an
integral against a probability measure, in which G(x) is a constant matrix and linearity of the integral gives
the result.

(I, ft) is a random vector in R” x R, so by the disintegration theorem there is a probability kernel x
from RP to RP such that (I}, ) is a regular conditional law of I, given I,: for every Borel h : RP xRP — R™
with E||h(I;, I;)|| < oo, the integral [ h(x,w)r(z,dw) converges absolutely for g-a.e. & and E[h(I}, I}) |
I] = [h(I;,w) rk(I;,dw) almost surely. With h(z,w) = w, which is integrable by Lemma B.3(i), and
Eq. (1), there is a set N C RP with P(I; € N) = 0 such that for ¢ N

[lwls@dw) <o and [ witz,dw) = be)

(two versions of E[I; | I;] agree almost surely). Now take h(x,w) = c(x) + G(x)w, which is integrable by
hypothesis. For ¢ N, |c(x) + G(x)w| < ||c(x)| + ||G(z)| [|w| is x(x, -)-integrable, and since x(x,-) is a
probability measure and w — G(x)w is linear,

/ (c(@) + G(@)w) r(@, dw) = e(z) + G(x) / w ke, dw) = c(x) + G(@) b(a).

Evaluating at @ = I ¢ N gives Eq. (83). O

Since ¢ > 0 on RP (Lemma B.3(ii)) and ¢ is the density of I;, a Borel set N satisfies P(I, € N) =
fN gdx = 0 iff N is Lebesgue-null. Hence

a statement about I; holds almost surely <= it holds for Lebesgue-almost every x. (84)

D.1 Proof of Proposition 5.1

Proof. Idea. The objective is a least-squares regression of Y = T(I;) + JT(It)ft on I, so its minimiser is
E[Y | It] (Lemma D.1). The target is affine in the velocity, and the conditional mean of the velocity given
I, is b by definition, so Lemma D.2 gives Eq. (26). The blockwise form holds because the squared norm is a
sum over blocks, and the fixed-point statement reduces to the fact that a function continuous off the finite
set M that vanishes almost everywhere vanishes everywhere off M;.

Minimiser. Put z := I, (under the joint law of t ~ U[0,1], zo, 1) and Y := T(I;) + J7(I;)I;, which
is square integrable by assumption. The objective is E|T(z) — Y ||?, so by Lemma D.1 its unique minimiser
over measurable T with E|[|T(I)|? < co is T* = m, m(I;) = E[Y | I,], up to P-null sets of values of I,.
Lemma D.2 with e =T and G = J 7 (both continuous, hence Borel, as T € C"; integrability holds because
E|[Y] < (B|[Y|2)1/2 < o0) gives

m(It) = E[T(It) + JT(It)It | It] = T(It) + JT(It) b(It) almost Surely,
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and by Eq. (84) this is Eq. (26) for Lebesgue-almost every @. The conditioning is on I; under the law in
which ¢ is uniform, which is exactly the law used to define b in Eq. (1).
Blocks. |[v]|* = Y, [[v°F|]? for every v € R”, s0

E|T(L) - Y|? = ZEIIT“

Yg’k = Té’k(It) =+ Jf’[.,k (It)jt,

where J ... is the vg x D block of rows of Jz, and E||T(I})||? < oc iff E|T%*(I})||?> < oo for every block. The
(¢, k) term depends only on T“*, so minimising the sum over T' = (T"**) is the same as minimising each term
separately. Lemmas D.1 and D.2 applied to block (£, k) give T** = T** +-J &b almost everywhere, which
is block (¢, k) of Eq. (26). With T' = T} frozen, the summand of Eq. (25) has the value ||T%*(I;) — Y©*|?
at T = Ty, so Eq. (25) has the same minimiser as the unblocked DBTM loss.

Fized points. T* is determined up to Lebesgue-null sets, so T* = T means equality almost everywhere,
and by Eq. (26) this holds iff Jzb = 0 almost everywhere. The set M is finite, so U := RP\ M is open and
M is Lebesgue-null. On U, J7 is continuous (T € C') and b is continuous (Proposition 3.3), so g := J7b
is continuous on U. If g = 0 almost everywhere and g(x,) # 0 for some x, € U, then by continuity g # 0
on a ball B(x,,r) C U, which has positive measure, a contradiction; so g = 0 on U. Conversely, g =0 on U
implies g = 0 almost everywhere because M; is null. Hence the fixed points are exactly the C'' maps with
J7b =0 on RP \ My, which is the first line of Eq. (2). O

D.2 Proof of Proposition 5.5

Proof. Idea. For (i), the expected cross-entropy given I; = x is the entropy of the posterior, which does
not depend on g, plus the Kullback—Leibler divergence from the posterior to g(x), which vanishes only at
q(x) = p"*(x); this is the usual argument that cross-entropy is minimised by the true conditional law.
For (ii), the ¢; distance from a probability vector to the vertex of the true symbol is 2(1 — 7&*), so the
gap depends only on the law of wf’k, which Theorem 4.2 controls on both sides of the threshold. Its high-
probability statements become bounds on the mean because 0 < 1 — k<1

Throughout ¢ is fixed. Conditionally on ¢, I has the density > m;p(- | ¢,7), which is strictly posi-
tive (Lemma B.1), so the analogue of Eq. (84) holds: almost surely in I; is the same as Lebesgue-almost
everywhere. Write J for the symbol of block (¢, k), mli’k = ey, so that pf’k(a:) =P(J=1¢|I, =x).

(i) Let ¢ be a measurable map into the open simplex of R". Then CE(q(x),e;) = —logg;(x) € [0, c0),
so CE(q(I,), = = >, W¥[J = 1] (—log¢;(I})) is nonnegative, and conditioning on I (the factors —log ¢;(I¢)
are functions of It, for nonnegative variables no integrability is needed),

E[CE(q(I,), ") | I =x] = =) “piloggi=—Y pilogp; + > _p; log% =H(p) +KL(p|lq), (85)

with p = p“*(x), q = ( ) and the convention 0log0 = 0; every term is finite because ¢; > 0. By Gibbs’
inequality KL(pl||q) > 0, with equality iff ¢ = p: with S = {i : p; > 0} and the strict concavity of log
(Jensen),
Gi
~KL(pllq) = > pilog= <log» g¢; <logl =0,
i€S pi i€S

with equality in the first step iff ¢;/p; is constant on S and in the second iff ), ¢ ¢; = 1; together these
force g; = p; for all i. Taking expectations in Eq. (85) (tower property for nonnegative variables),

E CE(q(L,), ") = EH(p"*(I,)) + EKL (p"* (L) || q(I,)), 0 <EH(p"*(I,)) < logvy.

The first term is finite and does not depend on g, and the second is nonnegative. Hence E CE is minimal
iff EKL(p®*(I;)||q(I;)) = 0, i.e. iff KL(p“*(I;)|lq(I;)) = 0 almost surely, i.e. iff ¢ = p** almost everywhere.
This identifies the minimiser when p®* takes values in the open simplex, which holds iff every symbol of
block (¢, k) has positive marginal probability, since pf’k(x) = Zj:ﬂyk:i mip(x | t,j)/zj mip(x | t,7) and
every Gaussian density is positive; in particular under the assumptions of Theorem 4.5.
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(ii) Let #* = J be the true symbol, p = p®*(I;) and 72" := p;+. Since > ;pi=1landp; >0,

Ip—eilli = (1—pis)+ > pi=(1—pis) + (1= pir) =2(1 — k),
i

and taking expectations gives the identity. Under the assumptions of Theorem 4.5, 75F has the law of
Eq. (11) with n = v, and p = pi, := pi(t), a deterministic number because ¢ is fixed, so Theorem 4.2 applies
to Wf’k.

Upper bound. Let py > sy, + 2u, g4 := € ~PrPE=50,=20) and G .= {1 — 7o < e,}. By Theorem 4.2(a),

P(G¢) < 2e~**/2 4 e=¥ Since 0 < 1 — 7% <1,
E[1 - Wf’k] = E[(l — Wf’k)ﬂég] + E[(l — Wf’k)H‘gc] < e, P(G) +P(G°) < et —Pr(pr—su, —2u) | 9e—u’/2 L

Lower bound. Let pp < s, —h —u—n and H := {xt* < ePs1}. By Theorem 4.2(b), P(H) >

l—e /2 —e b OnH,1—7tf>1—ern>0 (as pr, > 0,7 > 0), and 1 — 7" > 0 everywhere, so

B[l — 78%] > B[(1 — 7l"Wy] > (1 — e M) P(H) > (1 — e 1) (1 — e /2 — e hu(M),

the last step multiplying the lower bound on P(#) by the nonnegative factor 1 — e=P+". O

D.3 Proof of Proposition 5.6

Proof. Idea. Since t is uniform and independent of (xq, 1), the probability of an event is the integral over
t of its probability at fixed ¢, and at fixed ¢ Theorem 4.2 applies with p = p(t). As pg is increasing, the
times at which part (b) applies form an interval [0,¢x(-)] and those at which part (a) applies an interval
[tk(+),1), so each bound is the length of a time interval times a probability bound that does not depend on
t. The limit reuses the parameter choices of Corollary 4.3, and the monotonicity follows by differentiating
the explicit formula for ¢7 in the exponent.

Write s := sy, pr(t) = (1 — )% — 1) /oy and E_ := {ztF < e} B .= {1 —70F < e’ —rr(®)dY
Admissibility in Theorem 4.2(b) means u,n > 0 and h € (0, s); by hypothesis also s —h —u —n > 0, so
that the range 0 < p < s — h — u — 7 is nonempty. By Corollary 4.4 with (a,0) = (ag, or), px is a strictly
increasing bijection of [0,1) onto [0, 00) with inverse #x(+), so for pg > 0

{te[0,1): pu(t) < pot = [0,tx(po)l,  {t€[0,1): pr(t) > po} = [t(po), 1), (86)

and t;(po) € [0,1). The variable ¢ is uniform and independent of (zg, 1), so conditionally on t the pair
(xo, 1) keeps its law, and for every event F

P(E) = /0 BB | 1) dr, (87)

where P(E | t) is the probability of E for the interpolant at the fixed time ¢. By Theorem 4.5, at fixed
t € (0,1) the block posterior 7% has the law of Eq. (11) with n = vy, and p = py(t) (the endpoints ¢ € {0,1}
are a null set).

Undecided. Let t_ :=tp(s —h—u—mn) € [0,1). For t € (0,t_], Eq. (86) gives pr(t) < s—h —u—mn, so
Theorem 4.2(b) yields P(E_ | t) > F_ :=1— e /2 — ¢=% () 4 bound that does not depend on t. By
Eq. (87) and P(E_ |t) > 0fort >1_,

t_
P(E_) > / P(E_|t)dt >t F =ty(s —h—u—mn)(1—e /> — e M),
0

Decided. Let ty :=tp(s+ 2u+46) € (0,1). For t € [t4,1), Eq. (86) gives pr(t) > s+ 2u+ 3§ > s+ 2u, so
Theorem 4.2(a) applies, and since pg(t) — s — 2u > § and pg(t) > 0,

u' = pe(t) (pr(t) — s — 2u) < o' — pi(t) 6.
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Hence the event of Eq. (12) is contained in E, and P(E4 | t) > Fy :=1—2e~%/2 — ¢=%" By Eq. (87),

P(Ey) > /1 P(Ey | t)dt > (1—t4) Fy = (1 —ty(s +2u+6)) (1 — 274/ — ™),

ty

Limit. Fix € € (0,1) and take, as in the proof of Corollary 4.3, h = u = es/4, n = £s/2 in the first bound
and u =es/4, § = es/2, v’ =log s in the second. Then

s—h—u—n=(1-¢)s, s+2u+d=(1+¢)s.

As vy — 00, s = o0, and the proof of Corollary 4.3 shows e W2 = 7S /32 0, e Aer(h) - 0 and
e ™ =1/s — 0; so Fyx — 1, while the event thresholds satisfy e 7 < 1 and e* —PR0 < ge—(Ite)es™/2
on the respective time ranges. For the times, with Xy := 1+ 04(1 £ ¢)s and X := 1+ oys,

1—t((1£e)s) ( X

|t (1£e)s) — 1] = | X Vo - x Vo) < X2V 0, —ix =

)l/ak N (1:}:5)_1/‘%,
since X1 > X_ — oo and X/X4 — (1£¢)~!. So both time boundaries tend to ¢§, and the remaining times
1 —ti(-) agree with 1 — ¢} up to factors that tend to 1 as ¢ — 0.

Monotonicity. t3 =1 — X—Yar with X =1+ OkSy, > 1, and Ba(l — X_l/a) = —X"la In X/a? <0,
with strict inequality iff X > 1, i.e. vp > 3. Hence t} =1 — (1 + alsvl)_l/‘“ is decreasing in aj, so a; > 1
gives a smaller coarse budget than a; = 1; and decreasing ax below 1 increases ¢}, while ¢7 depends only
on (a1,01,v1) and is unchanged. These are the monotonicity statements of Corollary 4.4. O

D.4 Proof of Proposition 5.7

Proof. Idea. All claims are invariants of the bookkeeping in Algorithm 1. For the hierarchy we show that
the set of committed and selected blocks stays closed under passing to coarser blocks of the same position:
it is closed at the start, and each single addition preserves closedness, so it suffices to check the additions
one at a time. Progress and termination rest on one observation, Eq. (88): the frontier is empty only when
every remaining block has been selected, so the floor loop can always add a block until |A| > n,., and in the
last round ny is the number of remaining blocks.

In this proof k is the number of rounds of Algorithm 1 and levels are indexed by k’. Call a set S of
blocks closed if (¢,k") € S and k" < k' imply (£, k") € S. Call a block (¢, k") admissible at a given moment
of round r if ({,k") ¢ C,—1 U A and all blocks (¢, k") with ¥ < k’ lie in C,—; U A. The frontier of line 9 is
the set of admissible blocks: for a position ¢ whose blocks are not all in C,._; U A, the coarsest block not in
Cr_1 UA has all coarser blocks in C,._1 UA by minimality, and conversely an admissible block is the coarsest
such block of its position. In particular,

the frontier is nonempty <= C,_; UA # all blocks <— A # R,, (88)

the last equivalence because A C R, and R, is the complement of C,_.

Hierarchy. If S is closed and every block coarser than b = (¢, k) lies in S, then S U {b} is closed. Every
block added to A is admissible when it is added: the threshold rule (line 6) checks this condition explicitly,
and within the loop over &’ a block of level k' only requires blocks of levels < k’, which have already been
processed, so the order of additions within a level is irrelevant; the floor rule (line 9) adds a frontier block.
Since Cy = () is closed, induction over the additions shows that C,_; U A is closed at every moment, and
C, = C,_1UA is closed for every r. Hence whenever a block is committed, every coarser block of its position is
committed in the same round or earlier, and was added before it. Committed blocks are never uncommitted,
since C, O C,_1.

Progress. Forr <k, k—r+1>1,s0n, =[|R;|/(k—7r+1)] <[|R.|] =|R,|. Consider an iteration of
the floor loop: it runs only if |A] < n,. < |R,|, so A # R,, the frontier is nonempty by Eq. (83), and one
new block is added, increasing |A| by one. Hence the loop stops after at most n, iterations, and only when
|A]| > n,.. In every round |A| > n,., which proves the first claim (the alternative “every block is committed”
is then not needed).
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Termination. In round r = k, ni, = [|Ri|/1] = |Rkl|, so |A] > |Rg| with A C Ry, i.e. A = Ry, and
Cr, = Cr—1 URy, is the set of all blocks. (If R,. = {) for some earlier r, then n, = 0, A = ), and the remaining
rounds commit nothing.)

Evaluations. Ty is evaluated only in line 3, once per round, hence k times. Lines 4-11 are selections,
comparisons and Gaussian draws, and the returned decoding (line 13) uses & from the last round without a
new evaluation. So the sampler uses exactly k evaluations. O

E Proofs for the Learning Guarantee

The proof of Theorem 5.2 follows the learned map along trajectories of the exact flow, so its bound comes
out as an integral against the occupation measure v of Eq. (27), whereas the transport loss is an expectation
under the density q of the interpolant. Lemma E.1 explains why the two measures are comparable: both solve
the same stationary continuity equation. The theorem itself uses only the one-sided comparison Eq. (93),
which comes from Theorem 3.8(iv) and lets the residual be measured under q.

For ¢ € A (Theorem 3.8(ii)) the trajectory s — X () is C* on [0, 7(x)) with values in Q, since it solves
X, = b(X,) with b continuous on Q. The field is locally Lipschitz on the open set Q (b € C*(f)), so
the flow (x,s) — X,(x) is continuous on its open domain {(x,s) : x € Q, 0 < s < 7(x)}; in particular all
integrands (&, s) — f(X,(x))¥([s < 7(x)] with f Borel are jointly Borel, and Tonelli’s and Fubini’s theorems
apply. For Borel f >0 on Q, Eq. (27) and Tonelli give [ fdv =E,, [, f(X)ds; if [|f|dr < oo, applying
this to f* and f~ and subtracting gives

() ()
/fdz/ =Eqzp, /0 f(Xs(x))ds, with /0 |f(Xs(x))|ds < oo for pp-a.e. . (89)

Lemma E.1 (Both measures solve the same stationary equation). If [|bl|dv =
E,, fOT |b(X,)|| ds < oo, then for every ¢ € CL(RP)

[vobar = [odu~ [odu = [o@)-b@)a(z)de. (90)

Proof. Idea. Both equalities express [ ¢dui — [ ¢dug as the expected total change of ¢ along curves that
run from a prior sample to a data point. For v the curves are the trajectories of the flow, along which ¢
changes at the rate V¢ - b; for g they are the interpolant paths, along which ¢ changes at the rate V¢ - I,
and I, may be replaced by its conditional mean b because V(I;) is a function of I,. In both cases the
fundamental theorem of calculus does the work, and the only delicate point is the limit at the end of the
curve, where the trajectory reaches the data; dominated convergence handles it.

Left equality. Let f:=V¢-bon Q; |f| <|[|V¢|s|lbll, so [|f|dv < oo by hypothesis and Eq. (89) applies.
Fix ¢ € A with fOT(m) |f(Xs)|ds < oo; by Theorem 3.8(i)—(ii) and Eq. (89) this holds for pg-a.e. . The map
s+ ¢(Xs) is Ct on [0,7(x)), and by the chain rule

d .
&‘b(XS) = V¢(XS) X = V¢(XS) : b(XS) = f(XS)
By the fundamental theorem of calculus, for s’ < 7(x),
o(Xo) = () = [ 1(X)ds. (o1)
0

Let s’ 1 7(x). On the left, X, — T'(x) and ¢ is continuous, so the left side tends to ¢(T'(x)) — ¢(x). On the
right, f(X)Ho,s1(5) = f(Xs)¥[0,7(x))(s) pointwise with the integrable dominant |f(Xs)Wo r(2))(s), so by
dominated convergence

(z)
o(T(x)) — ¢p(x) = /0 f(Xs)ds for po-a.e. x.
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Both sides are integrable in @ ~ pg (¢ is bounded; the right side by Eq. (89)). Taking expectations,
Eud(T) = [ ¢d(Typo) = [ ¢dur by Theorem 3.8(iii), and the right side has expectation [ fdv by Eq. (89).
Hence [¢dus — [¢dpug = [V¢-bdv. _

Right equality. The function V¢ is bounded and continuous and E|| I;|| < oo (Lemma B.3(i)), so E|V¢(I;)-
ft| < 00, and Lemma D.2 with ¢ =0, G = V¢ and the tower property give

E[Vo(I) - I] =E[Ve(I) - b(I;)] = /w-qum, (92)

the conditioning being on I; under the law with ¢ ~ U[0,1], and the last step because ¢ is the density of
I,. Now fix (zg,x1). Each ai(t) = (1 —t)% is continuous on [0,1] and C! on [0,1), with fol || dt =1
(Lemma B.3(i)); hence t + I is continuous on [0,1], C* on [0,1), with Iy = xo, I} = x;, and || L] <
Do lar(®) x5 — 4% is integrable on [0,1). The function t — ¢(I;) is therefore C* on [0,1) with
derivative V¢(I;) - I;; the fundamental theorem of calculus on [0,'], ¢/ < 1, followed by ' 1 1 (continuity of
¢(I.) at 1 on the left, dominated convergence with dominant ||V@||||I¢|| on the right) gives

/0 Vo(I,) - ,dt = g(z1) — é(o).

Since t is uniform and independent of (zg, 1), the left side of Eq. (92) is Eg, 2, fol Vé(I,) - I, dt by Fubini
(justified by E| ;|| < 0o), which equals E¢(z1) — Ep(xo) = [¢dus — [ ¢duo. O

So v and gdx solve the same stationary continuity equation V - (b-) = po — p1. We do not need them
to coincide: Theorem 3.8(iv), written with Eq. (27) and Tonelli as [¢dv = E,, fOT #(X;)ds, gives the
one-sided comparison

/(;Sdz/ < /qquac for every Borel ¢ > 0. (93)

With ¢ = Wq, E,,7 = v(Q) < [qdx < 1. With ¢ = ||b|q and the conditional Jensen inequality
Ib(I)|| = IIE[L; | L) < B[ L | L],

[lbllaw < [ plade = Elb(r)] < E|L] < o

by Lemma B.3(i), so the hypothesis of Lemma E.1 holds.

Remark E.2 (Numerical check). We integrated the exact field (Proposition 3.3) from 1,000 prior samples
with a midpoint rule (ds = 2 - 1073, stopping within 1072 of a vertex) and compared v with ¢; numerically
Eq. (93) holds with near equality. The mean hitting time is E,,7 = 1.000 + 0.014 for flat DBTM on A?
(0 =0.6), 1.005+0.004 on A% x A with a = (5,1), o = 0.55, and 1.004+0.010 with a = (1,1), o = (0.3,0.8);
the integrals of three test functions (distance to the data, norm, distance to the affine hull) under v and
under ¢ agree to within 1.2% in all three geometries. In one dimension the identity follows directly from
Eq. (90), since there ¢b = v b is the flux po((—o0, z]) — 1 ((—o0, ]).

E.1 Proof of Theorem 5.2

Proof. Idea. For (i) we compare Tp at the two ends of one exact trajectory. The exact map T is constant
along it, while Ty changes at the rate J1,b; so Ty(x) differs from Ty(T'(x)), which is within the boundary
error of T(x), by the integral of the residual along the trajectory, and averaging over & ~ g turns that
integral into an integral against v. Part (ii) then follows from the comparison Eq. (93) of v with ¢ and from
the coupling (Ty(x), T'(x)) in the definition of W;y. Part (iii) is Lemma D.1 once more: the excess of the loss
over its one-step minimum is the squared distance between Ty and the regression step of Proposition 5.1, i.e.
E,||JT,b||?. Part (iv) compares the distance to a vertex with the cross-entropy through 1 —p < —log p.

Write 7 := J1,,b on Q, which is Borel (Tp € C*(Q), b € C>(Q)).

(i) If [ |jr||dv = oo there is nothing to prove. Otherwise, by Eq. (89) with f = ||| and Theorem 3.8(i)—
(ii), for po-a.e. x we have x € A and fOT(m) lr(Xs)|lds < oo; fix such an . For s < 7(x), X, € Q, where T
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is C', and s — X, is C', so by the chain rule

ST = I, (X)X, = I, (X, b(X,) = £(X,),

and the fundamental theorem of calculus, applied coordinatewise on [0,s'], gives Ty(Xy) — Th(x) =
fos r(X,)ds for s’ < 7(x). Let s’ 1 7(x): on the left Xy — T'(x) and Ty is continuous on all of R”, in
particular at T'(z) € M{; on the right, dominated convergence with dominant ||7(X,)|[F(o -(z))(s) applies.
Thus

(@)
Ty(T(x)) — Ty(x) = /O Jr,(X,)b(X,)ds. (94)

Adding and subtracting T'(x),
(z)
Ty(x) — T(x) = [Tg(T(w)) — T(:c)] — /0 Jr,(X) b(X;)ds.

For an integrable v : [0, 7) — R” with [ v # 0, the unit vector e := [v/| [v| gives || [v]| = [{e,v) < [|v]
by Cauchy—Schwarz. With the triangle inequality,

()
[To(z) — T(2)|| < [|To(T(2)) - T(2)] +/0 [r(Xs)l s for po-ae. . (95)

All three terms are nonnegative Borel functions of @ (T' is Borel on A, being locally constant). Take the
expectation over  ~ po. Since Typo = p1 (Theorem 3.8(iii)), the change-of-variables formula for image
measures with g(y) := || Ty(y) — y|| > 0 gives

B oo [To(T () = T(@)[| = Bgrppo 9(T (@) = /gd(T#uo) = By [|To(y) = yll = €bna(0),

and the last term has expectation [ |[7||dv by Eq. (89). This proves (i).
(ii) Second inequality. Apply Eq. (93) to the Borel function ¢ = ||r|¥q > 0:

[ 13va < [ 1356l qde = B,)132,b] = (),

where Q¢ = M is finite, hence Lebesgue-null. Combined with (i), E,, [Ty — T|| < epna(f) + R(6).

First inequality. W1(P, P') = inf E||U — U’||, the infimum over all pairs of random vectors with U ~ P
and U ~ P'. Let @ ~ pg, U = Tp(x) and U’ := T(x). Then U ~ (Ty)xpo by definition of the
image measure and U’ ~ Typo = w1 by Theorem 3.8(iii), so this pair is admissible in the infimum and
Wi(T) tion 11) < E|U — U = By | Ty — T

(iii) The minimisation class. We minimise &(-; Ty) over measurable T with E||T(1;) — Ty(I;)||* < oo, a
class that contains Ty; when E||Ty(I;)||? < oo it is the class {E||T(I;)||*> < oo} of Proposition 5.1. Writing
T =Ty + S, the class is {E|S(I;)||* < oo}, and

E(Ty + 8;Ty) =E|S(I,) - Y|, Y = Jg, (I)1,,

with E||Y||? < oo by hypothesis (Jr, is defined on €, and I; € Q almost surely).

Conditional mean. E||Y | < (E|Y|?>)*/? < oo, so Lemma D.2 with ¢ = 0 and G = Jz, (extended by 0
on the null set M) gives m(I;) := E[Y | I,] = I, (I;)b(I;) = r(I;).

Equality. Lemma D.1 with z = I gives, for every admissible S,

E(Ty + S;Ty) =E|SUTy) — (L) || + E|r(I) — Y|,

so ming E(T;Ty) = E|r(I;) — Y|?, attained at S = 7, i.e. at the regression step T = Ty + J1,b of
Proposition 5.1. Taking S =0, i.e. T' = Ty,

E(Ty; Ty) = E||r(I,)||* + mTin E(T;Ty) = E,|| Iz, b* + mTin E(T; Ty),
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which is the equality in Eq. (29).

First inequality. qda is a probability measure, so by the Cauchy—Schwarz inequality R(6) = E,[1-||r|]] <
(Eq1) 2 (Eq|Ir[*)/2, Le. R(6)* < Eylr|>.

Last inequality. £(Ty; Tp) = E||Ty(I;) — Ty(I;) — Y||> = E[|Y||* and ming € > 0, so Eg||r|* = E[|Y|* —
ming & < E||Jg, (L) I )%.

Transport loss. The stop-gradient does not change values, so the summand of Eq. (25) at 6 is ||T(f ko
Tee’k - JT;,kjt||2 = HJTng(It)jt||2. As JT;,cht is block (¢, k) of Jg, I, the sum over blocks is || Iz, (I;) I;||?,
and the expectation is the right-hand side of Eq. (29).

(iv) Let y = ce; € supppy (vertices scaled by ¢), fix a block (¢,k) with true symbol ¢ = jgx, so
yb* = ce;, and write T;’k(y) = c¢p with p = softmax(-) in the open simplex, so p; € (0,1]. Then
CE(Ty* (y)/c,y"* /c) = CE(p. e;) = —log p;, and

lep — ceilla < cllp — eill1 = C((l —pi) + Zpi’) = 2¢(1 — pi) < 2¢(—logp;) = 2c CE(p, e;),

i
using || - fl2 < || - |1, 2oy pe = 1, and logp < p — 1 (concavity of log) for p € (0,1]. Since [jv|2 =
(e 132 < 300 1 1052,
Lk (o)
|To(y) — yll2 <Z||T <ZCZCE y)/c, yek/c)
and taking expectations over y = &1 ~ p; gives the claim. O

E.2 Proof of Corollary 5.3

Proof. Idea. Theorem 5.2 bounds a Euclidean distance, while decoding takes an argmax, so we need a
margin: a block can decode to a wrong symbol only if the learned block is at distance at least ¢/v/2 from the
scaled vertex, and Markov’s inequality turns the expected distance into a probability. Parts (ii) and (iii) are
then counting. A wrong token needs a wrong block, the union bound and the Cauchy—Schwarz inequality
collect the blocks into E||Ty(xg) — T(xo)||, and two random variables defined from the same @y have laws
within total variation P(W # W).

Write A := Tp(xzo) —T(x), with blocks A®* and position vectors A? = (A%*);. By Theorem 3.8, almost
surely T'(xo) € M7 (vertices scaled by c).

(i) Fix a block and let T*(x) = ce;. Since ¢ > 0, j is the unique argmax of ce;, so dec(T'(xg))"* = j
regardless of the tie rule. Let p := Tg’k(:co) € RY and suppose dec(Tpy(xo))* =i # j; then p; = max; p; >
p;. Keeping only coordinates ¢ and 7,

lp — ce;lI* = (p; — ©)* +p}.
If pj > 0, then p; > p; > 0 gives p; > p3, and with y = pj,
2 2 2 2 c\?2
(pj =) +pi > (y—c)+y =2(y—§> +
If p; < 0, then (p; — ¢)? = (c + |p;|)? > ¢® > ¢?/2. Either way ||A**|| > ¢/+/2, so by Markov’s inequality

V2

P(dec(T(wo))"* # dec(T (20))"*) < P(|A"] > ¢/v2) < == E[A™].

(ii) The token at position £ is y~! of the tuple of its K block decodings. If all K blocks of position £ agree
with those of dec(T'(x¢)), the tuple equals that of the exact sample, which lies in the image of v because
T(xo) € supp i1, so the token is decoded correctly. Hence a wrong token at position ¢ requires a wrong
block, and by the union bound and (i),

P(tokenéwrong<ZWE||A“||< E[VE (ZHA“H) 2] “i?mmfn,

k=1
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by the Cauchy—Schwarz inequality Zﬁil ar, < VK(Y., a?)'/? applied pointwise. The expected number
of wrong tokens is ), P(token ¢ wrong) by linearity. Summing, and applying Cauchy-Schwarz over the L

positions pointwise, 3, | A < VL(3, ||AY)?)Y? = VL||A]], so

KL
E [#wrong tokens| < —— E|lA] <

V2K V2 2K L
p ZEHAKH < c . (€bna + R)
¢

by Eq. (28).

(iii) Let W := vy~ !(dec(T(x0))) and W := v~ (dec(Ty(xo))) (with an extra value “fail” where v~ ! is
undefined). On M7 the decoding inverts the embedding of Definition 3.1, and j; is the image of the data
distribution under that embedding; since T'(x¢) ~ Tuuo = w1, W has the data law. For every set A of
outcomes,

P(WeA) —P(WecA<PWecA W¢e¢A <P(W +£W),

and the same with the roles exchanged, so the total variation distance between the two laws is at most
P(W # W). Since F[W # W] < #wrong tokens, (ii) bounds this probability by 7V26KL (ébna + R), and a
total variation distance is at most 1. O

F Proofs for Section 6

F.1 Proof of Theorem 6.1

Proof. Idea. The log-odds of the truth is A = pg, + p? —log S, where S = ZJ—#* eP% is independent of g,. It
therefore suffices to pin down log S: Markov’s inequality on ES bounds it from above by about p?/2 + s2/2,
and its largest term e”“, with G the maximum of n — 1 Gaussians, bounds it from below by about ps. Near
the threshold both bounds equal ps up to lower-order terms, so A ~ p(g« + ), and the only randomness left
is the Gaussian g, on the true coordinate. Passing A through the logistic function, which for large p is close
to the indicator of {g, +x > 0}, gives ®(x) for the mean; the limits come from a choice of w, y,  that makes
all error terms vanish.

Let m =n—12> 2 and s = /2logm > 0. We argue conditionally on i*; given ¢*, the coordinates
gj = wo,/0, j € [n], are independent standard normal, and all bounds below hold conditionally, hence
unconditionally. Use the notation of Eq. (61): m, = 1/(1+ X) with ¥ = e=P9=P"S and § = > jpir €79 > 0.

Since 7, /(1 — m,) = é//((llfé)) =1/%,

A:loglﬂ* = —log ¥ = pg. + p*> — log S. (96)

— T

The variable S depends only on (g;);+ and is independent of g,.

Upper bound on S. For a standard normal g, Eef9 = er’/? (proof of Lemma C.3), so by linearity
ES = me’/2 € (0,00). Markov’s inequality applied to S > 0 gives P(S > eVES) < e VES/ES = e~ Y. On
the complement {S < eVES}, using logm = s2/2,

logSSy—Hogm—i—L;:y—%—%-l-%z. (97)

Lower bound on S. Let G = maxx;« g;. All terms of S are positive and one of them is e’ s0 8 > erC.
Put z,, := s — w, which is positive because w < s. By Lemma C.7 (with the m variables (g;);x:+) and

Lemma C.6,
x

P(G < xy) < exp ( - mQ(;vw)) < exp ( —-m ﬁ @(»%;)) _ e—An(w),

where the last equality is the computation in the proof of Theorem 4.2(b) with A = w: me(s — w) =
L6752/265w7w2/2: 1

— ?esw’w2/2, since me=*"/2 = 1. On the complement {G > s — w}, as p > 0,

log S = pG = p(s — w). (98)
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Log-odds. Let £ := {S < eYES} N {G > s — w}. It depends only on (g;);-+, so it is independent of
s, and by the union bound P(£¢) < e™¥ 4+ e (W) = ¢,. On &, inserting Eq. (97) into Eq. (96) and using
p = s+, so that p? — 52 = 2sz + 22,

02 —s?

2 2 2
AZpgi+p'—y—5 -G =pg+ 555 —y=pg.+s1+ %5 —y,

and inserting Eq. (98) into Eq. (96), A < pgs + p? — p(s — w) = pgs + p(p — s + w) = pgs + p(x + w). This
is Eq. (31), on an event of probability at least 1 — ¢,.
Elementary bounds for the logistic function. Let ¢(u) = 1/(1+e™*). Then 7, = 1/(14+%) = 1/(14+e7 1) =

¢(A) by Eq. (96), ¢ is strictly increasing with values in (0,1), and ¢(u) 4+ ¢(—u) = 1-&-% + e_L:_l = 1. For
every v € R,
1 1
¢(—v) = 1T o < == e, sv)y=1—¢(—v) >1—e"". (99)

Fix n > 0 and u € R; recall p > 0.

o If u > —n, then ¢(pu) <1 =W{u > —n}. If u < —n, then pu < —pn and <(pu) < ¢(—pn) < e P17 by
monotonicity and Eq. (99). In both cases

clpu) <W{u > —n}+e . (100)

o If u >, then ¢(pu) > ¢(pn) > 1 — e~ by monotonicity and Eq. (99). If u < n, then ¢(pu) > 0. In
both cases
s(pu) = W{u>n}(1—e"). (101)

Mean. Put ¢ := (2% + 2y)/(2p). Since s = p — x, sz = pr — 22, and the lower bound in Eq. (31) equals

% + 2y
2p

2
pg*+pw—%—y=pg*+p(x— >=p(g*+w—0)-

Hence, as ¢ is increasing, on &

S(plge + 2 =) < <s(plgs + 7+ w)). (102)

Upper bound. Split Enr, = E[m, W¢] + E[mec], use Eq. (102) and ¢ > 0 in the first term and 7, < 1 in the
second, then Eq. (100) with u = g, + z + w, and finally the symmetry of g, ~ N(0,1):

Em. <Ec(p(gx+z+w)) +PE)<P(ge > —z—w—n)+e +e=0(z+w+n)+e " +e,.

Lower bound. Drop E[mMec] > 0, use Eq. (102), the independence of g, and &, and Eq. (101) with
U=gs+xT—cC

Er, > E[s(p(g. + & — ) We] = Es(p(gs + 2 — ) P(E) > P(g, > 1 — z + ¢)(1 — ") P(E).

Here P(g« > n—x+c) = ®(x—c—n), and with A := &(z—c—n)(1—e=?7) € [0,1], AP(E) > A(1—€,) > A—ep.
This is Eq. (32).
Limits. Let n — 0o, so s — 0o, and take

21
w = Ogsv Yy = \/g, n= 571/2'
S

For s > 1 these are admissible: y, 1 > 0, w > 0, and w < s because 2log s < 2(s — 1) < s%. Moreover w — 0
and n — 0.

s—w 2e—w?/2
1+(s—w)?  2r¢ )
and s —w > s/2 > 1; then =% > 1 > L (as1+0v2 <20 forv>1)and e /2 > e=1/2,

e 1+(s—w)? = 2(s—w) = 2s —
so Ap(w) > 326\/% — 0o0. With e7% = ¢~V® — 0 this gives ¢, — 0; the choices do not involve z, so the

convergence is uniform in z.

(i) €n — 0. Since sw = 2logs, e5V%*/2 = 2e=w*/2 g0 A, (w) = . For s large, w < 1
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(i) The remaining terms. Fix X >0 and let |[z]| < X. Fors > X, p=s+2z>s—X >0, and

249y X249
e < e XNVE g gee= T o ATH \/§—>0, wn =0,
2p 2(s — X)

all uniformly in |z| < X. Let §, := SUP |4 < x (w +n+c+ e_p") — 0.

(iii) Uniform convergence of the mean. ® is Lipschitz with constant sup ¢ = (0) = 1/v/27 < 1. From
the upper bound in Eq. (32), Er, —®(z) < P(z+w+n) —P(z)+e P +e, < (w+1n)+e P"+e¢,. From the
lower bound, using ® < 1 so that ®(-)(1—e™") > &(:)—e " Er, —®(z) > ®(x—c—n)—P(x) —e P"—¢, >
—(c+mn) —e™?" —€,. Hence supj, < x [Emi(sn + ) — ®(2)] < 0y + €, — 0.

(iv) The log-odds. Fix x. Dividing Eq. (31) by s and writing p/s = 1+z/s, p(z+w)/s = (s+z)(z+w)/s =
z+w+z(x+w)/s, and sz/s = x, we obtain on &£

rg, x> y A TG x(z + w)

=2 < = L) < e
S +2$ s ~ s (a:+g) - twt s

hence |% —(z4g4)| < % + 7, on &, with the deterministic r,, := % + % +w+ w — 0. For 6 >0
and n so large that r, < 4/2,

P(‘% —(z+g4)

> 5) < P(E°) + P(|2lgs| > 05/2) < €n + P(lzllgs] > 05/2) — 0,
because g, ~ N (0,1) does not depend on n and s — co. O

F.2 Proof of Proposition 6.2

Proof. Idea. The coordinate ¢ is chosen so that power schedules act by translation: p(t) < pg is equivalent
to —alog(l —t) < log(l + opp), and after one more logarithm the exponent a enters only through the
shift —loga. The law of ¢ is a direct computation of P(¢ < [). What remains is to show that the length
As(0) = logh(o(s — 2)), with h(y) = log(1 + qy)/log(1 + y), decreases strictly from loggq to 0; after the
quotient rule, monotonicity of h reduces to monotonicity of v +— ulogu/(u — 1).

Law of £. Almost surely t € (0,1), where ¢(t) is defined. For | € R, since log and exp are increasing and
1 —exp(—e') € (0,1),

Pl <1)=P(—log(l—t) < el) =P(1-t> exp(—el)) =Pt<1- exp(—el)) =1—exp(—e') = G(I),

and G'(1) = el exp(—e') = exp(l — €') = pa(l).
Window. By Corollary 4.4, p(t) = ((1 —t)~* — 1)/0 is strictly increasing on [0,1) with p(0) = 0. For
po > 0and t € (0,1), since o > 0, a > 0 and log is increasing,

log(1
p(t) < po == (1—t)""<1+0py < —alog(l—1t)<log(l+opy) = (1) glogw,

where the last step divides by a and takes logarithms of the two positive numbers —log(1 — ¢) and log(1 +
opp)/a. The same chain holds with strict inequalities. As s — z > 0, the window is {s — 2z < p(t) < s+ 2z} =
{p<s+z}\{p<s—=z} and t =0 is not in it; with pg = s+ z and py = s — z this is {¢ € [¢, ¢/]} with
¢ =log(log(1 4+ o(s — 2))/a) and ¢’ =log(log(1l + o(s+ 2))/a) = c+ As(0).
The length. Put ¢ = (s+2)/(s—z) > 1 and y = 0(s — 2) > 0, so that o(s+ z) = qy and A\s(0) = log h(y)
with
() = o8l +ay)

= , > 0.
log(1+y) Y
Limits. As y — 0, log(l +v)/v — 1 gives h(y) = ¢ - log(;;qy) : log(qfﬂ!) — q. Asy — oo, h(y) =

% — 1. Monotonicity. Let ¥(u) = ulogu/(u — 1) on (1,00). Then

;o (logu+1)(u—1)—ulogu u—1-—logu
vi(u) = (u—1) = o %
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because logu < u — 1 for u # 1; so % is strictly increasing. Let A=14+yand B=1+qy; then 1 < A< B
and B —1=¢(A —1), so, since ¢(A —1) > 0,

qAlog A =qi(A)(A—-1) <q(B)(A—1) =4(B)(B—1) = Blog B.

By the quotient rule,
LlogA— tlogB _ gAlog A — Blog B
(log A)? AB (log A)?

Hence h is continuous and strictly decreasing on (0, 00) with limits ¢ at 0 and 1 at co; by the intermediate
value theorem it is a bijection of (0,00) onto (1,¢). Composing with the increasing bijection o +— o(s — 2)
of (0,00) and the increasing bijection log : (1,q) — (0,logq) = (0, L), the map A is a strictly decreasing
bijection of (0, 00) onto (0, Ly).

Realisability. Every power schedule (a,0 > 0) gives ¢ € R and A = A\;(0) € (0, L,). Conversely, given
ce€Rand X € (0,Ly), take 0 = A\;1(A) > 0 and a = log(1+0(s—2)) e~¢ > 0; then log(log(1+ (s —2))/a) =
loge® = ¢, and the window is [c, ¢ + A]. O

W (y) =

F.3 Proof of Theorem 6.3

Proof. Idea. By Proposition 6.2 the window share is the G-mass of an interval of length A\ < Lg, which
is smaller than the G-mass of the interval of length L, with the same left end, so it suffices to maximise
f(e) = G(c+ L) — G(c) over the position c. Since logpg(l) =1 — € is concave, f'(c) = pa(c+ L) — og(c)
changes sign exactly once, where the density takes equal values at the two ends of the interval, and this
gives ¢* and Eq. (33) in closed form. The remaining statements are estimates: M (L) against L times the
maximum 1/e of ¢, a power series for Ly, and a direct maximisation over o of the explicit window share
of the linear schedule.

Let L := Ly > 0. Since t ~ U]0, 1], the window share is the probability that ¢ lies in the window, which
by Proposition 6.2 is W(z) =P({ € [e,c+ A]) = G(c+ A) — G(c) with c € R and 0 < A < L. Since g > 0,

Glc+L)—Glc+\) = fjjf@gmsom/() f(c) = G(c+ L) — G(c) < sup f = M(L).

Mazimisation of f. f is differentiable with f'(c) = pg(c+ L) — p(c). Because log is strictly increasing
and log o (l) =1 — €', f'(c) has the sign of

log pg(c+ L) —logpa(c) = (c+ L — L) — (c — e) = L — e“(el — 1).

As e — 1 > 0, the right-hand side is strictly decreasing in ¢ and vanishes exactly at ¢* = log (L/(eL — 1))
So f/ > 0 on (—oo,c*) and f' < 0 on (¢*,00): f is strictly increasing on (—oo, ¢*], strictly decreasing on
[¢*,00), and

sup f = f(c*) = (1 — exp(—e® *E)) — (1 — exp(—e®)) = exp(—e® ) — exp(—e® +F),

with ¢ = L/(e® — 1) and e¢ £ = LeL/( 1). This is Eq. (33).

Approaching the bound. Fix ¢ = c¢*, i.e. by Proposition 6.2 a = log(1 + o(s — 2))e~¢ = (eX — 1) log(1 +
o(s —2))/L, and let 0 — 0. Then )\S(a) 1 L (Proposition 6.2: h(y) — g as y — 0), and by continuity of G,
W(z) = G(¢" + As(0)) — G(¢") = f(¢7) = M(L).

Location. For L > 0, eX — 1 > L gives e < 1, and Le* > X — 1 (equivalently 1 — e~ % < L) gives
e¢ +L > 1. Hence ¢* < 0 < ¢* + L: the optimal interval contains £ = 0. Since (log o)’ (I) = 1 — € is positive
for I < 0 and negative for [ > 0, £ = 0 is the mode of g, with pg(0) = e !;and £(t) =0 < —log(1—t) =
1l <<= t=1-1/e.

M(L) < L/e. For every ¢, f(c) = fHL v < Lpg(0) = L/e.

c
2k+1

Ezpansion of Ls. With u:= z/s € (0,1), L, = log 7% = 23 >0 S5gT) 50

3
0<L—2—Z<2 u2k+1221“
s ?:k21 3

8
<=
9 s

‘ ]
R

(s > 2z2),

ie. Ly =22/s+ O(s73), and M(L,) < Ls/e = 2z/(es) + O(s™3); with s = s,, this is the stated fraction.
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The linear schedule. For a = 1, Corollary 4.4 gives t(p) = 1 — (1+0p)~! = op/(1+0p). With A = s+ z,
B=s—z(so A—B=2z, AB = s?> — 22 > 0),
gA oB cA(1+0B)—0B(1+cA) 20z

WO = T95A " T30B - (toA(10B)  (rediioB) "

Then %logW:l—L—

and multiplying by o(1 + cA)(1 + oB) > 0 gives
(1+0A)(1+0B)—cA(l+0B)—oB(1+0A)=1-c’AB.

So log W increases on (0, (AB)~/?] and decreases on [(AB)~'/2, c0), and the maximum is at o = (AB)~1/? =
(s — 22)~1/2. There

A+B  (VA+VB)?
VAB  VAB

soW = \/%'(\/va\/BE)fz = (\/Ziz\/ﬁ)z' Large s. (VA+VB)? =254+2sv1 —u2,and 1—v < I —v < 1-v/2
for v € [0,1] gives 4s — 222 /s < (VA +VB)? < 4s — 2% /s, hence

(1+0A)(1+0B)=1+0(A+B)+0*AB=2+

z z z 2’3 z

<Win< s—S =5t 535+ 57 Wi = — + O(s™).
25 = T 25— 22/s 28+282(28—22/8) : 2s+ ()

For M(Ls): ¢(1) = (1 — éYpa(l), and with v = e!, |pL(1)] < ve ™ +v2e ™ < e ! +4e72 < 1. Since
[¢*, ¢* + L] contains 0, every [ in it has |I| < L, so

L

L c*+L c )
() - 2| = ‘/ (ea(h) — pa(0)dl] g/ 1] di < I2.
With L = Ly = 2z/s 4+ O(s™3), M(L,) = 2z/(es) + O(s~?), and Wyn/M (L) = & - igigzjg — £ O

F.4 Proof of Corollary 6.4

Proof. Idea. With o fixed, Proposition 6.2 says that the exponent only translates a window of fixed length
A in the coordinate ¢, so maximising over a is the maximisation over ¢ in the proof of Theorem 6.3, with L,
replaced by A. The optimal exponent is then read off from the relation between ¢ and a.

By Proposition 6.2, with o fixed the window of the schedule (1 —¢)® is [¢, ¢+ A] in the coordinate ¢, with
A = X, (0) independent of a and ¢ = log (log(1+0 (s, —2))/a), and a — c is a strictly decreasing bijection of
(0,00) onto R. The window share is f(c¢) = G(c+A) —G(c). As in the proof of Theorem 6.3 with L replaced
by A, f'(c) has the sign of A — e(e* — 1), which is positive for ¢ < ¢* := log (A/(e* — 1)) and negative for
¢ > ¢*; so f has the unique maximiser ¢*, with f(c*) = M(X). Solving ¢* = log (log(1 + o (s, — 2))/a) for a
gives a* = log(1+0(s,—2))e ¢ =log(1+0c(s,—2)) (e} —1)/A, which is Eq. (34). Since s, —z < s, < 8,42
and p(t) is increasing, t* = t(s,) lies in the window {¢ : |p(¢) — s,| < z}, whose image in £ is [¢*,c¢* + A];
and e = \/(e* — 1) <1 < XeM/(e* — 1) = e“ A (because e* > 14 \), so this interval contains £ = 0, i.e.
t =1 —1/e. The numerical values follow from Eq. (34) and Eq. (14). O

F.5 Proof of Proposition 6.5

Proof. Idea. In the coordinate £ the exponents become positions ¢ of intervals of fixed lengths A, z-ordering
says that consecutive intervals follow each other without overlap, and the problem is to place K such intervals
on the line so that the smallest G-mass is as large as possible. For a target value m, the admissible positions
of interval k form a set Ci(m), which is an interval because fj increases and then decreases. Placing each
interval as far to the left as its own range and its predecessor allow leaves the most room for the intervals
that follow; Claims 1 and 2 show that this greedy placement succeeds exactly when some placement does,
so m* is the largest m for which it succeeds. The upper bounds come from the best single window, M (),
and from the windows being disjoint subintervals of [0, 1].
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Reduction to the coordinate £. By Proposition 6.2, with oy, fixed, level k’s window is {¢ : £(t) € [ck, ck+Ai]}
with ¢ = log (log(1 + o%(sy, — 2))/ax), and aj, — ¢ is a strictly decreasing bijection of (0, 00) onto R with
inverse ay = log(1 + o1 (sy, — 2))e . All levels share ¢, and ¢ is a strictly increasing bijection of (0,1) onto
R, 50 tg(50), +2) < trg1(Svpy, — 2) Teads cx + Ap < cpy1. As in the proof of Theorem 6.3, Wy = fr(cx) with
fr(c) := G(c+ ) —G(c) > 0. The problem is therefore to maximise ming, fi(c) over the ordered sequences
(cx) € RX, i.e. those with ¢ + A\, < crp+1 for k < K. Only m > 0 matters, since every share is positive.

Cr(m) is a compact interval for m > 0. The computation in the proof of Theorem 6.3, with L replaced by
Ak, shows that fj is strictly increasing on (—oo, ¢i] and strictly decreasing on [c}, 00), ¢} = log(Ax/(e* —1)).
(Equivalently, fr = o * ¥[_,, o] is a convolution of two log-concave functions on R — logpg(l) =1 — € is
concave — and is log-concave by the Prékopa—Leindler inequality.) Let ¢ < ¢” lie in Cx(m) and ¢ < ¢ < .
If ¢ < ¢ then fi(c"") > fi(c) > m; otherwise ¢ < ¢ < ¢’ and fi(¢"’) > fe(¢’) > m. So Ck(m) is an
interval. It is closed because f, is continuous, and bounded because fi(c) < G(c+ Ag) — 0 as ¢ = —oo and
fr(c) <1 —=G(c) = 0 as ¢ — oo, while m > 0. We write Ci(m) = [ag(m), Br(m)] when it is nonempty (and
use the conventions inf ) = +o00, sup () = —o0, so the chain fails at an empty Cx(m)).

Feasibility. Call m > 0 feasible if some ordered (c},) has fx(c},) > m for all k, i.e. ¢}, € C(m).

Claim 1: if m is feasible, the greedy chain exists, and ey, < ¢j + A for all k and every feasible witness
(¢},). Induction on k. For k =1: ¢} € Ci(m), so C1(m) # 0 and ¢; = max{—o00, a1} = o < ¢} < S1; hence
1 <supCi(m) and e; = ¢ + A < ) + A1 Step k — 1 — k: by the induction hypothesis and the order of
(c;-), er—1 < ¢ + Ap—1 < ¢ also ay, < ¢, < B because ¢), € Cy(m). Therefore ¢, = max{ex_1, 0} <
¢, < Br = sup Cx(m), so the chain continues, and ey = ¢ + A < ¢}, + M.

Claim 2: if the chain exists for m, then (ci) is a feasible witness. For each k, ax < ¢ < Bk, so ¢ € Cr(m)
and fi(ck) > m; and cpy1 > e = ¢ + Ak is the order condition.

The optimum. Feasibility is monotone: if 0 < m’ < m then Ci(m) C Cx(m’), so a witness for m is one
for m/. The set of feasible m is nonempty: ¢, := kmax; \; is ordered and gives miny fx(cx) =: mo > 0.
On the set T' := {(cx) ordered : ¢, € Ck(myg) Vk}, which is nonempty, closed and bounded, the continuous
function (¢x) — miny fx(ck) attains its maximum m; > my; every ordered sequence with ming fi(cx) > mg
lies in T, so my = m*, and m* is attained. Thus the feasible set is (0, m*], and by Claims 1 and 2 it coincides
with the set of m > 0 for which the greedy chain exists. Hence m* is the largest such m; it can be located
by bisection (Table 1), and the chain at m = m* gives, through a; = log(1 + oj(sy, — 2)) €, z-ordered
exponents with ming Wi = m*.

Bounds. Each share satisfies Wy, = fi(cx) < sup, fr(c) = M (), the supremum of Theorem 6.3 with
L; replaced by Ag; so m* < ming M(A;). In ¢, the windows of a z-ordered choice are intervals in [0, 1]
that overlap at most in endpoints, so their lengths satisfy Y, Wi < 1, and K ming Wy, < >, Wy, < 1 gives
m* <1/K. O

F.6 Proof of Theorem 6.7

Proof. Idea. Fano’s inequality turns the error probability into a bound on the mutual information between
1* and what the reader sees. The reader sees W I;, which carries the same information as the projection of I;
onto an r-dimensional subspace, and there the observation is a Gaussian channel Z = pu;« +¢ with unit noise
and average signal power p?r/n, since the n projected vertices share the total squared length r. A Gaussian
channel with 7 dimensions and this power carries at most 7 log(1 + p?/n) nats, by the maximum-entropy
property of the Gaussian and the AM-GM inequality applied to the eigenvalues of the covariance.
Logarithms are natural and information quantities are in nats. We use three standard facts.

 Fano’s inequality. 1f V' and V take values in a finite set of size n > 2 and P, = IP(V # V), then
H(V | V) < hy(P.) + P.log(n — 1), where hy(p) = —plogp — (1 — p) log(1 — p) < log2.

e Data processing. If V. —Y — Y’ is a Markov chain (Y is conditionally independent of V' given Y’; in
particular if Y is a measurable function of Y), then I(V;Y') < I(V;Y).

e Gaussian mazximum entropy. If a random vector Z € R" has a density and a positive definite covariance
matrix K, then its differential entropy satisfies h(Z) < 1 log ((2me)" det K ), with equality for N'(p, K).

Reduction to v coordinates. Let U € R"™"™ have orthonormal rows spanning the row space of W, so
UU" =1, and P := U'TU is the orthogonal projection onto that row space. Each row of W lies in the
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row space, so W(I — P) = 0, i.e. W = WP = WU'TU. The matrix WU' € RY*" has rank r, because
r = rank W = rank(WUTU) < rank(WUT) < r; hence it has a left inverse L € R™¢ LWU' = I,.
Therefore Wa = (WU T)Uzx and Uz = LWz: the vectors Wz and Uz are linear functions of each other.
With I; = (1 — a)e;» + asg and Z := Ul,/(ao), every estimator is i = ¢(WI,) = ¢(acWU'Z), a
measurable function of Z. With u; = Ue; and ¢ = Ug,

Z =pus + ¢, ¢ ~N(0,UU") = N(0,1,) independent of i*,

since p = (1 — a)/(ao) and g ~ N (0,1,,) is independent of 7*.
Fano and data processing. Let P, = P(i # i*). As ¢* is uniform, H(i*) = logn, and by Fano’s inequality
with hy <log2 and log(n — 1) < logn,

I(i*;7) + log 2

177) = H(i") = HG" | 1) 2 logn —log2 = Pologn,  fe.  Po21-=—1

Let X = pu;~. The chain i* - X — Z — i is Markov: X is a function of i*, given X the vector Z = X +¢
does not depend further on ¢* because ¢ is independent of ¢*, and 7 is a function of Z. Data processing gives
I(i*;8) < 1(i% Z) < 1(X; Z).

Gaussian bound. X takes finitely many values, and given X = £ the vector Z has the density ¢, (- — &)
of N(&,1,.); so Z has a bounded density, finite second moment, and I(X;Z) = h(Z) — h(Z | X) with
MZ|X)=P(X =8 hE+C)=N() = 1 log(2me)" by translation invariance. By independence of X
and ¢, Cov(Z) = Cov(X) + I, which is positive definite. The maximum-entropy bound gives

I(X;Z) < $log ((2me)" det(I, 4+ Cov X)) — 3 log(2me)” = L logdet (I, + Cov X)).

AM-GM. Let Aq,..., A+ > 0 be the eigenvalues of the positive semidefinite Cov X. By the inequality of
arithmetic and geometric means applied to the positive numbers 1 + \;,

T T

1 r tr Cov X'\
det(I, + Cov X) = [T+ 1) < (5 300+ 0) = (14 22
e(+ov>i1;[1<+>_r;(+,) + =
Moreover tr Cov X = E||X||? — |[EX||? < E||X||?, and since i* is uniform,
2 PP % 2 Pz P T _ P
E[X)" == ) [Ue” = —[Ulr = —tr(UU ") = —.
n - n n n

=1

As log is increasing, I(X; Z) < §log(1 + p?/n). Combining the three displays gives Eq. (35).
Consequences. If P, < e, then Eq. (35) and logn > 0 give % log(1 + p?/n) +log2 > (1 —¢)logn, i.c.
log(1+ p?/n) > 2k/r with k := (1 —¢)logn —log 2. If k < 0 the claimed bound is trivial. Otherwise p?/n >
/T — 1> 2k/r by e’ —1 > v, i.e. p? > 22k, For r = n this reads p? > 2&; directly, 2 log(1 + p?/n) < é
(by log(1 +v) < v) turns Eq. (35) into P. > 1 — (p?/2 + log2)/logn, which gives the same condition. [

F.7 Proof of Theorem 6.8

Proof. Idea. A sample is recovered only if f(Wa) tells where the argmax J of x is. The projection reveals
m = Pz, in which coordinate j has variance 7; with ). 7; = r, so at most r/6 coordinates are revealed with
variance at least 6. Either the argmax sits on one of these, which has probability at most r/(6n) because
J is uniform, or the estimator names a poorly revealed coordinate; given m, such a coordinate is a small
m; plus independent noise of variance at most one, and it rarely reaches the level 7 that the maximum of n
Gaussians exceeds with high probability. The proof bounds these cases separately and then chooses 6, ¢, T
so that all terms except r/(fn) vanish.

Normalisation. Here xo ~ po = N(0,021,). Replacing @y by zo/c and f by f(o-) (still measurable)
leaves argmax; zo,, f(Wao), i(xo) and T'(xo) unchanged, so we may take o = 1: @ := xo ~ N (0,1,). Let
J = argmax; z;; ties have probability zero, so J is almost surely unique, and it is uniform on [n] because
the law of @ is invariant under permutations of the coordinates. By Theorem 4.9, T'(x) = e; almost surely.
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The projected state. Let U and P = UTU be as in the proof of Theorem 6.7, and m := Px. Since
W=WU'U=WUTUP (as UP=UU'U = U), W = WU "Um, so f(W=), and the nearest vertex i
(ties broken by the smallest index), are measurable functions of m: 7 = h(m). Let m; := P;; = |Ue;||?. As
P is an orthogonal projection, m; = ||Pe;||> € [0,1] and ), m; = tr P = tr(UUT) = r. Fix § € (0,1] and
0<c<r7,andlet £ ={j:m; >0} then O|K| <> m; <7, ie [K]<7r/6.

Decomposition. Since {i=J} C{J e K}U{i=J ¢ K}and {i=J ¢ K} C {max;z; <7}U{x; > 7, i ¢
K} (on {i = J}, x; = max; x;), the union bound gives

]P’(i:J)S]P’(JEIC)JrIP’(mZaX:ri<T)+]P’(mi27, 1¢K). (103)

As J is uniform, P(J € K) = |K|/n < r/(6n), and Lemma C.7 with the n variables xy,...,z, gives
P(max; z; < 7) < e~ nQ(7),

Conditioning on m. Write £ = m + € with € := (I — P)x. The pair (m, €) is a linear image of x, hence
jointly Gaussian, and Cov(m,€) = P(I— P)T = P — P? = 0; jointly Gaussian and uncorrelated vectors
are independent, so € ~ N(0, (I — P)(I— P)") = N (0,1 — P) is independent of m, and m ~ N(0, P). In
particular m; ~ N (0,7;) and ¢; ~ N (0,1 —7;). For j ¢ K, 1 —m; > 1—6 > 0, and by independence

Pla 2 7 m) = Ble; 2 7 my | m) = Q(T 1),

Since 2 = h(m) is m-measurable,

T —m;
Ple; >7, 1¢ K = W¥{h KYP(2h(omy > < (7J)
(z;>7,1¢ K|m) {h(m) ¢ K} (xh()_T|m)_%a%QM
(with max () := 0). On F := {max;¢xm; < c}, for j ¢ K, 7—m; >7—-c>0and 0 < /1 —7; <1, s0
(tr—mj)/\/1—7mj > T —m; > 7 —c, and since Q is decreasing the right-hand side is at most Q(7 — ¢).
Taking expectations and bounding the conditional probability by 1 on F€,

P(z; > 7, 1¢ K) <Q(1 —¢) + P(F°).

For j ¢ K: if m; = 0 then m; = 0 a.s. and P(m; > ¢) = 0 (as ¢ > 0); if 0 < 7; < 6 then P(m; >
c) = Qc¢/m5) < Q(c/vP), because c/ T > ¢/v6. The union bound over at most 7 indices gives
P(F¢) < nQ(c/v/#). Inserting the three bounds into Eq. (103),

PG =J) < é + Q7 — ) +nQ(c/V) + e Q)
for every admissible (6, ¢, 7); taking the infimum gives Eq. (36).

Distance. Let y := f(Wx). If i £ J, then ||y —e;|| < ||ly—ey|| because i is the vertex nearest to y, and the
triangle inequality gives v2 = |le;—e;|| < |[y—e || +|y—eil| < 2|ly—e (. Hence [|[y—T(z)|| > ¥{i # J}/V2
almost surely, and taking expectations, E||f(Wz) — T(z)| > PG # J)/vV2 > (1 — pa(r))/V2.

Asymptotics. Let § = v/2logn and take

1 2log §
0=352= , c=2, T=35§—w, w = o~gs.
2logn 5

For n > 2, 2logn > 1,s0 6 € (0,1]; asw — 0 and § = 00, 7 —c= 8§ —w — 2 > 0 for n large, so the choice is
admissible. None of the choices depends on r. Term by term:

r __ 2rlogn

* n

o ¢/V0 =25, and Lemma C.3 gives nQ(23) < ne=25 = pe~4logn — =3,
e With7—c=35— (w+2) >0, Lemma C.3 and (5§ — (w + 2))? > 5 — 25(w + 2) give

~ _32 3 _ » 5 3 1~ 3
Q(s—w—2) S e—% /245(w+2) =n 16210g5+25 =n 1826257

whose logarithm —3§2/2 + 2log 5 + 25 — —oo.
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With z := § —w > 0, Lemma C.6 and nf(s w) = Ja=€ e = == (as ne =1
and Sw = 2log §) give nQ(71) > ﬁgze&%/z. For n large, w < 1 and x > §/2 > 1, so H% > ﬁ > %
and nQ(r) > 526\;%2 — 00; hence e "?(T) — 0.

Therefore p,(r) < 2”% + 6, with 8, :=n"% +n=152e?* + ¢ Q") — 0 independent of r. O

F.8 Proof of Corollary 6.9

Proof. Idea. The floor chains Theorem 5.2(i)—(ii) with Theorem 6.8: the error E||Ty — T'|| is at most epnq + R,
and, because Ty sees only Wz, at least (1 — p,(r))/v/2. The one gap is that f is not assumed measurable,
and it is closed by replacing f with the continuous map Ty o W, which agrees with f on the range of W.
For the second statement it suffices that each wg is a linear function of W:cé, which is what injectivity gives.

The floor. Let Ty = f oW satisfy the hypotheses of Theorem 5.2. Put f := Tyo W, which is continuous,
hence measurable; since WWTW = W, foW = foW oWt oW = foW = Ty, so we may assume f
measurable. By Theorem 5.2(i)—(ii), E,, || Ty — T'|| < ebna(6) + R(#), and by Theorem 6.8 the left-hand side
E|f(Wzo) — T(xo)| is at least (1 — p,(r))/V2.

The coarse-to-fine state. For p1 = & Unif ([vg]), Theorem 4.9 gives T'(xo)"* = e e for po-almost

arg maxi CEOJ
every @, a function of x, and for each position ¢ the blocks (¢, k), k € [K], depend only on z§ € Rzk vk If

W is injective on R+ Y% then WTW is invertible, W = (WTW)"!WT and WHW =1, so zf = WHWz}
and T =T o W o W position by position: the transport map is a function of the read state Wxy. O

F.9 How tight is Theorem 6.87

The bound p,(r) carries a factor logn that the truth does not. Table 5 estimates the best recovery proba-
bility for two choices of W. Reading r coordinates exactly achieves ~ r/n (the argmax is among the read
coordinates with probability r/n, and it is then known); a random rank-r layer does worse, close to the
random-energy value n~(1=v"/ n* . We conjecture that r/n is optimal up to lower-order terms.

Table 5  Probability that the vertex nearest to the Bayes-optimal f(Waxo) equals the flat transport map arg max, xo;
(Monte Carlo), against the bound py(r) of Theorem 6.8.

n r read r coordinates random layer r/n  pn(r)

256 16 0.065 0.027 0.063  0.657
1,024 32 0.030 0.011 0.031  0.390
4,096 64 0.016 0.007 0.016  0.222
50,257 768 - - 0.015 0.157

G Experimental Details

Threshold Monte Carlo (Fig. 3). For n € {10,10%,10%,10°} and 41 values of p/s, € [0,2], we draw
g ~N(0,1,,) and evaluate Eq. (11) with a stabilised log-sum-exp; 400 draws per point (120 for n = 10°).
Commitment entropy (Fig. 1, bottom). For v € {4,8,16,24,32} and V = v3, the flat token uses a = 1
and the three levels use a = (3,1.6, 1), all with o = 1 and unit vertices (no energy matching). At 25 values of
t € [0.02,0.98] we sample ¢, x;, compute the exact softmax posterior Eq. (10) and its entropy normalised
by log V' (flat) or log v (levels), averaging over 400 draws (240 for V' > 5000) and 600 draws per level. Dotted
lines are Eq. (15).

Exact fields (Figs. 1, 4 and 5). The field Eq. (5) is evaluated with uniform uy, ¢ = 0.55 (0.6 for Fig. 5),
and the time integral discretised on 200-400 points of [0,0.995] with log-sum-exp weights. Streamlines are
integrated with a midpoint rule in the ambient space and projected onto the affine hull after each step;
integration stops within 0.02 of a vertex. For A% x A? the four-dimensional hull is drawn through the linear
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map (p,q) — (p' ©,0) +0.55(q" ®) [u; us]", where ® € R3*2 holds the vertices of an equilateral triangle
and u;,us € R? are fixed tilted directions. The dynamics of Fig. 4 use 900 prior samples, explicit Euler
steps of size 0.02 and absorption within 0.025 of a vertex.

Refinement (Fig. 6). Algorithm 1 is run with the exact per-level posterior Eq. (10) at probe time ¢,
in place of Ty: at each round every uncommitted block draws fresh prior noise, forms its interpolant at
t, € {0.18,0.38,0.58,0.78}, and reads the posterior. Confidence is the largest posterior probability. Figure 6
uses one noise seed of the sentence “the map sends each point to the word”.

Cost of a training step (Table 4). One step consists of the transport loss Eq. (25) with the Jacobian—vector
product computed by forward-mode differentiation with frozen parameters, the boundary loss at the data
vertices, the anchor loss, the backward pass and an AdamW update. The network is the time-independent
transformer map of all experiments (pre-norm blocks, feed-forward width 2d), identical across codes except
for the input layer RP? — R and the output layer R? — RP: flat DBTM uses D = V, the codes K = 2 and
K = 3 use v, = [VY/X]. Inputs are random interpolants (the cost does not depend on the data), sequence
length 128. Fach configuration runs in its own process on an Apple M5 GPU: 3 warm-up steps, then the
median of 8 timed steps; memory is the peak driver allocation.

Trained models (Tables 2 and 3). The language has C = W = 32 clusters and words; for every cluster ¢
the successor clusters are S = 2 clusters drawn without replacement with Dirichlet(2) weights, and likewise
for every pair (cluster, previous word) the successor words; the first token is uniform. Training data are
200,000 sequences of length 8. The map is a pre-norm transformer with 3 layers, 4 heads, feed-forward width
2d, a linear input layer on the state of each position, learned position embeddings and one softmax per block.
Every step uses a batch of 256 sequences, AdamW with peak learning rate 10~2 and a one-cycle schedule
(5% warm-up), gradient clipping at 1, and the 10ss Liransport + Lbnd + Lanchor With anchors at the thresholds
ty of Eq. (15) (computed with the vertex scale of the code). In half of the sequences each position has a
uniformly random number of its leading levels pinned to the data (for the flat code, each position is pinned
with probability 1/2), as in the partial-context interpolant of DBTM. Refinement-in-loop training adds, with
weight 1, the cross-entropy of Section 5 on 64 of the 256 sequences, rolled out with the token-level rule over
k = 4 rounds. Samples: 2,000 sequences per model and sampler, K = 0.9. The exponents a = (1.92,1.09)
come from the greedy packing of Proposition 6.5 with z = 1.28, v = 32 and prior scale v/2, and a* = 1.50
from Eq. (34) with n =V = 1,024 and o = 1. The level diagnostics in Section 7.2 use the saved standard-
training models (flat a = 1, width 64; coarse-to-fine a = (1,1), width 96): the validity of a transition is split
into the cluster transition P(¢’ | ¢) > 0 and the word transition P(u’ | ¢/,u) > 0, and the gap-filling probe
pins the true tokens of the even positions as committed vertices, draws prior noise at the odd positions and
decodes one evaluation of the map.
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